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Preface

This monograph is concerned with partial integral operators and so-called integro-
differential equations of Barbashin type. Partial integral operators are, loosely speaking,
linear or nonlinear operators with integrals which depend on a parameter. Barbashin
equations are special integro-differential equations whose right-hand sides contain both
a multiplication operator and an integral operator. Both notions are closely related; for
example, an initial value problem for a Barbashin integro-differential equation, linear
or nonlinear, leads in a natural way to a fixed point problem involving a partial integral
operator.

Although partial integral equations and integro-differential equations arise in many
applied problems of mechanics, physics, engineering, and even biology, there is no
systematic treatize of their theory, methods, and applications so far. Of course, many
special results are scattered over a large number of research papers, as may be seen
from the impressive list of references at the end. The authors therefore think that
there should be some interest in collecting the basic facts of the corresponding theory,
presenting some of the methods which have turned out to be useful in the field,
and illustrating the abstract results by means of some selected, though typical and
important, examples and applications. This is the purpose of the present monograph.

As a matter of fact, many of the research papers contained in the list of references
appeared in the former Soviet Union and are referred to here for the first time in book
form. Thus, this monograph may also serve as a guide to the “state-of-the-art” in the
Russian literature.

This book is the outcome of numerous meetings of the authors and some of their
colleagues in Germany, Russia, Belorussia, Italy, and in the United States. Travel
expenses and living costs were generously supported by the German Science Foundation
(DFG), the German Academic Exchange Service (DAAD), the Belorussian Foundation
for Fundamental Scientific Research, the International Soros Science Education Program,
and the Italian National Research Council (CNR). To all of them the authors express
their deep and sincere gratitude. The first author acknowledges with particular thankfulness
a DFG grant (Ap 40/6-1 and Ap 40/6-2) over several years which considerably improved
our research activity at the University of Würzburg.

Würzburg, Lipetsk, Minsk The authors





Introduction

This monograph consists of four chapters. The first two chapters are concerned with
integro-differential equation of the form

(1)
∂x(t, s)

∂t
= c(t, s)x(t, s) +

∫ b

a

k(t, s, σ)x(t, σ) dσ + f(t, s).

Here c : J × [a, b] → R, k : J × [a, b] × [a, b] → R, and f : J × [a, b] → R are given
functions, where J is a bounded or unbounded interval; the function x is unknown.

The equation (1) has been studied first by Barbashin and his pupils (see Barbashin
[1957, 1958],Barbashin-Bisjarina [1963],Barbashin-Liberman [1958],Bisjarina
[1963, 1964, 1964a, 1967], Bykov [1953, 1953a, 1961, 1962, 1962a, 1962b, 1962c,
1983], Bykov-Kultaev [1984], Bykov-Tankiev [1982], Bykova [1967, 1968, 1971],
Bykova-Bykova [1969], Kamytov [1976], Khoteev [1976, 1984], Krivoshejn-
Bykova [1974], Liberman [1958],Mamytov [1985], Salgaparov [1962],Atamanov
[1977], Bojkov [1985], Imandiev-Dzhuraev-Pankov [1974], Kaliev [1974], and
Samedova [1958]. For this reason this equation is nowadays called integro-differential
equation of Barbashin type or simply Barbashin equation.

Identifying a real function z = z(t, s) of two variables (t, s) with the abstract function
z = z(t) of one variable t ∈ J which takes its values in some Banach space X of real
functions on [a, b] and is defined by z(t)(s) = z(t, s), one may write equation (1) as an
ordinary differential equation

(2)
dx

dt
= A(t)x + f(t)

in X. This identification which is a common device in the theory of partial differential
equations when passing from a parabolic equation to an abstract evolution equation
turns out to be useful also here.

Observe that the operator function A(t) in (2) has a very special form: it is the sum

(3) A(t) = C(t) + K(t)

of a multiplication operator

(4) C(t)x(s) = c(t, s)x(s)

generated by the multiplier c, and an integral operator

(5) K(t)x(s) =

∫ b

a

k(t, s, σ)x(σ) dσ

generated by the kernel k; we shall call operators of this form Barbashin operators
in what follows. This pleasant fact allows us to combine methods of the theory of
differential equations in Banach spaces with methods of the theory of linear integral
operators. As a consequence, we obtain a theory which is far more complete and richer
than the theory of differential equations (2) containing an arbitrary operator function
A(t).
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In particular, in many cases it is useful to study first the “reduced” equation

(6)
dx

dt
= C(t)x + f(t)

with C(t) being defined by (4), and then to consider the “full” equation (2) as an
integral perturbation of (6). This philosophy will be used over and over again in our
study of the Barbashin equation (1).

Let us illustrate this by means of a simple example. It is a well-known fact that, under
some natural hypotheses, the differential equation (2) defines a continuous operator
function U = U(t, τ) of two variables, called the evolution operator (or Cauchy operator)
of (2). This operator may be defined as the unique solution of the integral equation

U(t, τ) = I +

∫ t

τ

A(τ)U(t, τ) dτ (t, τ ∈ J).

The integral operator with kernel U may then be considered as the right inverse of the

differential operator
d

dt
−A(t); in particular, the unique solution x of (2) satisfying the

initial condition

(7) x(a) = xa

is given by

x(t) = U(t, a)xa +

∫ t

a

U(t, τ)f(τ) dτ.

Now, the evolution operator U0 = U0(t, τ) of the reduced equation (6) may be calculated
explicitly: as one expects, it is just the multiplication operator

(8) U0(t, τ)x(s) = e(t, τ, s)x(s)

generated by the multiplier

(9) e(t, τ, s) = exp

{∫ t

τ

c(ξ, s) dξ

}
.

On the other hand, since the difference K(t) = A(t) − C(t) is an integral operator,
it is natural to expect that also the difference H(t, τ) = U(t, τ) − U0(t, τ) of the
corresponding evolution operators is an integral operator

H(t, τ)x(s) =

∫ b

a

h(t, τ, s, σ)x(σ) dσ

containing some kernel h which may be evaluated in terms of the kernel k. This is in
fact true in many Banach spaces X which occur in applications.

A particularly simple, though important, special case is that of the stationary
integro-differential equation of Barbashin type

(10)
∂x(t, s)

∂t
= c(s)x(t, s) +

∫ b

a

k(s, σ)x(t, σ) dσ + f(t, s),



i.e. the multiplier c and the kernel k do not depend on t. In this case the differential
equation (2) reduces to

(11)
dx

dt
= Ax + f(t),

where A = C + K is a stationary Barbashin operator with

(12) Cx(s) = c(s)x(s)

and

(13) Kx(s) =

∫ b

a

k(s, σ)x(σ) dσ.

Of course, much more can be said in this case; for example, the evolution operator of
the full equation (14) is then simply the exponential operator U(t, τ) = eA(t−τ).

We point out that the operator K in (5) is not a usual integral operator, since
the kernel k depends on a parameter t, but the unknown solution x does not. Such
operators are called partial integral operators, inasmuch as the integration is carried
out only with respect to some arguments, while the other arguments of the integrand
are “frozen”. This is of course analogous to partial differential operators.

Apart from Barbashin equations, partial integral operators constitute the second
topic of this monograph. In the most general form, a partial integral operator may be
written in the form

(14)

Px(t, s) = c(t, s)x(t, s) +

∫

T

l(t, s, τ)x(τ, s) dτ

+

∫

S

m(t, s, σ)x(t, σ) dσ +

∫

T

∫

S

n(t, s, τ, σ)x(τ, σ) dσ dτ,

where T and S are arbitrary measure spaces (for example, bounded domains in Euclidean
space). Introducing the operators

(15) Lx(t, s) =

∫

T

l(t, s, τ)x(τ, s) dτ,

(16) Mx(t, s) =

∫

S

m(t, s, σ)x(t, σ) dσ,

and

(17) Nx(t, s) =

∫

T

∫

S

n(t, s, τ, σ)x(τ, σ) dσ dτ,

we may write the operator (14) again as a sum P = C + K of the operators

(18) Cx(t, s) = c(t, s)x(t, s)

and the operator

(19) K = L + M + N.



Observe that the operators L and M are partial integral operators, while the operator
N is an ordinary integral operator acting on spaces of functions of two variables.

In contrast to ordinary integral operators, partial integral operators may have rather
unpleasant properties. For instance, the operators (15) and (16) are in general not
compact. This is probably the reason why partial integral operators (and partial integral
equations) have not been studied yet as systematically as ordinary integral operators
and equations, although they arise in many problems. For example, the partial integral
equation

(20) x(t, s) = Kx(t, s) + g(t, s),

where K is the operator (19), occurs in various problems of mechanics and physics.
Integro-differential equations of Barbashin type and partial integral equations are

connected to each other in several ways. To give an example, suppose we are interested
in finding a solution of equation (1) which satisfies the initial condition

x(a, s) = xa(s)

for some given function xa ∈ X (see (7)). Putting y(t, s) = ∂x(t, s)/∂t we arrive at the
equation

y(t, s) =

∫ t

a

c(t, s)y(τ, s) dτ +

∫ t

a

∫ b

a

k(t, s, σ)y(τ, σ) dσ dτ + g(t, s),

where

g(t, s) = f(t, s) + c(t, s)xa(s) +

∫ b

a

k(t, s, σ)xa(σ) dσ.

This is a partial integral equation of type (20) with m(t, s, σ) ≡ 0, l(t, s, τ) ≡ c(t, s),
and n(t, s, τ, σ) ≡ k(t, s, σ). Consequently, all abstract results on the existence and
uniqueness of solutions to the partial integral equation (20) may be used to obtain
existence and uniqueness theorems for the integro-differential equation (1).

Let us now describe the contents of the four chapters of this monograph more in
detail. Chapter I is devoted to the general theory of the integro-differential equations
of Barbashin type (1) and (10). In § 1 we discuss the connections between the integro-
differential equations (1) and (10) with the corresponding differential equations (2) and
(11) in a Banach space X, respectively, with a particular emphasis on the important
cases X = C([a, b]) and X = Lp([a, b]) (1 ≤ p ≤ ∞). Here we study also relations
between the evolution operators of the equations (2) and (6) sketched above.

The following § 2 and § 3 are devoted to a thorough study of the operator (3) in
the Chebyshev space X = C([a, b]) and the Lebesgue space X = Lp([a, b]), respectively.
For instance, we give sufficient (sometimes also necessary) conditions for the strong
continuity and the norm continuity of the operator function (3) in X, as well as
representation theorems for the corresponding evolution operator. We are also interested
in algebraic properties of the system Lb(X) of all Barbashin operators, considered as a
subset of the algebra L(X) of bounded linear operators on X.

The Lebesgue spaces Lp are important examples of so-called ideal spaces (or L∞-
Banach lattices) of measurable functions we consider in § 4. Other typical examples of



ideal spaces areOrlicz spaces (which are useful in problems involving strong nonlinearities),
or Lorentz and Marcinkiewicz spaces (which naturally arise in interpolation theory for
linear operators). It turns out that many results established in § 3 for Lebesgue spaces
carry over to general ideal spaces; this considerably enlarges the applicability of the
integro-differential equation (1).

In Chapter II we study basic analytic properties of Barbashin operators and equations,
again mainly in the spaces C([a, b]) and Lp([a, b]). First we consider the Ljapunov
exponent

ω = lim
t→∞

log
||U(t, 0)||

t

and the Ljapunov-Bohl exponent

ω∗ = lim
τ→∞

t−τ→∞
log

||U(t, τ)||
t− τ

of equation (2); as is well known, these exponents are of great importance in stability
theory. The basic idea in § 5 is again to consider the operator (3) as an integral
perturbation of the operator (4): in fact, we may use the explicit formula for the
Ljapunov-Bohl exponent ω∗0 of the reduced equation (6), namely

ω∗0 = lim
τ→∞

t−τ→∞
ess sup
a≤s≤b

1

t− τ

∫ t

τ

c(ξ, s) dξ

(see (8)/(9)), and the fact that the Ljapunov-Bohl exponent is stable under small
perturbations, to obtain information on the Ljapunov-Bohl exponent of the full equation
(2).

While large parts of Chapter I are concerned with existence and uniqueness results,
we study the continuous dependence of solutions on a (small) scalar parameter in §
6. We give conditions for the continuous dependence of the evolution operator on a
parameter; more regular (e.g. smooth) dependence is also studied.

Bounded and periodic solutions of the Barbashin equation (1) are studied in § 7. In
this connection, the Green function of the Barbashin operator (3) plays a crucial role.
Again, we obtain information on the Green function of equation (2) from analogous
information on the Green function of the reduced equation (6). Moreover, we prove
a result on the continuous dependence of Green’s function for (2) on a small scalar
parameter ε. In particular, if the dependence becomes “singular” as ε → 0, this may be
considered as an analogue to Bogoljubov’s famous averaging principle for the differential
equation

dx

dt
= A

(
t

ε

)
x.

Very little is known about periodic solutions of equation (1); we restrict ourselves to
some elementary remarks in § 7, reducing the existence of periodic solutions, as usual,
to a fixed point problem for the corresponding Poincaré operator.

§ 8 is concerned with Barbashin equations containing degenerate kernels. Here one
may, at least in some special cases, construct solutions explicitly.

The following two sections are devoted to boundary value problems for the Barbashin
equation (1). More precisely, we study the stationary equation (10) in § 9 and the



nonstationary equation (1) in § 10, both for 0 ≤ t ≤ T and −1 ≤ s ≤ 1. The imposed
two-point boundary conditions are

x(0, s) = φ(s) (0 < s ≤ 1), x(T, s) = ψ(s) (−1 ≤ s < 0),

where φ : (0, 1] → R and ψ : [−1, 0) → R are given. To this end, we first reduce this
boundary value problem to an operator equation in a suitable function space in such
a way that we may apply the classical Fredholm theory. In the second part we apply
more sophisticated methods, such as (nonstandard) fixed point principles and spectral
estimates.

Let us now pass to the description of Chapter III which is concerned with partial
integral operators and partial integral equations. Apart from continuity properties of
the operator (19), we are also interested in algebraic properties of certain subclasses of
partial integral operators, e.g. those operators for which one of the kernels l, m, or n is
zero. This will be the subject of § 11. Of course, the operator (19) has to be studied in
spaces of functions of two variables. An important class of such spaces are the so-called
spaces with mixed norm which are discussed, both from the theoretical viewpoint and
in view of examples, in § 12. The most prominent example of a space with mixed norm
is of course the space U = [Lp(T ) → Lq(S)] or V = [Lp(T ) ← Lq(S)] (1 ≤ p, q < ∞)
of all measurable functions x : T × S → R with norms

||x||U =

{∫

S

[∫

T

|x(t, s)|p dt

]q/p

ds

}1/q

, ||x||V =

{∫

S

[∫

T

|x(t, s)|q ds

]p/q

dt

}1/p

.

These spaces arise naturally in the description of linear integral operators between Lp

and Lq. For instance, kernels belonging to these spaces generate bounded linear integral
operators between Lp and Lq.

The following § 13 is concerned with a systematic study of the partial integral
operator (14) in the space X = C(T×S) of continuous functions on T×S. In particular,
we give conditions (both necessary and sufficient) for the boundedness and continuity of
this operator. Moreover, we study again some algebraic properties of various subclasses
of such operators in the algebra L(X).

Spectral properties of partial integral operators are studied in detail in § 14, mainly
for the (stationary) operator

(21) Kx(t, s) =

∫

T

l(t, τ)x(τ, s) dτ +

∫

S

m(s, σ)x(t, σ) dσ.

Since this operator may be written as a tensor product K = L̃⊗ I + I ⊗ M̃ with

(22) L̃u(t) =

∫

T

l(t, τ)u(τ) dτ

and

(23) M̃v(s) =

∫

S

m(s, σ)v(σ) dσ,

it is not surprising that one may get information on the spectrum of the operator (21)
in terms of the spectra of the operators (22) and (23). Some estimates for the spectral
radius of these operators and an index formula for (21) are given in § 14, too.



The partial integral equation (20) is studied in § 15; in particular, we are interested
in the existence and uniqueness of solutions to this equation. Although such equations
occur rather frequently in applications, they have not yet been studied systematically.

The final Chapter IV is concerned with generalizations and applications. In § 16
we pass to functions of three variables and study the generalized integro-differential
equation

(24)

∂u(ϕ, t, s)

∂ϕ
= c(ϕ, t, s)u(ϕ, t, s) +

∫

T

l(ϕ, t, s, τ)u(ϕ, τ, s) dτ

+

∫

S

m(ϕ, t, s, σ)u(ϕ, t, σ) dσ +

∫

T

∫

S

n(ϕ, t, s, τ, σ)u(ϕ, τ, σ) dσ dτ.

Equations of this form occur, for example, when applying Fourier transforms to a
stationary Schrödinger equation.

While all operators and equations considered so far are linear, in the following § 17
we study nonlinear operators and equations. For instance, the nonlinear analogue to
(1) is the Barbashin equation

(25)
∂x(t, s)

∂t
= c(t, s)x(t, s) +

∫ b

a

k(t, s, σ, x(t, σ)) dσ + f(t, s)

which contains a nonlinear integral operator of Uryson type. Similarly, the nonlinear
analogue to (14) is

(26)

Px(t, s) = c(t, s)x(t, s) +

∫

T

l(t, s, τ, x(τ, s)) dτ

+

∫

S

m(s, σ, x(t, σ)) dσ +

∫

T

∫

S

n(t, s, τ, σ, x(τ, σ)) dσ dτ,

which contains nonlinear partial integral operators of Uryson type. A particularly important
special case is when the kernels of these operators are of Hammerstein type, i.e.

(27)
∂x(t, s)

∂t
= c(t, s)x(t, s) +

∫ b

a

k(t, s, σ)h(t, σ, x(t, σ)) dσ + f(t, s)

and

(28)

Px(t, s) = c(t, s)x(t, s) +

∫

T

l(t, s, τ)h(τ, s, x(τ, s)) dτ

+

∫

S

m(t, s, σ)h(t, σ, x(t, σ)) dσ +

∫

T

∫

S

n(t, s, τ, σ)h(τ, σ, x(τ, σ)) dσ dτ,

respectively. In this case, the study of (27) and (28) reduces to that of the linear
equations (1) and (14), respectively, and well-known properties of the Nemytskij operator

(29) Hy(t, s) = h(t, s, y(t, s))

generated by the nonlinear function h. We will show in § 17 that the operator (28) may
be studied by topological methods, monotonicity methods, and variational methods.



As a matter of fact, another useful method for solving nonlinear operator equations
is the Newton-Kantorovich method. In § 18 we discuss the applicability of this method
to the nonlinear partial integral equation x = Px, with P given by (28). The abstract
results are illustrated in the spaces C and Lp for 1 ≤ p ≤ ∞. Here it turns out that the
hypotheses of the classical Newton-Kantorovich method lead to a strong degeneracy
for the kernels l, m, and n in (28).

Finally, § 19 and § 20 are concerned with selected applications. As mentioned before,
both Barbashin equations and partial integral equations apply to very different fields
of mathematics, mechanics, physics, engineering, and natural sciences. In § 19 we
discuss applications of Barbashin equations to probability theory, evolution equations,
and systems with substantially distributed parameters. We also give typical applications
to mathematical biology and transport problems in § 19.

Partial integral equations occur in a large number of “real life” problems. Let us just
give a sample list of such applications with corresponding references:
Random integral equations (Arino-Kimmel [1987]):

x(t, ω) = h(t, ω) +

∫ t+δ(t)

0

h(t, τ, ω)f(τ, x(τ, ω)) dτ.

Random integral equations (Ding [1984]):

x(ω, t) = x0(ω, t) +

∫ t

t0

k(ω, t, s, x(ω, s)) ds.

Random integral equations (Joshi [1987]):

x(s, ω) =

∫ 1

0

k(s, t, ω)f(t, x(t, ω), ω) dt = y(s, ω).

Random integral equations (Szynal-Wedrychowicz [1987]):

x(t, ω) = x0(t, ω) +

∫ t

t0

k(t, ω, s, x(s, ω)) ds.

Biology and physics (Pachpatte [1986]):

u(t, x) = f(t, x) +

∫ t

0

P [t, x, u(s, x)] ds

+

∫

Ω

Q[t, x, y, u(t, y)] dy +

∫ t

0

∫

Ω

F [t, x, s, y, u(s, y)] dy ds.

Differential equations (Pachpatte [1983]):

z(x, y) = F (x, y, z(x, y),

∫ y

0

∫ y

0

f1[x, y, s, t, z(s, t)] ds dt,

∫ x

0

f2[x, y, s, z(s, y)] ds,

∫ y

0

f3[x, y, t, z(x, t)] dt).



Differential equations (Pachpatte [1984]):

z(x, y) = F (x, y, z(x, y),

∫ a(x,y)

0

∫ b(x,y)

0

f1[x, y, s, t, z(s, t)] ds dt,

∫ c(x,y)

0

f2[x, y, s, z(s, p(x, y))] ds,

∫ d(x,y)

0

f3[x, y, t, z(q(x, y), t)] dt).

Stochastic equations (Rao [1983]):

x(t, ω) = f(t, ω) +

∫ t

0

a(t, s, ω)g(s, x(s, ω)) ds +

∫ ∞

0

b(t, s, ω)h(s, x(s, ω)) ds.

Quasiconformal mappings (Sarvas [1982]):

ψ(t0, t, x) = x +

∫ t

t0

F (s, ψ(t0, s, x)) ds.

Stochastic equations (Lobuzov [1982]):

X(s, t) = x +

∫ t

0

b(X(x, l)) dW (l) +

∫ t

0

σ(X(x, l)) dl.

Stochastic equations (Lobuzov [1982]):

Y (z, t) = x +

∫ t

0

a(Y (z, l), s− l) dW (l) +

∫ t

0

σ(Y (z, l), s− l) dl.

Stochastic equations (Daletskij-Tsvintarnaja [1982]):

x(t1, t2)− x(t01, t
0
2) =

∫ (t1,t2)

(t01,t02)

{a1[u1, u2, x(u1, u2)] du1 + a2[u1, u2, x(u1, u2)] du2

+b1[u1, u2, x(u1, u2)] dω1(u1) + b2[u1, u2, x(u1, u2)] dω2(u2)}.
Parameter-dependent problems (Lord [1980]):

u(t, λ) = g(t, λ) + λ

∫ 1

0

k(t, y, u(y, λ)) dy.

Abstract Volterra equations (Kiffe [1980]):

u(t, x) =

∫ t

0

a(t− s){Au(s, x) + g[u(s, x)]} ds = f(t, x).

Hammerstein equations (Povolotskij-Kalitvin [1985, 1985a]):

x(t1, t2) =

∫

T1

k1(t1, s)f1[s, t2, x(s, t2)] ds +

∫

T2

k2(t2, t)f2[t1, t, x(t1, t)] dt.

Volterra-Sobolev equations (Muresan [1982, 1984]):

u(t, x) = f(x) +

∫ t

a

K[s, x, u(s, x), u(x, s)] ds.



Volterra-Hammerstein equations (Thieme [1980]):

u(t, x) = u0(t, x) +

∫ t

0

∫

D

f [y, u(t− s, y)]h(x, y, s) ds dy.

Biomathematics (Hadeler [1986]):

ut(t, x) = u(t, x)

∫ 0

−r

u(t, x + s) dσ(s)−
∫ 1

0

u(t, y)

∫ 0

−r

u(t, y + s) dσ(s) dy u(t, x).

Biomathematics (Bürger [1986]):

∂p(x, t)

∂t
= [m(x)−m(t)]p(x, t) + µ[u ∗ p(x, t)− p(x, t)],

u ∗ p(x, t) =

∫ ∞

−∞
u(x− y)p(y, t) dy, m(t) =

∫ ∞

−∞
m(x)p(x, t) dx.

Boltzmann equations (Herod [1983]):

∂Y (t, x)

∂t
+ Y (t, x) =

∫ ∞

x

1

y

∫ y

0

Y (t, y − z)Y (t, z) dz dy.

Random integral inclusion (Phan [1984, 1984a]):

x(ω, t) ∈ a(ω, t) +

∫ t

T0(ω)

m(ω, s, t)F [ω, s, x(ω, s)] ds.

Radiation problems (Kelley [1980]):

H(x, µ, c) = 1 + c

∫ 1

0

ψ(ν)
dν

ν

∫ µ

x

H(t, µ, c)H(t, ν, c)e−(t−x)( 1
µ
− 1

ν
)ω(t) dt.

Some applications of partial integral equations will be studied in § 20 in order to
illustrate our abstract mathematical results. Since these equations are the result of a
mathematical modelling process, it is clear that the data involved (kernel functions,
multiplicator functions, inhomogeneities, numerical parameters etc.) have a precise,
say, physical or biological meaning. Consequently, one should expect that also the
results which are provided by the mathematical theory have then a physical or biological
interpretation. However, the sample results we are going to discuss in the last sections
of this book are certainly far from being exhaustive, and we strongly believe that this
may be a source of an extensive and fruitful research in the future.



Chapter I

Integro-Differential Equations

of Barbashin Type





§ 1. Connections with differential equations in Banach spaces

In this section we show how to write an integro-differential equation of Barbashin
type as a differential equation in a suitable Banach space, and we discuss some problems
occurring in this connection. Moreover, we study the evolution operator (Cauchy operator)
of the resulting inhomogeneous differential equation which allows us to give an explicit
integral representation of the solution of an initial value problem. Many contributions
contained in this and the following sections are due to Diallo [1988, 1988a, 1988b,
1989].

1.1. Integro-differential equations of Barbashin type
In this subsection we study the linear integro-differential equation of Barbashin type

(1.1)
∂x(t, s)

∂t
= c(t, s)x(t, s) +

∫ b

a

k(t, s, σ)x(t, σ) dσ + f(t, s).

Here c = c(t, s), k = k(t, s, σ), and f = f(t, s) are given real functions on J × [a, b], J ×
[a, b]× [a, b], and J× [a, b], respectively, with −∞ < a < b < ∞ and J being a bounded
or unbounded interval; the function x = x(t, s) is unknown. In case f(t, s) ≡ 0 equation
(1.1) is called homogeneous, in the other case nonhomogeneous.

One basic tool in the study of the Barbashin equation (1.1) is to treat this equation
as a linear differential equation in some appropriate Banach space X. Formally, this
may be done by writing (1.1) simply as

(1.2)
dx

dt
= A(t)x + f(t),

where the operator A(t) : X → X is given by

(1.3) A(t)x(s) = c(t, s)x(s) +

∫ b

a

k(t, s, σ)x(σ) dσ (t ∈ J),

and the function f(t) ∈ X by

(1.4) f(t) = f(t, ·) (t ∈ J).

In other words, we identify the real function (t, s) 7→ x(t, s) on J × [a, b] with the
X-valued function t 7→ x(t, ·) on J , where X may be, at least formally, an arbitrary
Banach space of real functions on [a, b]. However, this makes sense only under certain
hypotheses on the functions c, k and f which guarantee that the vector function (1.4)
and the operator function (1.3) take values in the chosen Banach space X and in the
space L(X) of all bounded linear operators on X, respectively. Moreover, even if these
hypotheses are satisfied, the equations (1.1) and (1.2) need not be equivalent. First
of all, equation (1.1) may have a solution x which may not be regarded as a vector
function with values in X (for instance, because the solution x(t, ·) does not belong to
X for some t ∈ J). Second, the solutions of (1.2) need not be (classical) solutions of
(1.1) (for instance, because the derivatives ∂x/∂t in (1.1) and dx/dt in (1.2) are not
meant in the same sense).

The simplest situation occurs if X is the Chebyshev space C = C([a, b]) of all
continuous functions on [a, b]. In this case the operator A(t) and the function f(t) have



to be continuous, and one can give a precise description (see e.g. Krasnosel’skij
[1966], Hille-Phillips [1957]) of all continuously differentiable vector functions with
values in C. In fact, each such function x = x(t) (t ∈ J) corresponds precisely to one
function x = x(t, s) of two variables (t ∈ J, s ∈ [a, b]) such that both x and ∂x/∂t
are continuous on J × [a, b]; simply put x(t, s) := x(t)(s). This observation implies the
following

Lemma 1.1. Any solution x = x(t, s) of the integro-differential equation (1.1)
defines a solution x(t) := x(t, ·) of the differential equation (1.2) in the space X = C
if and only if both functions (t, s) 7→ x(t, s) and (t, s) 7→ ∂x(t, s)/∂t are continuous.
Conversely, any solution x = x(t) of the differential equation (1.2) in the space X = C
defines a solution x(t, s) := x(t)(s) of the integro-differential equation (1.1).

If the space C is replaced by the Lebesgue space Lp = Lp([a, b]) of all p-summable
(1 ≤ p < ∞) or essentially bounded (p = ∞) functions on [a, b], the situation becomes
much more complicated. The main difficulty is here due to the fact that the elements
of Lp are not just functions, but classes of equivalent functions (i.e. functions which
coincide almost everywhere). Thus, if one has to consider an Lp-valued function x = x(t)
on J as a real function x = x(t, s) of two variables on J × [a, b], one has to choose
a representation of x(t) ∈ X in such a way that the function (t, s) 7→ x(t, s) has
“nice” properties (at least measurability, say). This problem was studied in Burgess
[1954] and Hille-Phillips [1957]; in particular, it is shown there that, given any
differentiable Lp-valued function x(t) (t ∈ J), one may find a measurable function
x = x(t, s) on J × [a, b] which is absolutely continuous in t for all s ∈ [a, b] and
admits a partial derivative ∂x(t, s)/∂t such that x(t) is equivalent to x(t, ·), and x′(t)
is equivalent to ∂x(t, ·)/∂t. This result, however, does not guarantee in general that, if
X is a Banach space and x = x(t) is an X-valued continuously differentiable solution
of (1.2) on J, then the corresponding real function x(t, s) is a solution of (1.1) on
J× [a, b]. One may only claim that x satisfies (1.1) almost everywhere; in what follows,
we shall call such functions generalized solutions of (1.1). Thus, a generalized solution
x = x(t, s) of (1.1) is characterized by three properties: (a) x is measurable on J× [a, b];
(b) x(·, s) is absolutely continuous on J for each s ∈ [a, b]; (c) x satisfies the equation
(1.1) almost everywhere on J × [a, b].

For further reference, we introduce some notation. Given a Banach space X of real
functions over [a, b], by Ct(X) we denote the space of all functions of two variables
x : J× [a, b] → R such that t 7→ x(t, ·) is continuous from J into X. Likewise, by C1

t (X)
we denote the space of all x ∈ Ct(X) such that x(·, s) is continuously differentiable on
J for each s ∈ [a, b] and ∂x/∂t belongs to Ct(X) as well.

Using this terminology, we may state the following Lp analogue of Lemma 1.1:

Lemma 1.2. Any generalized solution x = x(t, s) of the integro-differential equation
(1.1) defines a solution x(t) := x(t, ·) of the differential equation (1.2) in the space
X = Lp (1 ≤ p ≤ ∞) if and only if x ∈ C1

t (Lp). Conversely, any solution x = x(t)
of the differential equation (1.2) in the space X = Lp defines a generalized solution
x(t, s) := x(t)(s) of the integro-differential equation (1.1).

Similar statements hold not only for the Lebesgue space Lp, but also for Orlicz
spaces and their generalizations, for Marcinkiewicz spaces, Lorentz spaces, general ideal



spaces, and other spaces of measurable functions (see § 4). A large class of spaces
in which an analogue of Lemma 1.2 holds (so-called spaces of L type) is described in
Hille-Phillips [1957]. We shall treat this problem more systematically in Subsection
4.1.

We point out that Lemma 1.1 and Lemma 1.2 are true only if we consider just
classical solutions of the differential equation (1.2) in the usual sense, i.e. as continuously
differentiable functions x = x(t) which satisfy (1.2) for all t ∈ J. The interpretation
of such solutions in the Carathéodory sense, i.e. as absolutely continuous functions
x = x(t) which satisfy (1.2) only almost everywhere on J will not be considered.

The Barbashin equation (1.1) is of course particularly easy to handle if either
c(t, s) ≡ 0 or k(t, s, σ) ≡ 0. Observe that the special case c(t, s) ≡ 0 may always
be achieved by the “variation of constants” idea. In fact, let us define y : J × [a, b] → R
by the formula

y(t, s) :=
x(t, s)

e(t, s)

with

e(t, s) := exp

∫ t

0

c(ξ, s) dξ.

Under the weak assumption that ∂y/∂t exists (in the same sense as ∂x/∂t) we get then
that (1.1) is equivalent to the reduced equation

∂y(t, s)

∂t
=

∫ b

a

k̃(t, s, σ)y(t, σ) dσ + f̃(t, s),

where
k̃(t, s, σ) :=

e(t, σ)

e(t, s)
k(t, s, σ), f̃(t, s) :=

f(t, s)

e(t, s)
.

Conversely, in some cases it might be a good idea first to transform (1.1) in this way, but
then to transform the reduced equation back in the opposite direction with a “better”
function c = c(t, s). We point out, however, that this is a purely formal simplification
inasmuch as the “structural” properties of the function c may change.

1.2. The evolution operator
Let us recall the basic properties of linear differential equations like (1.2) with a

strongly continuous operator function A = A(t) in a Banach space X. As usual, by
L(X, Y ) we denote the linear space of all bounded linear operators from X into Y ; in
particular, L(X, X) =: L(X). An operator function A : J → L(X) is called strongly
continuous if, for each x ∈ X, the map t 7→ A(t)x is continuous from J into X. (By
“abuse of language”, we say then that “the operator function A = A(t) is strongly
continuous in X”.) It is not hard to see that the integral equation

(1.5) Z(t) = I +

∫ t

τ

A(ξ)Z(ξ) dξ

has a solution U = U(t, τ) (t, τ ∈ J) which is unique in the class of all integrable
operator functions over J with values in the space L(X). This solution may be obtained
either as limit (in L(X)) of the successive approximations

(1.6) Zn+1(t) = I +

∫ t

τ

A(ξ)Zn(ξ) dξ (n = 0, 1, . . . ; Z0(t) = I),



or as limit (also in L(X)) of the series

(1.7) U(t, τ) = I +
∞∑

n=1

∫ t

τ

∫ t1

τ

. . .

∫ tn−1

τ

A(t1)A(t2) . . . A(tn) dtn . . . dt2 dt1

which converges uniformly on J. Since

(1.8)

∣∣∣∣
∣∣∣∣
∫ t

τ

∫ t1

τ

. . .

∫ tn−1

τ

A(t1)A(t2) . . . A(tn) dtn . . . dt2 dt1

∣∣∣∣
∣∣∣∣

≤
∫ t

τ

∫ t1

τ

. . .

∫ tn−1

τ

||A(t1)|| ||A(t2)|| . . . ||A(tn)|| dtn . . . dt2 dt1

=
1

n!

[∫ t

τ

||A(ξ)|| dξ

]n

(n = 1, 2, . . .)

and

(1.9) exp

∫ t

τ

||A(ξ)|| dξ =
∞∑

n=0

1

n!

[∫ t

τ

||A(ξ)|| dξ

]n

,

the estimate

(1.10) ||U(t, τ)|| ≤ exp

∫ t

τ

||A(ξ)|| dξ (t, τ ∈ J)

holds. We summarize the basic properties of the operator function U = U(t, τ) in the
following two lemmas.

Lemma 1.3. Suppose that the operator function t 7→ A(t) is strongly continuous in
X. Then the operator function (t, τ) 7→ U(t, τ) is continuous on J × J, and the vector
function (t, τ) 7→ U(t, τ)x is differentiable in t and τ for each x ∈ X. Moreover, the
operator function ∂U(t, τ)/∂t is continuous in τ, uniformly with respect to t ∈ J, and
strongly continuous in t, uniformly with respect to τ ∈ J. Finally, the operator function
∂U(t, τ)/∂τ is continuous in t, uniformly with respect to τ ∈ J, and strongly continuous
in τ, uniformly with respect to t ∈ J.

Lemma 1.4. Suppose that the operator function t 7→ A(t) is strongly continuous in
X. Then the operator function (t, τ) 7→ U(t, τ) has the following properties:

(a) U(t, t) = I (t ∈ J);

(b) U(t, s)U(s, τ) = U(t, τ) (t, τ, s ∈ J);

(c) U(t, τ)−1 = U(τ, t) (t, τ ∈ J).

Both lemmas are proved by standard arguments. Under weaker assumptions (Bochner-
integrability of the map t 7→ A(t)) Lemma 1.3 and Lemma 1.4 have been proved in
Daletskij-Krejn [1970], under stronger assumptions (continuity of the map t 7→ A(t)
in L(X)) in Cartan [1967].

The operator function U = U(t, τ) is usually called evolution operator or Cauchy
operator. The first name is explained by the following fundamental



Theorem 1.1. Suppose that the operator function t 7→ A(t) is strongly continuous
in X. Then, for each fixed τ ∈ J, xτ ∈ X, and f ∈ Ct(X), the differential equation

(1.11)
dx

dt
= A(t)x + f(t)

has a unique solution x = x(t) satisfying the initial condition

(1.12) x(τ) = xτ .

This solution is given by

(1.13) x(t) = U(t, τ)xτ +

∫ t

τ

U(t, ξ)f(ξ) dξ.

The proof of Theorem 1.1 is the same as in the classical theory of differential
equations; under somewhat different assumptions the statement may be found inDaletskij-
Krejn [1970] and Cartan [1967].

In some situations it is more convenient to consider, instead of the operator function
U = U(t, τ), the operator function of one variable

(1.14) U(t) = U(t, t0),

where t0 is some fixed element of J (usually t0 = 0). By Lemma 1.4, the operator
function U(t, τ) may be recovered from U(t) by means of the formula

(1.15) U(t, τ) = U(t)U(τ)−1.

In this way, the problem of analyzing the operator function (1.7) of two variables t and
τ is equivalent to studying the operator function (1.14) of one variable t.

1.3. Special cases and examples
We describe now an important special case when the evolution operator U(t, τ) may

be represented in a more explicit form.
Suppose that the operator (1.3) does not depend on t, i.e. A(t) ≡ A. Throughout

the following, this case will be called stationary (or constant), while the case A = A(t)
will be called non-stationary (or variable). In the stationary case (see e.g. Daletskij-
Krejn [1970]) we have

(1.16) U(t, τ) = eA(t−τ);

here the operator function eAs is defined by the usual exponential series

(1.17) eAs =
∞∑

n=0

1

n!
snAn

or the Riesz integral

(1.18) eAs =
1

2π

∫

Γ

eλsR(λ,A)dλ,



where R(λ,A) = (λI − A)−1 is the resolvent of the operator A, and Γ is any simple
closed contour moving counterclockwise around the spectrum σ(A) of A in the complex
plane.

In the scalar case, the evolution operator is simply given by

(1.19) U(t, τ) = exp

{∫ t

τ

A(ξ) dξ

}
;

in the general case, however, (1.19) is not true. A necessary and sufficient condition
for (1.19) is that the family of operators {A(t) : t ∈ J} commutes (Erugin [1963],
Hille-Phillips [1957]), i.e.

(1.20) A(t)A(τ) = A(τ)A(t) (t, τ ∈ J);

this is a quite restrictive condition.
As is pointed out in Erugin [1963], the condition

(1.21) A(t)

(∫ t

t0

A(ξ) dξ

)
=

(∫ t

t0

A(ξ) dξ

)
A(t) (t ∈ J)

is sufficient for the representation of the operator (1.14) in the form

U(t) = exp

{∫ t

t0

A(ξ) dξ

}
,

and hence, by (1.15), of the operator (1.7) in the form

(1.22) U(t, τ) = exp

{∫ t

t0

A(ξ) dξ

}
exp

{
−

∫ τ

t0

A(ξ) dξ

}
.

However, the condition (1.21) is not necessary for the representation (1.22) to hold.
There are some other special cases when the operator function U = U(t, τ) may

be expressed through the operator function A = A(t) in a rather simple manner. For
a rather complete survey of such cases we refer to Erugin [1963] and the references
therein.

1.4. Some auxiliary results
Observe that the operator function t 7→ A(t) defined in (1.3) has a very special

structure: it is representable as a sum

(1.23) A(t) = C(t) + K(t)

of two operator function, namely the multiplication operator

(1.24) C(t)x(s) = c(t, s)x(s)

induced by a fixed coefficient (or multiplier) c = c(t, s), and the integral operator

(1.25) K(t)x(s) =

∫ b

a

k(t, s, σ)x(σ) dσ,



induced by a fixed kernel k = k(t, s, σ). In what follows, we call an operator of the form
(1.23), with C(t) given by (1.24) and K(t) given by (1.25), a Barbashin operator. As
a consequence of the special form of a Barbashin operator, one could expect a richer
theory for the differential equation (1.2) in case of a Barbashin operator A(t) than in
case of an arbitrary bounded linear operator A(t). This is in fact true, and this will be
illustrated over and over again in this and the following chapters.

To begin with, one could expect, for example, that the evolution operator operator
U(t, τ) associated with the linear differential equation

(1.26)
dx

dt
= [C(t) + K(t)]x + f(t)

has more specific properties than the evolution operator of (1.2) for general A(t). In
particular, it seems interesting to compare the evolution operator U(t, τ) of (1.26) with
the evolution operator U0(t, τ) of the “reduced” equation

(1.27)
dx

dt
= C(t)x + f(t).

First of all, we point out that the evolution operator U0(t, τ) of (1.27) may be given
explicitly; it is also a multiplication operator:

Lemma 1.5. Suppose that c : J × [a, b] → R is bounded, and the corresponding
operator function (1.24) is strongly continuous in X. Then the evolution operator U0 =
U0(t, τ) of equation (1.27) is given by

(1.28) U0(t, τ)x(s) = e(t, τ, s)x(s),

where

(1.29) e(t, τ, s) := exp

{∫ t

τ

c(ξ, s) dξ

}
.

2 Fix x ∈ X. By (1.7) we have

U0(t, τ)x = x +
∞∑

n=1

∫ t

τ

∫ t1

τ

· · ·
∫ tn−1

τ

C(t1)C(t2) · · ·C(tn)x dtn · · · dt2 dt1,

where the series converges in X. Since the function c is bounded we conclude that

x(s) +
∞∑

n=1

∫ t

τ

∫ t1

τ

· · ·
∫ tn−1

τ

c(t1, s)c(t2, s) · · · c(tn, s)x(s) dtn · · · dt2 dt1

= x(s) +
∞∑

n=1

1

n!

[∫ t

τ

c(ξ, s) dξ

]n

x(s) = e(t, τ, s)x(s)

converges for all s ∈ [a, b], so the limits must coincide. ¥

The multiplier (1.29) is of fundamental importance in the study of equation (1.1)
and will be used over and over again in what follows.



We observe that the evolution operators of (1.27) and (1.26) are related by the
equality

(1.30) U(t, τ) = U0(t, τ) +

∫ t

τ

U0(t, ξ)K(ξ)U(ξ, τ) dξ

(see Valeev-Zhautykov [1974], Daletskij-Krejn [1970]).
The main problem we shall be interested in below is the following. Let M be some

subclass of the space L(X) of bounded linear operators on X, and suppose that K(t) ∈
M for all t ∈ J. Is it true that the difference U(t, τ)−U0(t, τ) belongs then also to M for
all t, τ ∈ J? In other words, are the properties of the difference A(t)−C(t) “inherited”
by the difference U(t, τ)− U0(t, τ) of the corresponding evolution operators?

The answer is positive if M is some closed ideal in L(X), for example, the ideal of
compact operators. For the following, however, we need a “refinement” of this statement.
In the sequel, let L0(X) be a fixed Banach algebra which is continuously imbedded in
the algebra L(X).

Lemma 1.6. Suppose that the operator function t 7→ A(t) is bounded on J with
values in L0(X). Then the operator function (t, τ) 7→ U(t, τ) is bounded on J × J and
takes also values in L0(X).

2 To see this, observe that the series (1.7) converges (in the algebra L0(X))
uniformly on J × J , by the estimate (1.7); therefore its limit belongs to L0(X) for
all t ∈ J and τ ∈ J. Since L0(X) is continuously imbedded in L(X), the series
(1.7) converges in L(X) as well; but its limit in L(X) is just U(t, τ). This shows hat
U(t, τ) ∈ L0(X) for all t, τ ∈ J. Furthermore, the continuity of the map (t, τ) 7→ U(t, τ)
between J × J and L0(X) follows from the equality

U(t, τ) = I +

∫ t

τ

A(ξ)U(ξ, τ) dξ,

which obviously holds in L0(X) as well. ¥

Suppose now that M is a closed ideal in L0(X), where L0(X) is continuously imbedded
in L(X) as before.

Theorem 1.2. Suppose that the operator function t 7→ C(t) is bounded on J with
values in L0(X), and the operator function t 7→ K(t) is bounded on J with values in
M. Then

(1.31) U(t, τ)− U0(t, τ) ∈ M

for all (t, τ) ∈ J × J.

2 By Lemma 1.6, applied to the operators C(t) and C(t) + K(t), both evolution
operators U0(t, τ) and U(t, τ) belong to L0(X) for t, τ ∈ J. The relation K(t) ∈ M (t ∈
J) implies then that U0(t, ξ)K(ξ)U(ξ, τ) ∈ M as well (τ ≤ ξ ≤ t). It remains to use the
equality (1.28) from Lemma 1.5 which implies that the difference U(t, τ)−U0(t, τ) is the
limit (in L0(X)) of linear combinations of operators U0(t, ξ)K(ξ)U(ξ, τ) (τ ≤ ξ ≤ t). ¥



Theorem 1.2 contains, of course, the well known fact that the compactness of K(t)
implies the compactness of U(t, τ)− U0(t, τ), as well as similar statements which may
be obtained choosing L0(X) = L(X).

1.5. Degenerate kernels
As a model example we shall consider now and in the sequel the case of a degenerate

kernel k, i.e.

(1.32) k(t, s, σ) =
n∑

j=1

αj(t, s)βj(σ),

where the functions αj : J× [a, b] → R and βj : [a, b] → R are supposed to be bounded
for the time being. The set Mn of corresponding integral operators

K(t)x(s) =
n∑

j=1

αj(t, s)

∫ b

a

βj(σ)x(σ) dσ

is obviously a closed ideal in L(X): in fact, an operator K ∈ L(X) belongs to Mn

if and only if its range has dimension ≤ n. From Theorem 1.2 we conclude that the
evolution operator of equation (1.26) has then the form

(1.33) U(t, τ)x(s) = U0(t, τ)x(s) + H(t, τ)x(s),

where U0(t, τ) is given by (1.28) and H(t, τ) is an integral operator

(1.34) H(t, τ)x(s) =

∫ b

a

h(t, τ, s, σ)x(σ) dσ

with degenerate kernel

(1.35) h(t, τ, s, σ) =
n∑

j=1

γj(t, τ, s)δj(t, τ, σ).

More specifically, we have to choose γj and δj such that

0 =
∂

∂t
U(t, τ)x(s)− A(t)U(t, τ)x(s)

=
n∑

j=1

∫ b

a

δj(t, τ, σ)x(σ) dσ

[
∂

∂t
γj(t, τ, s)− c(t, s)γj(t, τ, s)

]

+
n∑

j=1

[∫ b

a

∂

∂t
δj(t, τ, σ)x(σ) dσ

]
γj(t, τ, s)−

n∑
j=1

[∫ b

a

βj(σ)e(t, τ, σ)x(σ) dσ

]
αj(t, s)

−
n∑

j,k=1

[∫ b

a

βj(σ)γk(t, τ, σ) dσ

] [∫ b

a

δk(t, τ, σ)x(σ) dσ

]
αj(t, s).

This is a complicated integro-differential equation for the unknown functions γj and
δj (j = 1, ..., n). We shall return to this equation later (see § 8); here we just confine
ourselves to a very elementary example for n = 1.



Example 1.1. Let c(t, s) := 4t and k(t, s, σ) := −6tsσ over [a, b] = [0, 1], i.e. we
consider the integro-differential equation

(1.36)
∂x(t, s)

∂t
= 4tx(t, s)− 6ts

∫ 1

0

σx(t, σ) dσ.

Denoting the integral in (1.36) by ξ(t) we get

ξ′(t) =

∫ 1

0

σ
∂x(t, σ)

∂t
dσ =

∫ 1

0

σ[4tx(t, σ)− 6tσξ(t)] dσ = 2tξ(t)

hence ξ(t) = et2 . Thus we arrive at the linear first-order differential equation

∂x(t, s)

∂t
= 4tx(t, s)− 6tset2

for x, with solution x(t, s) = 3set2 . By what has been observed above, the evolution
operator for (1.36) has the form

U(t, τ)x0(s) = e2(t2−τ2)x0(s) +

∫ 1

0

h(t, τ, s, σ)x0(σ) dσ,

where the kernel h is of the form (1.35), i.e.

h(t, τ, s, σ) = γ(t, τ, s)δ(t, τ, σ),

and x0(s) = x(0, s). A straightforward, but somewhat cumbersome calculation leads to
the functions

γ(t, τ, s) = [e(t2−τ2) − e2(t2−τ2)]s, δ(t, τ, σ) = 3σ.

In particular, the unique solution of the equation (1.36) with initial condition x(0, s) = s
is given by x(t, s) = set2 .

1.6. Symmetric kernels
Let us consider the equation

(1.37)
∂x(t, s)

∂t
= c(t)x(t, s) +

∫ b

a

k(s, σ)x(t, σ) dσ + f(s)

with initial condition

(1.38) x(0, s) = x0(s),

for 0 ≤ t ≤ T and a ≤ s ≤ b, where c : [0, T ] → R is continuous, and f : [a, b] → R
and k : [a, b]× [a, b] → R are square integrable. In addition, we suppose now that the
kernel k is symmetric. Under this assumption, a solution of the problem (1.37)/(1.38)
may be constructed by expanding the kernel into a series of eigenfunctions. Following
Vasil’eva-Tikhonov [1989], we shall seek the solution x in the form

(1.39) x(t, s) = z(t, s) + x̃(t, s),



where x̃ is a solution of the problem



∂x̃(t, s)

∂t
= c(t)x̃(t, s) + f(s) if 0 ≤ t ≤ T and a ≤ s ≤ b,

x̃(0, s) = x0(s) if a ≤ s ≤ b.

Then

(1.40) x̃(t, s) = x0(s) exp

{∫ t

0

c(τ) dτ

}
+ f(s)

∫ t

0

exp

{∫ t

τ

c(ξ) dξ

}
dτ,

and z is a solution, for a ≤ s ≤ b and 0 ≤ t ≤ T , of the problem

(1.41)





∂z(t, s)

∂t
= c(t)z(t, s) +

∫ b

a

k(s, σ)x(t, σ) dσ + f(s),

z(0, s) = 0;

here we have put

f(t, s) :=

∫ b

a

k(s, σ)x̃(t, σ) dσ.

We shall seek z(t, s) in the form

(1.42) z(t, s) =
∞∑

n=1

zn(t)kn(s),

where the eigenfunctions kn of the kernel k are supposed to form an orthonormal basis
in L2([a, b]). Substituting (1.42) into (1.41) we be obtain

(1.43)
dzn(t)

dt
= c(t)zn(t) + λnzn(t) + λnx̃n(t), zn(0) = 0,

where
(1.44)

x̃n(t) =

∫ b

a

x̃(t, s)kn(s) ds = xn(s) exp

{∫ t

0

c(τ) dτ

}
+ fn

∫ t

0

exp

{∫ t

τ

c(ξ) dξ

}
dτ,

with xn and fn (n = 1, 2, . . .) being the Fourier coefficients of x0 and f , respectively.
Obviously, a solution of the problem (1.43) is given by

(1.45) zn(t) = λn

∫ t

0

exp

{∫ t

τ

c(ξ) dξ + λn(t− τ)

}
x̃n(τ) dτ.

From (1.45) and (1.44) it follows that the series (1.42) converges in L2, uniformly with
respect to t ∈ [0, T ]. Consequently, z ∈ Ct(L2), where Ct(X) is defined as in Subsection
1.1. Analogously, the convergence of the series

∞∑
n=1

dzn(t)

dt
kn(s)

in L2, uniformly with respect to t ∈ [0, T ], follows from (1.45), (1.44) and (1.43). This
implies again that ∂z/∂t ∈ Ct(L2), i.e. z ∈ C1

t (L2). We conclude that the unique
solution of the problem (1.37)/(1.38) is given by (1.39), where x̃ is the function (1.40),
and z is the series (1.42). The functions zn from (1.42) in turn have the form (1.45),
where λn is the n-th eigenvalue of the kernel k with eigenfunction kn, and x̃n is given
by (1.44).



§ 2. Barbashin equations in the space C

In this section we give a systematic account of the basic properties of Barbashin
operators in the Chebyshev space C of continuous functions over [a, b]. In particular,
we derive sufficient conditions (which sometimes are also necessary) for the strong
continuity or norm-continuity of Barbashin operators in both the stationary and non-
stationary case. A representation theorem for the evolution operator in the space C is
also given.

2.1. Linear operators in the space C

Consider the stationary Barbashin operator

(2.1) Ax(s) = c(s)x(s) +

∫ b

a

k(s, σ)x(σ) dσ;

where c = c(s) and k = k(s, σ) are given measurable functions on [a, b] and [a, b]× [a, b],
respectively. We are interested in conditions on c and k under which the operator
(2.1) is bounded in the space C of all continuous functions on [a, b]. The complete
answer to this problem may be given rather easily by means of the classical Radon
theorem (Glivenko [1936], Dunford-Schwartz [1963], Kantorovich-Akilov
[1977], Natanson [1950], Radon [1919]). Consider the functions

(2.2) α(s) := c(s) +

∫ b

a

k(s, σ) dσ,

and

(2.3) β(z, s) :=

∫ z

a

[c(s)χ(s, σ) + (z − σ)k(s, σ)] dσ (a ≤ z ≤ b),

with χ(s, ·) denoting the characteristic function of the unbounded interval [s,∞), as
well as the function

(2.4) γ(s) := |c(s)|+
∫ b

a

|k(s, σ)| dσ.

Lemma 2.1. The linear operator (2.1) is continuous in the space C if and only if
the functions (2.2) and (2.3) are continuous, and the function (2.4) is bounded. In this
case, the operator (2.1) is bounded with norm

(2.5) ||A||L(C) = sup
a≤s≤b

γ(s).

2 First of all, we show that the operator (2.1) is bounded whenever it is defined
on the space C. In fact, in this case it follows that, applying the operator (2.1) to the
function x1(s) ≡ 1, the function k(s, ·) is Lebesgue integrable on [a, b] for each s ∈ [a, b],
and the function w : [a, b] → R defined by

w(s) :=

∫ b

a

|k(s, σ)| dσ



is measurable, by Fubini’s theorem. This implies that (2.1) is continuous, considered
as an operator from the space C into the space S of all measurable functions on [a, b];
consequently, (2.1) is closed as an operator in the space C. The continuity of (2.1)
follows now from the closed graph theorem.

Let us rewrite (2.1) in the form

(2.6) Ax(s) =

∫ b

a

x(σ) dg(s, σ),

where

(2.7) g(s, σ) = c(s)χ(s, σ) +

∫ σ

a

k(s, τ) dτ.

By the Riesz representation theorem on the general form of continuous linear functionals
on the space C the equality (2.6) may be regarded as the Radon representation (see
again Glivenko [1936]) of the bounded linear operator (2.1). But Radon’s theorem
implies also that the vector function g∗ : [a, b] → BV defined by

(2.8) g∗(s)(σ) := g(s, σ)

with values in the space BV = BV ([a, b]) of all functions of bounded variation on [a, b]
is weakly continuous.

Various conditions for the weak continuity of BV -valued vector functions are reported
in Glivenko [1936]. The most appropriate one is the Riesz criterion which states that
the vector function (2.8) is weakly continuous on BV if and only if (2.8) is bounded
and the scalar functions s 7→ g∗(s)(b)−g∗(s)(a) and s 7→ ∫ z

a
g∗(s)(σ) dσ are continuous.

By standard formulas (see e.g. Natanson [1950]), the total variation of g∗(s) on [a, b]
is

||g∗(s)||BV = Var[a,b]g
∗(s) = |c(s)|+

∫ b

a

|k(s, σ)| dσ = γ(s);

consequently, the boundedness of the vector function (2.8) in BV is equivalent to the
boundedness of the function (2.4). Moreover, by the obvious formulas

g∗(s)(b)− g∗(s)(a) = c(s) +

∫ b

a

k(s, σ) dσ = α(s),

and ∫ z

a

g∗(s)(σ) dσ =

∫ z

a

[c(s)χ(s, σ) +

∫ σ

a

k(s, τ)dτ ] dσ = β(z, s),

the boundedness of the operator (2.1) on C implies the continuity of both functions
(2.2) and (2.3). Thus we have shown that, whenever the operator (2.1) acts in the space
C, the functions (2.2) and (2.3) are continuous, and the function (2.4) is bounded.

The converse is also true: if the functions (2.2) and (2.3) are continuous and the
function (2.4) is bounded, then the vector function (2.8) is weakly continuous on the
space BV, and this is in turn equivalent to the fact that the operator (2.1) acts in the
space C.



It remains to prove the relation (2.5). But this is an immediate consequence of the
formula

||A||L(C) = sup
a≤s≤b

sup
||x||C≤1

∫ b

a

x(σ) dg∗(s)(σ) = sup
a≤s≤b

||g∗(s)||BV = sup
a≤s≤b

γ(s).

The proof is complete . ¥

As a matter of fact, the Radon representation of a bounded linear operator is not
unique. However, Theorem 2.1 implies that the representation (2.1) for the operator A
is unique. In fact, if there were two representations

Ax(s) = cj(s)x(s) +

∫ b

a

kj(s, σ)x(σ) dσ (j = 1, 2),

we would have

[c1(s)− c2(s)]x(s) +

∫ b

a

[k(s, σ)− k2(s, σ)]x(σ) dσ ≡ 0.

Consequently, by Lemma 2.1 (applied to the zero operator) we would get

|c1(s)− c2(s)|+
∫ b

a

|k1(s, σ)− k2(s, σ)| dσ = 0 (a ≤ s ≤ b),

and hence c1(s) = c2(s) for all s ∈ [a, b], as well as k1(s, σ) = k2(s, σ) for all s ∈ [a, b]
and almost all σ ∈ [a, b].

2.2. The spaces Lb(C) and Lm(C)⊕ Li(C)

The set of all operators of type (2.1) is a subspace of the space L(C) which we shall
denote throughout by Lb(C) (where the subscript b stands for “Barbashin operator”).
Lemma 2.1 gives a precise characterization of all operators in the class Lb(C). In
particular, we have the following

Lemma 2.2. The subspace Lb(C) is closed in L(C).

2 In fact, suppose that

Anx(s) = cn(s)x(s) +

∫ b

a

kn(s, σ)x(σ) dσ (n = 1, 2, . . .)

is a sequence of operators in Lb(C) converging (in L(C)) to some A ∈ L(C). Then (An)n

is a Cauchy sequence in Lb(C), and the relation

lim
m,n→∞

sup
a≤s≤b

[
|cm(s)− cn(s)|+

∫ b

a

|km(s, σ)− kn(s, σ)| dσ

]
= 0

holds, by Lemma 2.1. This relation is equivalent to both

(2.9) lim
m,n→∞

sup
a≤s≤b

|cm(s)− cn(s)| = 0



and

(2.10) lim
m,n→∞

sup
a≤s≤b

∫ b

a

|km(s, σ)− kn(s, σ)| dσ = 0.

Now, (2.9) shows that (cn)n is a Cauchy sequence in the space of all bounded functions
on [a, b] (with the supremum norm). Since this space is complete, we have

(2.11) lim
n→∞

sup
a≤s≤b

|cn(s)− c(s)| = 0

for some bounded (measurable) function c on [a, b]. Similarly, (2.10) shows that (kn)n

is a Cauchy sequence in the space [L1 → L∞] with mixed norm (see Subsection 12.1
below). Since this space is also complete, we have again

lim
n→∞

||kn − k̃||[L1→L∞] = lim
n→∞

ess sup
a≤s≤b

∫ b

a

|kn(s, σ)− k̃(s, σ)| dσ = 0

for some measurable function k̃ ∈ [L1 → L∞]. This means that

lim
n→∞

sup
s∈[a,b]\D0

∫ b

a

|kn(s, σ)− k̃(s, σ)| dσ = 0,

for some null set D0 ⊂ [a, b]. For s ∈ D0, the sequence (kn(s, ·))n is Cauchy in the space
L1, by (2.10); consequently, there is another function k̂ = k̂(s, σ) such that

lim
n→∞

||kn(s, ·)− k̂(s, ·)||L1 = 0,

uniformly with respect to s ∈ D0, again by (2.10). The function

k(s, σ) =

{
k̃(s, σ) if s ∈ [a, b] \D0,

k̂(s, σ) if s ∈ D0

is then measurable, by construction, and satisfies

(2.12) lim
n→∞

sup
a≤s≤b

∫ b

a

|kn(s, σ)− k(s, σ)| dσ = 0.

Consider now the linear operator

(2.13) Ax(s) = c(s)x(s) +

∫ b

a

k(s, σ)x(σ) dσ;

we claim that this operator belongs to Lb(C) and is the limit (in Lb(C)) of the sequence
(An)n. To prove that A ∈ Lb(C) it suffices to show that, for any fixed x ∈ C, the
sequence (Anx)n converges uniformly to Ax. But this follows immediately from (2.11),
(2.12), and the obvious estimate

|Anx(s)− Ax(s)| ≤ |cn(s)− c(s)| |x(s)|+
∫ b

a

|kn(s, σ)− k(s, σ)| |x(σ)| dσ.



Finally, by Lemma 2.1 we have

||An − A||L(C) = sup
a≤s≤b

[|cn(s)− c(s)|+
∫ b

a

|kn(s, σ)− k(s, σ)| dσ],

and thus the convergence of (An)n to A in the space Lb(C) is a consequence of (2.11)
and (2.12). ¥

The space L(C), equipped with the composition of operators as multiplication, is
a Banach algebra. It is natural to ask whether or not the subclass Lb(C) is also an
algebra, or even an ideal in L(C).

To see that Lb(C) is not an ideal in L(C) is easy: just consider the composition of
some operator from Lb(C) with the evalution operator Ex(s) = x(s0) at some point
s0 ∈ [a, b]. Nevertheless, the following holds.

Lemma 2.3. The subspace Lb(C) is a subalgebra of L(C). More precisely, if A,B ∈
Lb(C) are given by

Ax(s) = c(s)x(s) +

∫ b

a

k(s, σ)x(σ) dσ

and

Bx(s) = d(s)x(s) +

∫ b

a

l(s, σ)x(σ) dσ,

then AB ∈ Lb(C) is given by

(2.14) ABx(s) = e(s)x(s) +

∫ b

a

m(s, σ)x(σ)dσ,

where
e(s) := c(s)d(s)

and

m(s, σ) := c(s)l(s, σ) + k(s, σ)d(σ) +

∫ b

a

k(s, ξ)l(ξ, σ) dξ.

2 The formula (2.14) follows from

ABx(s) = c(s)d(s)x(s) +

∫ b

a

c(s)l(s, σ)x(σ) dσ

+

∫ b

a

k(s, σ)d(σ)x(σ) dσ +

∫ b

a

k(s, ξ)

[∫ b

a

l(ξ, σ)x(σ)dσ

]
dξ,

where the order of integration may be changed by Fubini’s theorem; in fact, the equality
∫ b

a

∫ b

a

|k(s, ξ)| |l(ξ, σ)| |x(σ)| dσ dξ =

∫ b

a

|k(s, ξ)|
∫ b

a

|l(ξ, σ)| |x(σ)| dσ dξ

implies that the function (σ, ξ) 7→ k(s, ξ)l(ξ, σ)x(σ) is integrable on [a, b] × [a, b] for
each s ∈ [a, b]. By (2.14), we see that AB ∈ Lb(C). ¥



By definition, every operator A ∈ Lb(C) is the sum of a multiplication operator C
generated by some multiplier c = c(s), and an integral operator K generated by some
kernel k = k(s, σ). One should expect that, whenever A is a bounded linear operator in
the space C, each of the corresponding parts C and K are also bounded linear operators
in the space C. Surprisingly enough, this is not true!

Example 2.1. Consider the linear operator A defined by

Ax(s) :=





x(s) if 0 ≤ s ≤ 1

2
,

2

2s− 1

∫ s

1/2

x(σ) dσ if
1

2
< s ≤ 1.

By Lemma 2.1, this operator acts in the space C = C([0, 1]) and has the form (2.1),
where

c(s) =

{
1 if 0 ≤ s ≤ 1

2
,

0 if 1
2

< s ≤ 1,

and

k(s, σ) =

{ 2
2s−1

if 1
2

< σ ≤ s ≤ 1,

0 otherwise,

and satisfies ||A||L(C) = 1. Nevertheless, since the function c is discontinuous at s = 1
2
,

the corresponding multiplication operator Cx(s) = c(s)x(s) (and hence also the integral
operator K = A− C with kernel k) does not act in the space C.

Thus the problem arises to study those operators A ∈ Lb(C) more in detail for which
both terms in (2.1) are bounded linear operators in the space C. To this end, denote
by Lm(C) the class of all multiplication operators

Cx(s) = c(s)x(s),

and by Li(C) the class of all integral operators

Kx(s) =

∫ b

a

k(s, σ)x(σ) dσ

in L(C). The operators we are interested in belong to the proper subclass Lm(C)⊕Li(C)
of Lb(A). From Lemma 2.1 and Lemma 2.2 we get the following

Lemma 2.4. The subspace Lm(C)⊕ Li(C) is closed in Lb(C).

2 Observe, first of all, that an operator A ∈ Lb(C) belongs to Lm(C)⊕Li(C) if and
only if the multiplicator function c = c(s) is continuous on [a, b]. Now, if the successive
approximations

Anx(s) = cn(s)x(s) +

∫ b

a

kn(s, σ)x(σ) dσ (n = 0, 1, . . .)

belong to Lm(C)⊕ Li(C) and converge (in L(C)) to some operator

Ax(s) = c(s)x(s) +

∫ b

a

k(s, σ)x(σ) dσ



in Lb(C), then, by formula (2.5) of Lemma 2.1,

lim
n→∞

sup
a≤s≤b

|cn(s)− c(s)| = 0,

and thus the function c is continuous as well. This shows that actually A ∈ Lm(C) ⊕
Li(C). ¥

An additional statement about the algebraic properties of the class Lm(C) ⊕ Li(C)
is given in the following

Lemma 2.5. The subspace Li(C) is an ideal in both the algebra Lm(C)⊕ Li(C) and
the algebra Lb(C). The subspace Lm(C)⊕ Li(C) is a subalgebra of the algebra Lb(C).

2 We show that Li(C) is an ideal in Lm(C) ⊕ Li(C). To this end, let K be an
integral operator with kernel k = k(s, σ), and B an arbitrary operator from the class
Lm(C)⊕ Li(C), i.e.

Bx(s) = d(s)x(s) +

∫ b

a

l(s, σ)x(σ) dσ.

By (2.14), the operators KB and BK have the form

KBx(s) =

∫ b

a

[k(s, σ)d(σ) +

∫ b

a

k(s, ξ)l(ξ, σ) dξ]x(σ) dσ,

and

BKx(s) =

∫ b

a

[d(s)k(s, σ) +

∫ b

a

l(s, ξ)k(ξ, σ) dξ]x(σ) dσ,

and hence both belong to Li(C). The fact that Li(C) is an ideal in Lb(C) is proved in the
same way. Finally, if A and B are two operators in Lm(C)⊕Li(C), their “multiplicative
parts” Cx(s) = c(s)x(s) and Dx(s) = d(s)x(s), say, are generated by continuous
functions c and d; consequently, by the continuity of the product c(s)d(s) and formula
(2.4) we have AB ∈ Lm(C)⊕ Li(C) and BA ∈ Lm(C)⊕ Li(C) as well. ¥

We remark that the set Li(C) of all integral operators is not an ideal in the algebra
L(C) of all bounded linear operators on C.

2.3. Compact and weakly compact operators
Let us recall some further facts from the theory of bounded linear operators in the

space C of continuous functions. An operator A in C is called compact if A maps
bounded sets into precompact sets, and weakly compact if A maps bounded sets into
weakly precompact sets. By the well known Grothendieck theorem (see e.g. Dunford-
Schwartz [1963]), a bounded linear operator A in C is weakly compact if and only if
A maps weakly convergent sequences into strongly convergent sequences. In particular,
this implies the classical Dunford-Pettis theorem which states that the composition of
two weakly compact operators in C is a compact operator.

It is well known that the classes Lc(C) and Lw(C) of all compact respectively weakly
compact operators in the space C is an ideal in the algebra L(C).

We are mainly interested in compact or weakly compact operators of the form (2.1),
of course, i.e. in the classes Lb(C)∩Lc(C) and Lb(C)∩Lw(C). We are going to formulate
two criteria for the (weak) compactness of an operator A ∈ Lb(C).



Lemma 2.6. A linear operator A ∈ Lb(C) is compact if and only if c(s) ≡ 0 and
the L1-valued vector function s 7→ k(s, ·) is continuous, i.e.

(2.15) lim
ξ→s

∫ b

a

|k(ξ, σ)− k(s, σ)| dσ = 0 (a ≤ s ≤ b).

2 The assertion follows from the following general compactness criterion for bounded
linear operators on the space C (see e.g. Dunford-Schwartz [1963]): the operator
(2.1) is compact in C if and only if the BV -valued vector function (2.8) is continuous.
Since the function (2.8) is also C-weakly continuous, this is in turn equivalent to the
norm-continuity of (2.8). But in the norm of the space BV we have

||g∗(ξ)− g∗(s)||BV = Var[a,b][g(ξ, ·)− g(s, ·)]

= |c(ξ)|+ |c(s)|+
∫ b

a

|k(ξ, σ)− k(s, σ)| dσ,

(see e.g. Natanson [1950]), and thus the continuity of (2.8) at each s ∈ [a, b] is
obviously equivalent to the requirement that c(s) ≡ 0. ¥

Lemma 2.7. A linear operator A ∈ Lb(C) is weakly compact if and only if c(s) ≡ 0
and the L1-valued vector function s 7→ k(s, ·) has a weakly compact range, i.e.

(2.16) lim
µ(D)→0

sup
a≤s≤b

∫

D

|k(s, σ)| dσ = 0,

where µ(D) denotes the Lebesgue measure of D ⊆ [a, b].
2 Here we apply the following general criterion for the weak compactness of bounded

linear operators on C (see again Dunford-Schwartz [1963]): the operator (2.1) is
weakly compact in C if and only if the BV -valued vector function (2.8) is C∗∗-weakly
continuous. By the Lebesgue theorem (see e.g. Natanson [1950]), the space BV is a
direct sum of the subspace AC of all absolutely continuous functions, the subspace SC
of all singularly continuous functions, and the subspace PC of all piecewise constant
functions. The formula (2.7) implies, in turn, that the vector function (2.8) is a direct
sum of the two functions

(2.17) gac(s, σ) =

∫ σ

a

k(s, τ) dτ, gpc(s, σ) = c(s)χ(s, σ),

where gac is absolutely continuous and gpc is the “piecewise constant” part of g on [a, b].
Consequently, from Lebesgue’s theorem it follows that the vector function (2.8) is C∗∗-
weakly continuous if and only if both components in (2.17) are C∗∗-weakly continuous.
Now, the C∗∗-weak continuity of gac in BV is equivalent to the weak continuity of
the L1-valued vector function s 7→ k(s, ·), and this is in turn equivalent, by the De
la Vallée-Poussin theorem (Natanson [1950]) to the weak compactness of the range
of this function, i.e. to (2.16). On the other hand, the C∗∗-weak continuity of gpc

in BV is equivalent to the weak compactness (in C) of the multiplication operator
Cx(s) = c(s)x(s). But this operator maps weakly convergent (i.e. pointwise convergent)
sequences in C into strongly convergent (i.e. uniformly convergent) sequences in C if
and only if c(s) ≡ 0. ¥



Lemma 2.6 and Lemma 2.7 imply, in particular, that any (weakly) compact operator
A ∈ Lb(C) is necessarily an integral operator; the converse, of course, is not true. In
other words, we have

Lb(C) ∩ Lc(C) = Li(C) ∩ Lc(C) ⊂ Li(C) ∩ Lw(C) = Lb(C) ∩ Lw(C) ⊂ Li(C),

where both inclusions are strict. From Lemma 2.5 we may deduce, in addition, the
following

Lemma 2.8. The classes Li(C) ∩ Lc(C) and Li(C) ∩ Lw(C) are closed ideals in the
spaces Lb(C) and Lm(C)⊕ Li(C).

2.4. Strongly continuous operator functions
Consider now the non-stationary operator function

(2.18) A(t)x(s) = c(t, s)x(s) +

∫ b

a

k(t, s, σ)x(σ) dσ

defined for t ∈ J and taking values in Lb(C). In this subsection we shall be concerned
with conditions on the functions c = c(t, s) and k = k(t, s, σ) under which the operator
function A = A(t) is strongly continuous in the space L(C) of bounded linear operators
in C. In analogy to the functions (2.2), (2.3), and (2.4), we now introduce the functions

(2.19) α(t, s) := c(t, s) +

∫ b

a

k(t, s, σ) dσ,

(2.20) β(z, t, s) :=

∫ z

a

[c(t, s)χ(s, σ) + (z − σ)k(t, s, σ)] dσ (a ≤ z ≤ b),

and

(2.21) γ(t, s) := |c(t, s)|+
∫ b

a

|k(t, s, σ)| dσ.

Theorem 2.1. The operator function (2.18) is strongly continuous in the space C
if and only if the functions (2.19) and (2.20) are continuous, and the function (2.21) is
bounded on each bounded subset of J × [a, b].

2 In the proof of Lemma 2.1 we established, for fixed t ∈ J , the relations

α(t, s) = A(t)x1(s),

β(z, t, s) = A(t)ξz(s),

and
sup

a≤s≤b
γ(t, s) = ||A(t)||L(C);

here x1(s) ≡ 1 and ξz(s) := max {0, z−s}. By the classical Banach-Steinhaus theorem,
these relations imply the “only if” part of the assertion.



To prove the “if” part it suffices to show, by (2.5) and again by the Banach-Steinhaus
theorem, that, given some dense subset M ⊂ C, the functions t 7→ A(t)x are continuous
on J for each x ∈ M. For simplicity, as dense subset M we take the system of all
piecewise linear functions on [a, b]. Given x ∈ M, we may write x in the form (see e.g.
Glivenko [1936]),

x(s) = λ +
n∑

j=1

λj max {0, zj − s},

i.e. as a linear combination of the functions x1 and ξz1 , . . . , ξzn (see above). But the
functions t 7→ A(t)x1 = α(t, ·) and t 7→ A(t)ξzj

= β(zj, t, ·) (j = 1, . . . , n) are
continuous on J, by hypothesis, and hence t 7→ A(t)x is continuous for any x ∈ M,
since A(t) is linear. This completes the proof. ¥

2.5. Norm-continuous operator functions
Lemma 2.1 was the main tool in the proof of Theorem 2.1. This proposition allows

us also to formulate rather easily a criterion for the continuity of the operator function
(2.18) in norm which means that

lim
t→t0

||A(t)− A(t0)|| = 0 (t0 ∈ J).

Of course, norm-continuity is stronger than strong continuity; therefore the hypotheses
in the following theorem are more restrictive than those given in Theorem 2.1.

Theorem 2.2. Suppose that the operator function (2.18) belongs to Lb(C) for each
t ∈ J. Then this operator function is continuous in the norm of the space L(C) if and
only if the following three conditions are satisfied:

(a) the function t 7→ c(t, s) is continuous on J, uniformly with respect to s ∈ [a, b];

(b) the function t 7→ k(t, s, σ) is continuous on J, as well as continuous in measure
as a function of σ, uniformly with respect to s ∈ [a, b], i.e.

lim
t→t0

sup
a≤s≤b

µ({σ : |k(t, s, σ)− k(t0, s, σ)| > h}) = 0 (h > 0);

(c) the function t 7→ k(t, s, σ) is continuous on J, as well as absolutely continuous
in mean as a function of σ, uniformly with respect to s ∈ [a, b], i.e.

lim
t→t0

lim
µ(D)→0

sup
a≤s≤b

∫

D

|k(t, s, σ)− k(t0, s, σ)| dσ = 0.

2 We prove first the necessity of the conditions (a), (b), and (c). If the operator
function (2.18) is norm-continuous in Lb(C), the equality

lim
t→t0

sup
a≤s≤b

[
|c(t, s)− c(t0, s)|+

∫ b

a

|k(t, s, σ)− k(t0, s, σ)| dσ

]
= 0

holds for each t0 ∈ J, by Lemma 2.1. This implies that (a) holds and, moreover,

(2.22) lim
t→t0

sup
a≤s≤b

∫ b

a

|k(t, s, σ)− k(t0, s, σ)| dσ = 0.



By the obvious estimates

hµ
({σ : |k(t, s, σ)− k(t0, s, σ)| ≥ h}) ≤

∫ b

a

|k(t, s, σ)− k(t0, s, σ)| dσ

and ∫

D

|k(t, s, σ)− k(t0, s, σ)| dσ ≤
∫ b

a

|k(t, s, σ)− k(t0, s, σ)| dσ,

(2.22) implies (b) and (c).
Conversely, suppose that the conditions (a), (b), and (c) hold. Again by Lemma 2.1,

it suffices to show (2.22). To this end, fix ε > 0, let h = ε/2(b − a), and consider the
estimate

(2.23)

∫ b

a

|k(t, s, σ)− k(t0, s, σ)| dσ ≤ h(b− a) +

∫

D(t,t0,s,σ)

|k(t, s, σ)− k(t0, s, σ)|dσ,

where D(t, t0, s, h) = {σ : |k(t, s, σ)− k(t0, s, σ)| > h}. By condition (b), we have

lim
t→t0

sup
a≤s≤b

µ(D(t, t0, s, h)) = 0,

hence, by (c), also

lim
t→t0

sup
a≤s≤b

∫

D(t,t0,s,h)

|k(t, s, σ)− k(t0, s, σ)| dσ = 0.

Consequently, from (2.23) we conclude that

sup
a≤s≤b

∫ b

a

|k(t, s, σ)− k(t0, s, σ)|dσ ≤ ε

for t sufficiently close to t0. Since ε > 0 was arbitrary, we are done. ¥

In applications it often happens that the kernel σ 7→ k(t, s, σ) has an absolutely
continuous L1-norm for each t ∈ J , uniformly with respect to s ∈ [a, b], i.e.

(2.24) lim
µ(D)→0

sup
a≤s≤b

∫

D

|k(t, s, σ)| dσ = 0.

In this case, condition (c) of Theorem 2.2 may be replaced by the simpler condition

(2.25) lim
µ(D)→0

sup
a≤s≤b
|τ−t|≤1

∫

D

|k(τ, s, σ)| dσ = 0,

which usually may be verified quite easily by means of majorant techniques (see e.g.
Krasnosel’skij-Zabrejko-Pustyl’nik-Sobolevskij [1966]).

2.6. A representation theorem for the evolution operator
Let us return to the differential equation (1.2) with operator function (1.3) in the

space C of continuous functions. In this subsection we shall suppose throughout that



the hypotheses of Theorem 2.1 are satisfied, and hence the operator function (1.3) is
strongly continuous in C.

Since the operator function (1.3) is representable as a sum of the multiplication
operator (1.23) and the integral operator (1.24), it is natural to expect that also the
evolution operator U = U(t, τ) for the equation (1.2) admits a representation as a sum
of the evolution operator U0 = U0(t, τ) of the “reduced” equation

(2.26)
dx

dt
= C(t)x

and some integral operator

(2.27) H(t, τ)x(s) =

∫ b

a

h(t, τ, s, σ)x(σ) dσ.

This is in fact a consequence of Theorem 1.2 and Lemma 2.8. Indeed, the following
stronger assertion is true:

Theorem 2.3. Suppose that the operator function (2.18) is strongly continuous in
the space C. Then the evolution operator U = U(t, τ) for the differential equation (1.2)
belongs to Lb(C) for all t, τ ∈ J, i.e. admits a representation

(2.28) U(t, τ)x(s) = e(t, τ, s)x(s) + H(t, τ)x(s),

where e(t, τ, s) is given by (1.29), and H is defined by (2.27) with h = h(t, τ, s, σ) being
a measurable function on J × J × [a, b] × [a, b]. Moreover, U(t, τ) ∈ Lm(C) ⊕ Li(C) if
A(t) ∈ Lm(C)⊕Li(C), H(t, τ) ∈ Li(C)∩Lw(C) if K(t) ∈ Li(C)∩Lw(C), and H(t, τ) ∈
Li(C) ∩ Lc(C) if K(t) ∈ Li(C) ∩ Lc(C).

2 As was shown in Subsection 1.2, the evolution operator U(t, τ) for equation (1.2) is
representable as a series (1.7) which converges in the norm of the space L(C), uniformly
for t in a bounded interval. By Lemma 2.3, each of the operators A(t1) · · ·A(tn) (n =
1, 2, . . .) occuring in (1.7) is strongly continuous as a function of t1, . . . , tn ∈ J and
belongs to Lb(C), i.e. admits a representation

(2.29) A(t1) · · ·A(tn)x(s) = c(t1, s) . . . c(tn, s)x(s) +

∫ b

a

rn(t1, . . . , tn, s, σ)x(σ) dσ;

here rn = rn(t1, . . . , tn, s, σ) (n = 1, 2, . . .) are measurable functions which satisfy the
estimate

(2.30) sup
a≤s≤b

∫ b

a

|rn(t1, . . . tn, s, σ)| dσ ≤ ||A(t1)||L(C) . . . ||A(tn)||L(C),

by Lemma 2.1. Integrating (2.29) over t1, . . . , tn yields
(2.31) [∫ t

τ

∫ t1

τ

· · ·
∫ tn−1

τ

A(t1) . . . A(tn) dtn . . . dt1

]
x(s)

=
1

n!

[∫ t

τ

c(ξ, s) dξ

]n

x(s) +

∫ b

a

[∫ t

τ

. . .

∫ tn−1

τ

rn(t1, . . . , tn, s, σ) dtn . . . dt1

]
x(σ) dσ,



where the change of order of integration is justified by (2.30) and Fubini’s theorem.
Again by (2.30), we may change the integrals (2.31) with the series (1.7) and obtain
(2.28), where H is given by (2.27) with

(2.32) h(t, τ, s, σ) :=
∞∑

n=1

∫ t

τ

∫ t1

τ

. . .

∫ tn−1

τ

rn(t1, . . . , tn, s, σ) dtn . . . dt1.

The last part follows from Theorem 1.2, applied to L0(C) = Lb(C) and M = Li(C),
M = Li(C) ∩ Lw(C), or M = Li(C) ∩ Lc(C). ¥

2.7. Stamping and infra-stamping operators
The main result in the preceding subsections was Lemma 2.1 and, in particular,

formula (2.5) for the norm of the operator (2.1) which we used several times. In the
special case c(s) ≡ 1, this formula reduces to

(2.33) ||I + K|| = 1 + ||K||,
since

||K||L(C) = sup
a≤s≤b

∫ b

a

|k(s, σ)| dσ.

The somewhat surprising equality (2.33) was noticed first, in case of general completely
continuous operators K, byDaugavet [1963]. Afterwards, (2.33) was proved by Lozanovskij
[1966] for integral operators K, and by Krasnosel’skij [1967] for a fairly general class
of operators called stamping operators; for some more related results, see also Kholub
[1987], Kamowitz [1984], and Synnatzschke [1984]. It is natural to expect that the
formula (2.5) carries over also to operators of the form

(2.34) Ax(s) = c(s)x(s) + Kx(s),

where K is not necessarily a linear integral operator. In this case, (2.5) should hold
true if the definition (2.4) of the function γ is replaced with the more general definition

(2.35) γ(s) := |c(s)|+ ||κ(s)||,
where κ(s) is the linear functional defined by k(s)x := Kx(s) on the space C.

Recall that, by Radon’s theorem, the linear operator K admits a representation

(2.36) Kx(s) =

∫ b

a

x(σ) dg(s, σ),

where g(·, σ) is weakly continuous, g(s, ·) is of bounded variation on [a, b], and the
functional

(2.37) κ(s) = Var[a,b]g(s, ·)
is upper semi-continuous. From (2.36) we conclude that the operator admits a similar
representation

(2.38) Ax(s) =

∫ b

a

x(σ) d[c(s)χ(s, σ) + g(s, σ)];



with χ = χ(s, σ) denoting the characteristic function of the triangular domain {(s, σ) :
a ≤ s ≤ σ ≤ b}. Again by Radon’s theorem, the bounded linear functional α(s) defined
by α(s) := Ax(s) on C admits a representation

(2.39) α(s) = Var[a,b][c(s)χ(s, ·) + g(s, ·)].
Finally, we associate with the operator (2.36) a function δK : [a, b] → R defined by

(2.40) δK(s) := g(s, s + 0)− g(s, s− 0).

Lemma 2.9. The equality

(2.41) α(s)− κ(s) = |c(s) + δK(s)| − |δK(s)|
holds for a ≤ s ≤ b.

2 Let a = s0 < s1 < . . . < sm−1 < sm = b be an arbitrary fixed partition of the
interval [a, b]. We have

m∑
j=1

[c(s)χ(s, sj)− c(s)χ(s, sj−1) + g(s, sj)− g(sj−1)]

≤ |c(s)χ(s, sk)− c(s)χ(s, sk−1) + g(s, sk)− g(s, sk−1)|

+
m∑

j=1
j 6=k

|c(s)χ(s, sj)− c(s)χ(s, sj−1) + g(s, sj)− g(s, sj−1)|

= |c(s) + g(s, sk)− g(s, sk−1)| − |g(s, sk)− g(s, sk−1)| +
m∑

j=1

|g(s, sj)− g(s, sj−1)|

≤ |c(s) + g(s, sk)− g(s, sk−1)| − |g(s, sk)− g(s, sk−1)|+ Var[a,b]g(s, ·);
here the index k is chosen in such a way that sk−1 < s ≤ sk. Since the partition
{s0, . . . , sm} was arbitrary, and since

lim
σ↑s

g(s, σ) = g(s, s− 0), lim
σ↓s

g(s, σ) = g(s, s + 0)

we conclude that

α(s) = Var[a,b]|c(s)χ(s, ·) + g(s, ·)|
≤ |c(s) + g(s, s + 0)− g(s, s− 0)| − |g(s, s + 0)− g(s, s− 0)|+ Var[a,b]g(s, ·)

= |c(s) + δK(s)| − |δK(s)|+ κ(s).

Similarly, the estimate
m∑

j=1

|g(s, sj)− g(s, sj−1)| ≤ −|c(s) + g(s, sk)− g(s, sk−1)|+ |g(s, sk)− g(s, sk−1)|

+
m∑

j=1

|c(s)χ(s, sj)− c(s)χ(s, sj−1) + g(s, sj)− g(s, sj−1)|



for sk−1 < s ≤ sk implies that

κ(s) = Var[a,b]g(s, ·) ≤ −|c(s) + g(s, s + 0)− g(s, s− 0)|

+ |g(s, s + 0)− g(s, s− 0)|+ Var[a,b][c(s)χ(s, ·) + g(s, ·)]

= −|c(s) + δK(s)|+ |δK(s)|+ α(s).

Consequently, (2.41) holds. ¥

Let us call an operator K as in (2.36) infra-stamping if the function (2.40) is zero
almost everywhere on [a, b].

Theorem 2.4. Suppose that the function c = c(s) is continuous, and the operator
K is infra-stamping. Then formula (2.5) holds with γ given by (2.35).

2 Obviously, it suffices to show that

(2.42) |c(s)|+ Var[a,b]g(s, ·) ≤ sup
a≤s≤b

α(s).

As already mentioned, the function γ(s) defined by (2.35) is upper semi-continuous;
consequently, for any ε > 0, the set Dε of all s ∈ [a, b] such that γ(s) > sup {γ(σ)− ε :
a ≤ σ ≤ b} is non-empty and open. Choose a point sε ∈ Dε where the function (2.40)
vanishes, i.e. δK(sε) = 0. For any s ∈ [a, b], we have then

|c(s)|+ Var[a,b]g(s, ·) ≤ sup
a≤s≤b

γ(s) ≤ γ(sε) + ε

= |c(sε)|+ Var[a,b]g(sε, ·) + ε = |c(sε) + δK(sε)| − |δK(sε)|+ Var[a,b]g(sε, ·) + ε,

hence, by Lemma 2.1,

|c(s)|+ Var[a,b]g(s, ·) ≤ Var[a,b][c(s)χ(sε, ·) + g(sε, ·)] + ε ≤ α(sε) + ε ≤ sup
a≤s≤b

α(s) + ε.

Since ε > 0 was arbitrary, (2.42) is proved. ¥

As was shown by Diallo-Zabrejko [1987], every integral operator or stamping
operator (in Krasnosel’skij’s sense) is infra-stamping. In this way, Theorem 2.4 generalizes
and extends the results byDaugavet [1963],Krasnosel’skij [1967], and Lozanovskij
[1966]. On the other hand, there exist infra-stamping operators which are neither
integral operators nor stamping; just consider the operator Kx(s) = x(s/2) on the
space C = C([0, 1]). Theorem 2.4 is mentioned in Diallo-Zabrejko [1987] even for
the space C = C(Q) of continuous functions on an arbitrary compact metric space Q.
In contrast to Lemma 2.1, however, the continuity of the function c = c(s) is required
in Theorem 2.4. As will be shown in the next chapter, this requirement is superfluous
if K is considered as a bounded linear operator from C into L∞, and the function c,
rather than being continuous, has merely the property that the operator (2.34) acts in
the space C. This situation is typical in many applications of Lemma 2.1.



§ 3. Barbashin equations in Lebesgue spaces

In this section we give a systematic account of the basic properties of Barbashin
operators in the Lebesgue space Lp of p-summable (1 ≤ p < ∞) or essentially bounded
(p = ∞) functions over [a, b]. In particular, we derive sufficient conditions (which
sometimes are also necessary) for the strong continuity or norm-continuity of Barbashin
operators in both the stationary and non-stationary case. To this end, we study some
special kernel classes and make use of interpolation theorems for integral operators. A
representation theorem for the evolution operator in the space Lp is also given.

3.1. Linear operators in the space Lp

Let us recall some basic properties of bounded linear operators of the form

(3.1) Ax(s) = c(s)x(s) +

∫ b

a

k(s, σ)x(σ) dσ

in the Lebesgue spaces Lp (1 ≤ p ≤ ∞); as in § 2, we assume that c = c(s) and
k = k(s, σ) are given measurable functions on [a, b] and [a, b]× [a, b], respectively.

We are especially interested in conditions on the functions c and k which ensure
the boundedness of the operator (3.1) in some Lebesgue space Lp of p-integrable (1 ≤
p < ∞) or essentially bounded (p = ∞) functions on [a, b]. In contrast to the situation
in the space C, there are no simple theorems on the general form of bounded linear
operators in Lp (see e.g. Dunford-Schwartz [1963], Krasnosel’skij-Zabrejko-
Pustyl’nik-Sobolevskij [1966]). This is the reason why the theory of operators of
the form (3.1) to be developed below is not as simple and complete as the corresponding
theory in the space C developed in the preceding paragraph. No systematic account
on the operator (3.1) in Lebesgue spaces is known in the literature. Nevertheless, there
is a vast literature on linear integral operators (i.e. operators (3.1) with c(s) ≡ 0);
we refer, in particular, to the monographs Krasnosel’skij-Zabrejko-Pustyl’nik-
Sobolevskij [1966], Halmos-Sunder [1978], Korotkov [1983]. We shall show that
the basic facts from Krasnosel’skij-Zabrejko-Pustyl’nik-Sobolevskij [1966]
on linear integral operators carry over to the more general operators (3.1) as well.

One of the most important facts on linear integral operators in Lebesgue spaces
is the classical Banach theorem on the “automatic” continuity of such operators (see
e.g. Banach [1932], Krasnosel’skij-Zabrejko-Pustyl’nik-Sobolevskij [1966]).
This theorem holds also for operators of the form (3.1):

Lemma 3.1. Suppose that the linear operator (3.1) acts in the space Lp (1 ≤ p ≤ ∞).
Then the operator (3.1) is continuous.

2 Fix x ∈ Lp; by hypothesis, we have then Ax ∈ Lp, with A given by (3.1). In
particular, the function k(s, ·)x(·) is integrable on [a,b] for almost all s ∈ [a, b], and
hence also the function |k(s, ·)| |x(·)|. By Fubini’s theorem, the function v : [a, b] → R
defined by

v(s) :=

∫ b

a

|k(s, σ)| |x(σ)| dσ

is measurable on [a,b].



To prove the continuity of the operator (3.1), it suffices to prove its closedness, by
the closed graph theorem. Thus, let (xn)n be a sequence in Lp converging to zero,
say, and assume that the sequence (Axn)n converges to some function z ∈ Lp. Without
loss of generality, we may suppose (see e.g. Krasnosel‘skij-Zabrejko-Pustyl’nik-
Sobolevskij [1966]) that the functions xn are uniformly bounded on [a, b] by some
function u ∈ Lp, i.e. |xn(s)| ≤ |u(s)| almost everywhere on [a, b]. The convergence
of the sequence (xn)n to zero in the norm of Lp implies its convergence in measure.
Consequently, the sequences c(·)xn(·) and k(s, ·)xn(·) converge in measure, too. Since

|k(s, σ)xn(σ)| ≤ |k(s, σ)| |u(σ)| (n = 1, 2, . . .),

the sequence (vn)n of functions

vn(s) :=

∫ b

a

k(s, σ)xn(σ) dσ

converges, for almost all s ∈ [a, b], to zero, by Lebesgue’s theorem on dominated
convergence. Altogether, this shows that the sequence

Axn(s) = c(s)xn(s) +

∫ b

a

k(s, σ)xn(σ) dσ

converges in measure to zero; consequently, z(s) = 0 almost everywhere on [a, b], and
so we are done. ¥

Recall that a linear operator A in the space Lp is called regular if A may be written as
a difference of two positive linear operators in Lp; a regular operator is always bounded.
Given a regular linear operator A in Lp, one may define its module |A| as the minimal
of all positive bounded linear operators Ã in Lp satisfying

(3.2) |Ax| ≤ Ã(|x|) (x ∈ Lp).

It was shown inKantorovich-Vulikh-Pinsker [1950] andKrasnosel’skij-Zabrejko-
Pustyl’nik-Sobolevskij [1966] that a linear integral operator K generated by a
kernel k = k(s, σ) is regular in Lp if and only if the linear integral operator ]K[
generated by the kernel |k| = |k(s, σ)| also acts in Lp; moreover, |K| =]K[ in this
case. The same is true for the operator (3.1):

Lemma 3.2. Suppose that the linear operator (3.1) acts in the space Lp (1 ≤ p ≤ ∞).
Then the operator (3.1) is regular if and only if the linear operator ]A[ defined by

(3.3) ]A[x(s) = |c(s)|x(s) +

∫ b

a

|k(s, σ)|x(σ) dσ;

acts in Lp as well; moreover, the equality

(3.4) |A| = ]A[

holds in this case.
2 The inequality |Ax| ≤ ]A[ |x| is obvious. Therefore, if the operator (3.3) acts in

the space Lp, then the operator (3.1) is regular and satisfies the estimate |A| ≤ ]A[;



here the inequality is meant in the sense of the ordering on L(Lp) induced by the cone
of positive linear operators in Lp.

Conversely, suppose that (3.1) is regular, and let x ∈ Lp be a nonnegative function
Since Lp is aK-space of countable type (for the terminology see e.g.Dunford-Schwartz
[1963] or Kantorovich-Vulikh-Pinsker [1950]), there exists a countable subset M
of the conic interval [−x, x] = {z : z ∈ Lp, |z| ≤ x} such that

w = sup {|Az| : z ∈ [−x, x]} = sup {|Az| : z ∈ M}.

Without loss of generality we may suppose that M is dense (with respect to convergence
in measure) in [−x, x].

Denote by D the system of all subintervals D = [α, β] ⊆ [a, b] with rational endpoints
α, β, and let

M∗ = {x sign (cχD) + zχ[a,b]\D : z ∈ M,D ∈ D};
here χD is, of course, the characteristic function of D ∈ D. The set M∗ is then also
countable and dense (in measure) in the conic intervall [−x, x]. Observe that, given
s ∈ [a, b], we may find a sequence of sets Dn ∈ D such that s ∈ Dn and µ(Dn) → 0 as
n →∞.

The least upper bound of a countable subset of Lp may be “calculated” for almost
all s ∈ [a, b]. Since M ⊆ M∗ ⊆ [−x, x], we have

w(s) = sup {|Az(s)| : z ∈ M∗}.

Now fix s ∈ [a, b], let (zn)n be a sequence in M converging (in measure) to the function
sign k(s, ·)x(·), and let (Dn)n be a sequence in D such that s ∈ Dn (n = 1, 2, . . .)
and µ(Dn) → 0 as n → ∞. Then the functions z∗n = x sign (cχDn) + znχ[a,b]\Dn also
converge (in measure) to the function sign k(s, ·)x(·). Since

|c(s)z∗n(s) +

∫ b

a

k(s, σ)z∗n(σ) dσ| = ||c(s)|z∗n(s) +

∫ b

a

k(s, σ)z∗n(σ) dσ|

and

lim
n→∞

∫ b

a

k(s, σ)z∗n(σ) dσ =

∫ b

a

|k(s, σ)|x(σ) dσ,

by Lebesgue’s theorem, we obtain

lim
n→∞

|c(s)z∗n(s) +

∫ b

a

k(s, σ)z∗n(σ) dσ| = |c(s)|x(s) +

∫ b

a

|k(s, σ)|x(σ) dσ.

From this it follows that

w(s) = sup {|Az(s)| : z ∈ M∗} ≥ lim
n→∞

|Az∗n(s)|

= |c(s)|x(s) +

∫ b

a

|k(s, σ)|x(σ) dσ = ]A[x(s).

Consequently, for almost all s ∈ [a, b] we have that ]A[ x(s) ≤ w(s), and hence ]A[ x ∈
Lp. In other words, the linear operator (3.3) maps any nonnegative function x ∈ Lp



again into a function ]A[ x ∈ Lp. Since every Lp function is representable as a difference
of two nonnegative Lp functions, the operator (3.3) acts in the space Lp.

It remains to observe that any positive linear operator Ã satisfying (3.2) in Lp has
the property that w(s) ≤ Ãx(s), and so

]A[x(s) ≤ Ãx(s)

for all x ∈ Lp. This shows that ]A[ is the minimal of all operators satisfying (3.2), and
thus ]A[≤ |A| as claimed. ¥

In what follows, we identify the dual space L∗p in case 1 ≤ p < ∞, as usual, with the
space Lq with q = p/(p− 1); in fact, the duality

〈x, y〉 =

∫ b

a

x(s)y(s) ds

gives a 1-1 representation of any bounded linear functional l ∈ L∗p in the form

(3.5) l(x) = 〈x, l0〉,
where l0 ∈ Lq with ||l||L∗p = ||l0||Lq . Thus, if the operator A in (3.1) acts in the space
Lp (1 ≤ p < ∞), its adjoint A∗ acts in the space Lq (q = p/(p− 1)); the question arises
whether or not A∗ admits also a representation in the form (3.1).

Recall that the dual space L∗∞ of L∞ may not be identified with the space L1.
However, L1 is a closed subspace of L∗∞, inasmuch as every element l0 ∈ L1 defines a
bounded linear functional l on L∞ by (3.5), where ||l||L∗∞ = ||l0||1. In this connection, L1

is sometimes called the Köthe dual (or associate space) of the space L∞ and denoted
by L′∞; thus, we have L∗p = L′p = Lq (q = p/(p − 1)) in case 1 ≤ p < ∞, and
L∗∞ ⊃ L′∞ = L1 in case p = ∞. In the latter case, it is more natural to consider,
rather than the adjoint A∗ of the operator (3.1) on L∗∞, the restriction A′ of A∗ on the
subspace L′∞ = L1; A′ is sometimes called the Köthe adjoint (or associate operator) of
A. Thus, if A is defined by (3.1), we are interested in the existence of its Köthe adjoint
A′, and also in conditions which allow us to represent A′ again in the form (3.1).

In Zabrejko [1968] it is shown that, if K is a linear integral operator with kernel
k = k(s, σ) in Lp (1 ≤ p < ∞), then the Köthe adjoint K ′ always exists, but is not
necessarily an integral operator. However, for every y ∈ Lq (q = p/(p − 1)) which
belongs to the domain of definition of the linear integral operator

K#y(s) =

∫ b

a

k#(s, σ)y(σ) dσ

generated by the kernel k# = k#(s, σ) = k(σ, s), one has K ′y = K#y. In particular, if
the operator K is regular then the operator K# is defined for each y ∈ Lq, and thus
K ′ = K# on the whole space Lq. A similar result holds for the operator (3.1), as was
shown in Kalitvin-Zabrejko [1991]:

Lemma 3.3. Suppose that the linear operator (3.1) acts in the space Lp (1 ≤ p ≤ ∞).
Then the operator (3.1) admits the Köthe adjoint

(3.6) A′y(s) = A#y(s),



where

(3.7) A#y(s) = c(s)y(s) +

∫ b

a

k#(s, σ)y(σ) dσ

for any function y ∈ Lq for which the right-hand side of (3.6)makes sense. In particular,
if the operator (3.1) is regular, then (3.6) holds for all y ∈ Lq.

In connection with the results given above, the problem arises how to find simple
conditions (at least sufficient) on the functions c = c(s) and k = k(s, σ) under which the
operator (3.1) is continuous or regular in some Lp space (1 ≤ p ≤ ∞). Such conditions
may be found by combining analogous conditions for each of the two components of
(3.1), i.e. the multiplication operator

(3.8) Cx(s) = c(s)x(s)

and the integral operator

(3.9) Kx(s) =

∫ b

a

k(s, σ)x(σ) dσ.

By means of Kantorovich’s regularity theorems for bounded linear operators in L∞,
one may conclude from Lemma 3.2 and Lemma 3.3 that, in case p = 1 or p = ∞,
the operator (3.1) acts in Lp if and only if both components (3.8) and (3.9) act in Lp.
In case 1 < p < ∞, however, an analogous result is not known. On the one hand, a
necessary and sufficient condition for the linear multiplication operator (3.8) to act in
Lp is, of course, that c ∈ L∞. On the other hand, a necessary and sufficient condition
on the kernel k = k(s, σ) for the linear integral operator (3.9) to act in Lp is known
only in case p = 1 or p = ∞. Some sufficient conditions on k, however, which guarantee
that the operator (3.9) acts in Lp for 1 ≤ p ≤ ∞ will be given in the next subsections
of this chapter.

3.2. The space Lr
b(Lp)

In analogy to what we have done in Subsection 2.2 by introducing the class Lb(C), we
could try to develop a parallel theory on linear operators of type (3.1) in the Lebesgue
spaces Lp.

However, this would be extremely difficult and unsatisfactory, mainly because the
class of all linear integral operators in Lebesgue spaces has not been very well studied
up to the present. Nevertheless, since most integral operators which occur in significant
applications are a priori known to be regular, one could be less ambitious and try at
least to develop a theory of regular linear operators of type (3.1). It turns out, in fact,
that this may be done quite successfully.

In the sequel, we denote by Lr
b(Lp) the class of all regular Barbashin operators

(i.e. regular operators of the form (3.1)) which act in the space Lp (1 ≤ p ≤ ∞);
of course, this is a subspace of the space L(Lp) of all bounded linear operators in
Lp. Observe that the space Lr

b(Lp) is not closed in L(Lp) (see e.g. Krasnosel’skij-
Zabrejko-Pustyl’nik-Sobolevskij [1966], Halmos-Sunder [1978]), and thus a
direct analogue to Lemma 2.2. for Lebesgue spaces is not true.



A somewhat weaker statement, however, is possible. To this end, let us introduce
the norm

(3.10) ||A||Lr
b(Lp) = || |A| ||L(Lp)

on the space Lr
b(Lp), where |A| denotes the module of A (see Lemma 3.2).

Lemma 3.4. The subspace Lr
b(Lp) with norm (3.10) is a Banach space which is

continuously imbedded in L(Lp).
2 First of all, observe that the continuous imbedding

(3.11) Lr
b(Lp) ⊆ L(Lp), ||A||L(Lp) ≤ ||A||Lr

b(Lp)

follows from the definition of |A| (see (3.3) and (3.4)). Further, for any A ∈ Lr
b(Lp) we

have, by Lemma 3.2,

(3.12) ||C||Lr
b(Lp) ≤ ||A||Lr

b(Lp), ||K||Lr
b(Lp) ≤ ||A||Lr

b(Lp)

with C and K being the components (3.8) and (3.9) of the operator A. Suppose now
that

Anx(s) = cn(s)x(s) +

∫ b

a

kn(s, σ)x(σ) dσ,

is a Cauchy sequence of operators An ∈ Lr
b(Lp). By (3.11), the sequence (An)n is also

Cauchy in L(Lp), and hence converges (in L(Lp)) to some operator A ∈ L(Lp). On the
other hand, by (3.12), both components Cn and Kn corresponding to An are Cauchy
sequences in Lr

b(Lp). Now, the obvious equality

||Ci − Cj||Lr
b(Lp) = ||ci − cj||L∞

shows that the sequence of functions (cn)n is also Cauchy in L∞; by the completeness of
the space L∞, this sequence converges (in L∞) to some c ∈ L∞. Again by the equality

||C − Cn||Lr
b(Lp) = ||c− cn||L∞

it follows that the sequence of operators (Cn)n converges (in Lr
b(Lp)) to the operator

Cx(s) = c(s)x(s).

To analyze the convergence behaviour of the sequence (Kn)n, observe first that

(3.13) ||
∫ b

a

|ki(·, σ)− kj(·, σ)|x(σ) dσ||Lp ≤ ||Ki −Kj||Lr
b(Lp) (||x||Lp ≤ 1)

and hence, by the particular choice x(s) ≡ 1,

(3.14)

∫ b

a

∫ b

a

|ki(s, σ)− kj(s, σ)| ds dσ ≤ ||Ki −Kj||Lr
b(Lp).

The last estimate implies that the sequence of functions (kn)n is Cauchy in the space
L1 = L1([a, b]× [a, b]). Since this space is complete, too, this sequence converges (in L1)
to some k ∈ L1. By passing, if necessary, to a subsequence we may assume, without loss
of generality, that (kn)n converges to k almost everywhere on [a, b]×[a, b]. In particular,



the sequence (kn(s, ·))n converges, for almost all s ∈ [a, b], almost everywhere on [a, b]
to the function k(s, ·).

Now let x be an arbitrary nonnegative function in the unit ball of Lp. Setting i = n
in (3.13) and letting j →∞ yields, by Fatou’s lemma,

||
∫ b

a

|kn(·, σ)− k(·, σ)|x(σ) dσ||Lp ≤ lim
j→∞

||Kn −Kj||Lr
b(Lp).

The right-hand side of this inequality tends to zero as n →∞, since the sequence (kn)n

is Cauchy in Lr
b(Lp). Moreover, the right-hand side does not depend on x; therefore,

lim
n→∞

sup
||x||Lp

≤1

x≥0

||
∫ b

a

|kn(·, σ)− k(·, σ)|x(σ) dσ||Lp = 0,

and hence, by the obvious inequality

|
∫ b

a

|kn(s, σ)− k(s, σ)|x(σ) dσ| ≤
∫ b

a

|kn(s, σ)− k(s, σ)||x(σ)| dσ,

it follows that

lim
n→∞

sup
||x||Lp≤1

||
∫ b

a

|kn(·, σ)− k(·, σ)|x(σ) dσ||Lp = 0.

This means exactly that the sequence (Kn)n converges (in Lr
b(Lp)) to the linear integral

operator K generated by the kernel k = k(s, σ), i.e. to the operator (3.9). We have
shown that the operators Cn and Kn converge in Lr

b(Lp) to the operators C and K,
respectively, and thus the operators An = Cn+Kn converge to the operator A = C+K.
¥

The space L(Lp) of all bounded linear operators in Lp is a Banach algebra with
respect to the usual composition of operators. It would be useful to know if the same is
true for the space Lr

b(Lp). Moreover, the same question as in § 2 arises, whether or not
the subspace of integral operators (or regular integral operators) in Lp is an ideal in
L(Lp) or Lr

b(Lp). It turns out that the situation here is not as simple as in the space C
treated in § 2. For instance (Krasnosel’skij-Zabrejko-Pustyl’nik-Sobolevskij
[1966]), the composition of two integral operators is not necessarily again an integral
operator. Nevertheless, the following result holds which is parallel to Lemma 2.3 and
Lemma 2.5:

Lemma 3.5. The subspace Lr
b(Lp) is a subalgebra of L(Lp), and the subspace Li(Lp)

is an ideal in the algebra Lr
b(Lp). More precisely, if A,B ∈ Lr

b(Lp) are given by

Ax(s) = c(s)x(s) +

∫ b

a

k(s, σ)x(σ) dσ

and

Bx(s) = d(s)x(s) +

∫ b

a

l(s, σ)x(σ) dσ



then AB ∈ Lr
b(Lp) is given by

(3.15) ABx(s) = e(s)x(s) +

∫ b

a

m(s, σ)x(σ) dσ,

where
e(s) := c(s)d(s)

and

m(s, σ) := c(s)l(s, σ) + k(s, σ)d(σ) +

∫ b

a

k(s, ξ)l(ξ, σ) dξ.

2 The formula (3.15) follows from

ABx(s) = c(s)d(s)x(s) +

∫ b

a

c(s)l(s, σ)x(σ)dσ

+

∫ b

a

k(s, σ)d(σ) dσ +

∫ b

a

k(s, ξ)

[∫ b

a

l(ξ, σ)x(σ) dσ

]
dξ;

here one may change the order of integration by Fubini’s theorem; in fact, the regularity
of the operators A and B implies the regularity of the integral operators K (with kernel
k) and L (with kernel l), and the equalitiy
∫ b

a

∫ b

a

|k(s, ξ)l(ξ, σ)x(σ)| dσ dξ =

∫ b

a

|k(s, ξ)|
[∫ b

a

|l(ξ, σ)||x(σ)| dσ

]
dξ = |K||L||x(s)|

implies that the function (σ, ξ) 7→ k(s, ξ)l(ξ, σ)x(σ) is integrable on [a, b] × [a, b] for
almost all s ∈ [a, b]. By (3.15), we have that AB ∈ Lr

b(Lp). Moreover, the evident
inequality |AB| ≤ |A| |B| and the definition (3.10) of the norm in Lr

b(Lp) imply that

||AB||Lr
b(Lp) = || |AB| ||L(Lp) ≤ || |A||B| ||L(Lp)

and
|| |A| ||L(Lp)|| |B| ||L(Lp) = ||A||Lr

b(Lp)||B||Lr
b(Lp),

and thus the first assertion is proved. The second assertion follows immediately from
(3.15): in fact, if A, say, is a “pure” integral operator, then c(s) ≡ 0, hence c(s)d(s) ≡ 0,
and thus AB is also an integral operator. ¥

3.3. Sufficient conditions for regularity
In this subsection we shall formulate some important sufficient conditions for the

operator (3.1) to belong to the class Lr
b(Lp). Such conditions may be obtained, loosely

speaking, from sufficient conditions for the integral operator (3.9) to be regular in the
space Lp (Krasnosel’skij-Zabrejko-Pustyl’nik-Sobolevskij [1966], Zabrejko-
Koshelev-Krasnosel’skij-Mikhlin-Rakovshchik-Stetsenko [1968]). For our
purpose, however, it is more convenient to formulate such conditions through imbedding
theorems for classes of kernels on [a, b]× [a, b]. Following Krasnosel’skij-Zabrejko-
Pustyl’nik-Sobolevskij [1966], we denote by Zp (1 ≤ p ≤ ∞) the (Zaanen) class of
all measurable functions z = z(s, σ) on [a, b]× [a, b] for which the norm

(3.16) ||z||Zp = sup
||x||Lp

≤1

||y||Lq
≤1

∫ b

a

∫ b

a

|z(s, σ)x(σ)y(s)| dσ ds



(q = p/(p − 1)) is finite. The importance of this class is seen from the fact that
every function in Zp is the kernel of some regular linear integral operator in Lp, and,
conversely, every kernel of a regular linear integral operator in Lp is a function in Zp.

Combining this fact with Lemma 3.2 we arrive at the following important

Lemma 3.6. The linear operator

(3.17) Ax(s) = c(s)x(s) +

∫ b

a

k(s, σ)x(σ) dσ

belongs to the class Lr
b(Lp) if and only if c ∈ L∞ and k ∈ Zp. Moreover, in this case

the two-sided estimate

(3.18)
1

2
(||c||L∞ + ||k||Zp) ≤ ||A||Lr

b(Lp) ≤ ||c||L∞ + ||k||Zp

holds.

We can reformulate this result as follows. If we denote, in analogy to Subsection 2.3,
by Lm(Lp) the class of all multiplication operators (3.8) in Lp (note that a multiplication
operator in Lp is always regular), and by Lr

i (Lp) the class of all regular integral operators
(3.9) in Lp, then the decomposition

Lr
b(Lp) = Lm(Lp)⊕ Lr

i (Lp)

holds. In particular, we cannot find a parallel counterexample to Example 2.1 for regular
Barbashin operators in Lebesgue spaces.

At first glance it seems that the problem of describing the class Lr
b(Lp) is completely

solved by Lemma 3.6. However, there is an essential flaw: it is very hard, in general, to
find explicit formulas or estimates for the norm of a function in Zp, and just the problem
of characterizing the elements in Zp is not solved even for very simple functions arising
frequently in applications (e.g. functions with polynomial or logarithmic singularities on
the diagonal s = σ). Conditions which are merely sufficient, of course, are well known
(see Krasnosel’skij-Zabrejko-Pustyl’nik-Sobolevskij [1966] and below).

Some more auxiliary classes of kernels on [a, b]×[a, b] are in order. Given a measurable
set D ⊆ [a, b], let

(3.19) PDx(s) :=

{
x(s) if s ∈ D,
0 if s 6∈ D

denote the characteristic operator of D ⊆ [a, b], i.e. the multiplication operator generated
by the characteristic function χD of D. By Z−p we denote the space of all z ∈ Zp such
that

(3.20) lim
µ(D)→0

sup
||x||Lp

≤1

||y||Lq
≤1

∫ b

a

∫ b

a

|z(s, σ)PDx(σ)y(s)| dσ ds = 0.

Similarly, by Z+
p we denote the space of all z ∈ Zp such that

(3.21) lim
µ(D)→0

sup
||x||Lp

≤1

||y||Lq
≤1

∫ b

a

∫ b

a

|z(s, σ)x(σ)PDy(s)| dσ ds = 0.



Finally, let
Z0

p := Z−p ∩ Z+
p .

It is well known that in case 1 < p < ∞ all three classes Z−p , Z+
p and Z0

p coincide
and consist of all kernels which generate compact regular integral operators (3.9) in Lp

(more precisely, they generate all regular operators (3.9) such that both K and |K|
are compact). In case p = 1 we have Z−1 = {0}, and Z+

1 consists of all kernel functions
which generate weakly compact integral operators in L1. Similarly, in case p = ∞ we
have Z+

∞ = {0}, and Z−∞ consists of all kernels which generate weakly compact integral
operators in L∞.

As already mentioned, the kernels k ∈ Zp are precisely those which generate integral
operators K ∈ Lr

i (Lp). Let us denote by Lr,−
i (Lp),L

r,+
i (Lp), and Lr,0

i (Lp) the class of
all integral operators K ∈ Lr

i (Lp) which are generated by kernels k ∈ Z−p , Z+
p , and Z0

p,
respectively. From well known properties of compact and weakly compact operators we
get the following useful result (which, by the way, may also be obtained directly):

Lemma 3.7. The subspaces Lr,−
i (Lp),L

r,+
i (Lp), and Lr,0

i (Lp) are ideals in the algebra
Lr

b(Lp).

Now we introduce some important subclasses of the kernel class Zp. For 1 ≤ p, q ≤
∞, denote by U(p, q) the linear space of all measurable functions z = z(s, σ) on [a, b]×
[a, b] for which the so-called mixed norm
(3.22)

||z||U(p,q) :=





{∫ b

a

[∫ b

a

|z(s, σ)|p dσ

]q/p

ds

}1/q

if 1 ≤ p, q < ∞,

ess sup
a≤s≤b

[∫ b

a

|z(s, σ)|p dσ

]1/p

if 1 ≤ p < ∞ and q = ∞,

[∫ b

a

ess sup
a≤σ≤b

|z(s, σ)|q ds

]1/q

if 1 ≤ q < ∞ and p = ∞

is finite; similarly, denote by V (p, q) the linear space of all measurable functions z =
z(s, σ) on [a, b]× [a, b] for which the mixed norm
(3.23)

||z||V (p,q) :=





{∫ b

a

[∫ b

a

|z(s, σ)|p ds

]q/p

dσ

}1/q

if 1 ≤ p, q < ∞,

ess sup
a≤σ≤b

[∫ b

a

|z(s, σ)|p ds

]1/p

if 1 ≤ p < ∞ and q = ∞,

[∫ b

a

ess sup
a≤s≤b

|z(s, σ)|q dσ

]1/q

if 1 ≤ q < ∞ and p = ∞

is finite. The functionals (3.22) and (3.23) are norms which turn U(p, q) and V (p, q)
into Banach spaces.

The following two propositions provide some relations between the kernel classes
introduced so far; they may be regarded as reformulation of well known sufficient acting



conditions for integral operators in Lp, expressed in terms of the corresponding kernels
(Hille-Tamarkin [1930], see alsoKantorovich-Akilov [1977] orKrasnosel’skij-
Zabrejko-Pustyl’nik-Sobolevskij [1966]):

Lemma 3.8. Let 1 ≤ p ≤ ∞ and q = p/(p − 1). Then U(q, p) is continuously
imbedded in Zp, i.e.

(3.24) ||z||Zp ≤ ||z||U(q,p) (z ∈ U(q, p)).

Moreover, U(1,∞) = Z∞, U(q, p) ⊆ Z0
p for 1 < p < ∞, and U(∞, 1) ⊆ Z+

1 .

Lemma 3.9. Let 1 ≤ p ≤ ∞ and q = p/(p − 1). Then V (p, q) is continuously
imbedded in Zp, i.e.

(3.25) ||z||Zp ≤ ||z||V (p,q) (z ∈ V (p, q)).

Moreover, V (1,∞) = Z1, V (p, q) ⊆ Z0
p for 1 < p < ∞, and V (∞, 1) ⊆ Z−∞.

The following result is much more precise and difficult and is essentially due to
Kantorovich (seeKantorovich [1956],Kantorovich-Akilov [1977],Krasnosel’skij-
Zabrejko-Pustyl’nik-Sobolevskij [1966]):

Lemma 3.10. Let p, p0, p1, q0, q1 ∈ [1,∞] and λ ∈ [0, 1] be real numbers satisfying

1− 1− λ

p0

− λ

q1

≤ 1

p
≤ 1− λ

q0

+
λ

p1

.

Then U(p0, q0) ∩ V (p1, q1) is imbedded in Zp and

(3.26) ||z||Zp ≤ c ||z||1−λ
U(p0,q0) ||z||λV (p1,q1).

Moreover, U(p0, q0) ∩ V (p1, q1) ⊆ Z0
p if either q0 < ∞ or q1 < ∞.

Observe that Lemma 3.10 is a kind of “interpolation” between Lemma 3.8 and
Lemma 3.9; in fact, for λ = 0, p0 = q, and q0 = p, (3.26) coincides with (3.24), while
for λ = 1, p1 = p, and q1 = q, (3.26) coincides with (3.25).

Lemma 3.10 makes it possible to treat kernels z = z(s, σ) with polynomial singularities
on the diagonal s = σ as elements of Zp. Nevertheless, Lemma 3.10 does not allow us to
recover all kernels from Zp, in particular, not those which generate noncompact integral
operators in Lp (observe that the inclusion Z0

p ⊆ Zp is always strict for 1 < p < ∞).

Other descriptions of the elements of Zp are possible by means of interpolation
theorems in Lebesgue spaces (see e.g. Bergh-Löfström [1976], Krejn-Petunin-
Semenov [1978]). The first theorems of this type have been established by Riesz
and Marcinkiewicz, afterwards by Stein and Weiss, Dikarev and Matsaev; a certain
completion of the theory was reached with the “sharp” interpolation theorem byOvchinnikov
[1983]. In what follows, we shall give a formulation of this theorem in the spirit of the
book Zabrejko-Koshelev-Krasnosel’skij-Mikhlin-Rakovshchik-Stetsenko
[1968].



Denote by W (α, β) (0 ≤ α, β ≤ 1) the linear space of all measurable functions
z = z(s, σ) on [a, b]× [a, b] for which the norm

(3.27) ||z||W (α,β) = sup
D1,D2⊆[a,b]

µ(D1)
−α µ(D2)

−β

∫

D1

∫

D2

|z(s, σ)| dσ ds

is finite; similarly, by W 0(α, β) we mean the subspace of all z ∈ W (α, β) satisfying

(3.28) lim
µ(D1)→0
µ(D2)→0

µ(D1)
−αµ(D2)

−β

∫

D1

∫

D2

|z(s, σ)| dσds = 0.

Lemma 3.11. Let α0, α1, β0, β1 ∈ [0, 1], p ∈ [1,∞], and λ ∈ [0, 1] be real numbers
satisfying

1− (1− λ)α0 − λα1 ≤ 1

p
≤ (1− λ)β0 + λβ1.

Then W (α0, β0) ∩W (α1, β1) is imbedded in Zp and

(3.29) ||z||Zp ≤ c ||z||1−λ
W (α0,β0)||z||λW (α1,β1)

for some c > 0. Moreover, W 0(α0, β0) ∩ W (α1, β1) ⊆ Z0
p if β0 > 0, and W (α0, β0) ∩

W 0(α1, β1) ⊆ Z0
p if β1 > 0.

All results concerning the kernel classes U(p, q), V (p, q), or W (α, β) given in this
subsection provide conditions on the parameters p, q, α, β under which these classes
are subspaces of Zp (or even Z0

p). Each of these kernel classes induces, of course, a
corresponding space of linear integral operators (3.9). The question arises which of
these space are ideals (or at least subalgebras) of the algebra Lr

b(Lp). For some of these
classes (e.g. for U(p, q) and V (p, q)), the answer is positive; this follows from basic
properties of so-called u-bounded and v-cobounded operators in Lebesgue spaces (see
e.g. Krasnosel’skij-Zabrejko-Pustyl’nik-Sobolevskij [1966]). For some other
classes, the answer is unknown.

Let us discuss still another aspect of the operator (3.1). In Lemma 2.1 we established
the explicit formula (2.5) for the norm of the operator (3.1) in the space C which
may be expressed rather simply in terms of the corresponding functions c = c(s)
and k = k(s, σ). A parallel formula may be obtained in the space Lp, at least in the
“extreme” cases p = 1 and p = ∞.

Lemma 3.12. Suppose that the linear operator (3.17) acts in the space L1 or in the
space L∞. Then the operator (3.17) is bounded with norm

||A||L(L1) = ||γ1||L∞
respectively

||A||L(L∞) = ||γ∞||L∞ ,

where

(3.30) γ1(s) = |c(s)|+
∫ b

a

|k(σ, s)| dσ



and

(3.31) γ∞(s) = |c(s)|+
∫ b

a

|k(s, σ)| dσ.

2 The boundedness of the operator (3.17) follows from Lemma 3.1; moreover, by
Lemma 3.7, the estimates

(3.32) ||A||L(L1) ≤ ||γ1||L∞
and

(3.33) ||A||L(L∞) ≤ ||γ∞||L∞
hold. Let first p = ∞. Since the unit ball in L∞ consists of all functions |x| ≤ 1, we
have, by Lemma 3.2,

sup
||x||L∞≤1

|Ax(s)| = γ∞(s).

Further, since for any subset M of L∞ we have (see e.g. Kantorovich-Vulikh-
Pinsker [1950] or Kantorovich-Akilov [1977])

sup {||x|| : x ∈ M} = || sup {|x| : x ∈ M}||,

we conclude that

||A||L(L∞) = sup
||x||L∞≤1

||Ax||L∞ = || |A|x1||L∞ = ||γ∞||L∞ ,

where x1(s) ≡ 1. This proves the assertion in case p = ∞. In case p = 1, the statement
follows from Lemma 3.3 by passing to the Köthe dual L1 = L′∞ of L∞ and the Köthe
adjoint A′ of A. ¥

Observe that, in the special case c(s) ≡ 1, the formulas (3.30) and (3.31) become

||I + K|| = 1 + ||K||

with K given by (3.9); this is of course parallel to the situation in the space C (see
(2.33) in Subsection 2.7). Such formulas have been obtained by Lozanovskij [1966]
by slightly different methods; these methods, however, apply also to more general
operators of the form (3.17).

3.4. Strongly continuous operator functions
Consider again the operator function

(3.34) A(t)x(s) = c(t, s)x(s) +

∫ b

a

k(t, s, σ)x(σ) dσ.

on a bounded or unbounded interval J. By Lemma 3.6, formula (3.34) defines an
operator function A with values in L(Lp) if c(t, ·) ∈ L∞ and k(t, ·, ·) ∈ Zp for t ∈ J. The
purpose of this subsection is to find conditions on the functions c and k under which this
operator function is strongly continuous. If the operator function (3.34) takes values



not only in L(Lp), but in the subclass Lr
b(Lp), then (3.34) may be represented, by

Lemma 3.6, as sum of the two simpler operator functions

(3.35) C(t)x(s) = c(t, s)x(s),

and

(3.36) K(t)x(s) =

∫ b

a

k(t, s, σ)x(σ) dσ

therefore the problem reduces to studying the strong continuity of (3.35) and (3.36)
separately.

Lemma 3.13. Let cn ∈ L∞ (n = 1, 2, . . .) and c ∈ L∞, and let Cn and C, respectively,
be the corresponding multiplication operators (3.8). Then the sequence (Cn)n converges
strongly in Lp (p < ∞) to C if and only if the sequence (cn)n is bounded in L∞
and converges to c either in measure or in L1; likewise, the sequence (Cn)n converges
strongly in L∞ to C if and only if (cn)n converges to c in L∞.

2 Let first p < ∞. The necessity of the boundedness of (cn)n follows then from
the Banach-Steinhaus theorem on the uniform boundedness of strongly convergent
operator sequences and the trivial equality ||Cn||L(Lp) = ||cn||L∞ . The necessity of the
convergence of (cn)n either in measure or in L1 is a consequence of the obvious equalities
Cn x1 = cn and C x1 = c (x1(s) ≡ 1). Conversely, the sufficiency of these two conditions
follows from the Lebesgue theorem on dominated convergence.

In case p = ∞ the proof is even simpler: indeed, the statement follows directly from
the equality ||(Cn − C)x1||L∞ = ||cn − c||L∞ . ¥

Lemma 3.14. Let kn ∈ Zp (n = 1, 2, . . .) and k ∈ Zp, and let Kn and K, respectively,
be the corresponding integral operators (3.9). Then the sequence (Kn)n converges strongly
in Lp to K if and only if the sequence (kn)n is bounded in Zp and if, in case p < ∞,
the sequence

κn(s, z) =

∫ z

a

kn(s, σ) dσ (a ≤ z ≤ b)

converges in Lp to the function

κ(s, z) =

∫ z

a

k(s, σ) dσ (a ≤ z ≤ b).

2 The proof is a simple consequence of the Banach - Steinhaus theorem and the
fact that the linear hull of the characteristic functions χ[a,z] (a ≤ z ≤ b) is dense in Lp

for p < ∞, while the linear hull of all characteristic functions χD (D ⊆ [a, b]) is dense
in L∞. ¥

Combining Lemma 3.13 and Lemma 3.14 we arrive at a (sufficient) condition for the
strong continuity of the operator function (3.34) in Lp which we state as

Theorem 3.1. Suppose that c = c(t, s) and k = k(t, s, σ) are measurable on J×[a, b]
and J × [a, b]× [a, b], respectively, and satisfy the following conditions:



(a) for each t ∈ J, the function c(t, ·) belongs to L∞, and in case p < ∞ the function
t 7→ c(t, ·) is bounded from J into L∞ and continuous from J into L1, while in case
p = ∞ the function t 7→ c(t, ·) is continuous from J into L∞;

(b) for each t ∈ J, the function k(t, ·, ·) belongs to Zp, and the function t 7→ k(t, ·, ·)
is bounded from J into Zp;

(c) in case p < ∞, the function

t 7→
∫ c

a

k(t, ·, σ) dσ

is continuous from J into Lp for each c ∈ [a, b], while in case p = ∞ the function

t 7→
∫

D

k(t, ·, σ) dσ

is continuous from J into L∞ for each D ⊆ [a, b].

Then the operator function A = A(t) defined by (3.34) is strongly continuous in Lp.

The hypotheses of Theorem 3.1 are rather easy to verify; the only difficult part is
the verification of (b), since the norm of the class Zp is somewhat complicated. In most
applications, however, one may use the Lemmas 3.8 - 3.11 proved in the preceding
subsection.

We point out that the conditions (a) - (c) of Theorem 3.1 are not only sufficient in
case p = 1 and p = ∞, but also necessary; this follows from the fact that Lb(Lp) and
Lr

b(Lp) coincide in this case, and from the Banach-Steinhaus theorem.

3.5. Norm-continuous operator functions
Generally speaking, necessary and sufficient conditions neither for the strong continuity

of the operator function (3.34), nor for its continuity in the norm of L(Lp), are easy to
obtain. It is easy, however, to find conditions which are merely sufficient. Moreover, if
we consider (3.34) as an operator function with values in Lr

b(Lp), rather than L(Lp),
then it is in fact possible to give continuity conditions which are both necessary and
sufficient. More precisely, such conditions may be given for all operator functions whose
integral part (3.36) is, for fixed t ∈ J an integral operator in Lr,0

i (Lp); this situation
occurs very often in applications.

Lemma 3.15. Let cn ∈ L∞ (n = 1, 2, . . .) and c ∈ L∞, and let Cn and C, respectively,
be the corresponding multiplication operators (3.8). Then the sequence (Cn)n converges
in the norm of L(Lp) to C if and only if the sequence (cn)n converges to c in L∞.

2 The statement follows trivially from the fact that the norm of the operator (3.8)
in L(Lp) is exactly ||c||L∞ . ¥

Recall (Krasnosel’skij-Zabrejko-Pustyl’nik-Sobolevskij [1966]) that a set
M ⊂ Lp is called absolutely bounded if

lim
µ(D)→0

sup
x∈M

∫

D

|x(s)|p ds = 0,



i.e. the elements of M have uniformly absolutely continuous norms. Likewise, a set
M ⊂ Zp is called n-absolutely bounded if

(3.37) lim
µ(D1)→0
µ(D2)→0

sup
z∈M

sup
||x||Lp

≤1

||y||Lq
≤1

∫ b

a

∫ b

a

|z(s, σ)PD1x(σ)PD2y(s)| dσ ds = 0.

It is not hard to see that every n-absolutely bounded set in Zp is bounded in norm; the
converse is, of course, false.

Lemma 3.16. For 1 < p < ∞, let kn ∈ Z0
p (n = 1, 2, . . .) and k ∈ Z0

p, and let Kn

and K, respectively, be the corresponding integral operators (3.9). Then the sequence
(Kn)n converges in the norm of Lr,0

i (Lp) to K if and only if the sequences (un)n and
(vn)n defined by

(3.38) un(s) =

∫ b

a

|kn(s, σ)| dσ, vn(σ) =

∫ b

a

|kn(s, σ)| ds

are absolutely bounded in Lp and Lq, respectively, and the sequence (kn)n converges in
L1 to k and is n-absolutely bounded in Z0

p.

2 The necessity of the given conditions follows from the continuity of the imbedding
Zp ⊆ L1 and from the absolute boundedness of a convergent sequence in Lp (see e.g.
Krasnosel’skij-Zabrejko-Pustyl’nik-Sobolevskij [1966]). For instance, the first
condition follows from the elementary estimates

||PD un||Lp ≤ ||PD

( ∫ b

a

|kn(·, σ)− k(·, σ)|dσ
)||Lp + ||PD

( ∫ b

a

|k(s, σ)| dσ
)||Lp

≤ sup
||y||Lq≤1

∫ b

a

∫ b

a

|[kn(s, σ)− k(s, σ)]y(s)| dσ ds + sup
||y||Lq≤1

∫ b

a

∫ b

a

|k(s, σ)PDy(s)|dσ ds

≤ (b− a)1/p||kn − k||Zp + ||PD|K|x1||Lp

with x1(s) ≡ 1.

The proof of the sufficiency is harder. Observe, first of all, that, by the convergence
of (kn)n to k in L1, we have

(3.39) lim
n→∞

∫ b

a

∫ b

a

|kn(s, σ)− k(s, σ)| dσ ds = 0.

Further, the absolute boundedness of the sequence (un)n in Lp (see (3.38)) implies that
of the sequence (u∗n)n defined by

u∗n(s) =

∫ b

a

|kn(s, σ)− k(s, σ)| dσ.

On the other hand, this sequence converges in L1 to zero, by (3.39), hence also in
measure; consequently (see e.g.Krasnosel’skij-Zabrejko-Pustyl’nik-Sobolevskij
[1966]), this sequence converges in Lp to zero as well. Since

||u∗n||Lp = sup
||y||Lq≤1

∫ b

a

∫ b

a

|[kn(s, σ)− k(s, σ)]y(s)| dσ ds,



we conclude that

(3.40) lim
n→∞

sup
||y||Lq≤1

∫ b

a

∫ b

a

|[kn(s, σ)− k(s, σ)]y(s)| dσ ds = 0.

Similarly, the absolute boundedness of the sequence (vn)n in Lq (see (3.38)) implies
that

(3.41) lim
n→∞

sup
||x||Lp≤1

∫ b

a

∫ b

a

|[kn(s, σ)− k(s, σ)]x(σ)| dσ ds = 0.

Finally, the n-absolute boundedness of the sequence (kn)n in Z0
p means that, given

ε > 0, we may find a δ > 0 such that for µ(D1) ≤ δ and µ(D2) ≤ δ we have

sup
||x||Lp

≤1

||y||Lq
≤1

∫ b

a

∫ b

a

|[kn(s, σ)− k(s, σ)]PD1x(σ)PD2y(s)| dσ ds ≤ ε.

For this δ we may find in turn a number h > 0 such that, for any x ∈ Lp with ||x||Lp ≤ 1
and y ∈ L1 with ||y||Lq ≤ 1, we have µ(D(x)) ≤ δ and µ(D(y)) ≤ δ, where

D(z) = {t : a ≤ t ≤ b, |z(t)| > h}.

Consequently,

(3.42) sup
||x||Lp

≤1

||y||Lq
≤1

∫ b

a

∫ b

a

|[kn(s, σ)− k(s, σ)]|PD(x)x(σ)PD(y)y(s) dσ ds < ε.

The elementary inequality
∫ b

a

∫ b

a

|[kn(s, σ)− k(s, σ)]x(σ)y(s)|dσ ds ≤ h2

∫ b

a

∫ b

a

|kn(s, σ)− k(s, σ)| dσ ds

+ h

∫ b

a

∫ b

a

|[kn(s, σ)− k(s, σ)]y(s)| dσ ds + h

∫ b

a

∫ b

a

|[kn(s, σ)− k(s, σ)]x(σ)|dσ ds

+

∫ b

a

∫ b

a

|[kn(s, σ)− k(s, σ)]|PD(x)x(σ)PD(y)y(s)| dσ ds

implies, together with (3.39) - (3.42) that

lim
n→∞

sup
||x||Lp

≤1

||y||Lq
≤1

∫ b

a

∫ b

a

|[kn(s, σ)− k(s, σ)]x(σ)y(s)| dσ ds ≤ ε.

Since ε > 0 was arbitrary, we conclude that

lim
n→∞

sup
||x||Lp

≤1

||y||Lq
≤1

∫ b

a

∫ b

a

|[kn(s, σ)− k(s, σ)]x(σ)y(s)| dσ ds = 0



and thus the proof is complete. ¥

Combining Lemma 3.3 and Lemma 3.4 we arrive at a (necessary and sufficient)
condition for the continuity of the operator function (3.34) in the norm of Lr

b(Lp)
which is parallel to Theorem 2.2.

Theorem 3.2. Let 1 < p < ∞, and suppose that c = c(t, s) and k = k(t, s, σ) are
measurable on J × [a, b] and J × [a, b] × [a, b], respectively, and satisfy the following
conditions:

(a) for each t ∈ J, the function c(t, ·) belongs to L∞, and the function t 7→ c(t, ·) is
continuous from J into L∞;

(b) for each t ∈ J, the function k(t, ·, ·) belongs to Z0
p, and the function t 7→ k(t, ·, ·)

is continuous from J into L1;
(c) the functions

t 7→
∫ b

a

|k(t, ·, σ)| dσ

and

t 7→
∫ b

a

|k(t, s, ·)| ds

map every bounded subinterval of J into an absolutely bounded subset of Lp and Lq,
respectively;

(d) the function t 7→ k(t, ·, ·) maps every bounded subset of J into an n-absolutely
bounded subset of Z0

p.

Then the operator function A = A(t) defined by (3.34) is continuous in the norm of
Lr

b(Lp).

Conversely, if the operator function (3.34) is continuous in the norm of Lr
b(Lp), then

the corresponding functions c = c(t, s) and k = k(t, s, σ) satisfy the conditions (a) -
(d).

The hypotheses of Theorem 3.2 are rather easy to verify; as in Theorem 3.1, one
may use the Lemmas 3.8 - 3.11 to verify (b) and (d).

The case when the integral part (3.36) of (3.34) belongs, for each t ∈ J, only to Lr
i (Lp)

instead of Lr,0
i (Lp), is not covered by Theorem 3.2. As a matter of fact, the continuity

of (3.34) is usually proved by showing that the function t 7→ c(t, ·) is continuous from
J into L∞, and the function t 7→ k(t, ·, ·) is continuous from J into Zp. But just the
verification of the second of these properties is extremely difficult, because there is no
analogue to Lemma 3.4 for integral operators Lr

i (Lp) instead of Lr,0
i (Lp). By the way,

in some cases one may also use the Lemmas 3.8 - 3.11 to prove the continuity of the
function t 7→ k(t, ·, ·) from J into the kernel classes U(q, p), V (p, q), or W (α, β) which
are imbedded in the class Zp (see Subsection 3.3).

The case p = 1 or p = ∞ (which is not covered by Theorem 3.2) is rather easy to
deal with. In fact, the equalities Lb(L1) = Lr

b(L1) and Lb(L∞) = Lr
b(L∞) hold, as well

as the formulas

(3.43) ||A||L(L1) = || |c(·)|+
∫ b

a

|k(σ, ·)| dσ||L∞



and

(3.44) ||A||L(L∞) = || |c(·)|+
∫ b

a

|k(·, σ)|dσ||L∞

for the norm of the operator (3.1). This fact allows us to get rather easily conditions
for the functions c = c(t, s) and k = k(t, s, σ), both necessary and sufficient, under
which the operator function (3.34) is norm continuous. We state this as

Theorem 3.3. Let p = 1 or p = ∞, and suppose that c = c(t, s) and k = k(t, s, σ)
are measurable on J × [a, b] and J × [a, b]× [a, b], respectively, and satisfy the following
conditions:

(a) the function t 7→ c(t, ·) is continuous from J into L∞;

(b) the function t 7→ k(t, ·, ·) is continuous from J into V (1,∞) [respectively into
U(1,∞)].

Then the operator function A = A(t) defined in (3.34) is continuous in the norm of
L(L1) [respectively of L(L∞)].

Conversely, if the operator function (3.34) is continuous in the norm of L(L1)
[respectively of L(L∞)], then the corresponding functions c = c(t, s) and k = k(t, s, σ)
satisfy the conditions (a) and (b).

2 The proof is a straighforward consequence of (3.43), (3.44), and Lemma 3.12. ¥

3.6. A representation theorem for the evolution operator
Let us return to the study of the linear differential equation (1.2) with operator

function (1.3) in the Lebesgue space Lp (1 ≤ p ≤ ∞). In what follows, we shall
suppose that the hypotheses of Theorem 3.1 are satisfied, and thus (3.34) is a strongly
continuous operator function with values in the space Lr

b(Lp). As in the case of the space
C (see Subsection 2.7) it is natural to expect that the evolution operator U = U(t, τ)
for equation (1.2) is again representable as sum of the evolution operator U0 = U0(t, τ)
of the “reduced” equation

(3.45)
dx

dt
= C(t)x

and some integral operator

(3.46) H(t, τ)x(s) =

∫ b

a

h(t, τ, s, σ)x(σ) dσ.

This is in fact true also in the space Lp and follows from Theorem 1.2, Lemma 3.5, and
Lemma 3.7; one can say even more:

Theorem 3.4. Suppose that the operator function (3.34) is strongly continuous in
Lr

b(Lp). Then the evolution operator U = U(t, τ) for the differential equation (1.2)
belongs to Lr

b(Lp) for each t, τ ∈ J, i.e. admits a representation

(3.47) U(t, τ)x(s) = e(t, τ, s)x(s) + H(t, τ)x(s),



where e(t, τ, s) is given by (1.29), and H is defined by (3.46) with h = h(t, τ, s, σ)
being a measurable function on J × J × [a, b] × [a, b]. Moreover, H(t, τ) ∈ Lr,−

i (Lp)
if K(t) ∈ Lr,−

i (Lp),H(t, τ) ∈ Lr,+
i (Lp) if K(t) ∈ Lr,+

i (Lp), and H(t, τ) ∈ Lr,0
i (Lp) if

K(t) ∈ Lr,0
i (Lp).

2 Recall (see Subsection 1.2) that the evolution operator U(t, τ) for equation (1.2) is
representable as a series (1.7) which converges, uniformly on every bounded subinterval
of J, in the norm of the space L(Lp). By Lemma 3.5, every operator A(t1) · · ·A(tn) (n =
1, 2, . . .) in (1.7) belongs to Lr

b(Lp), i.e. admits a representation

(3.48) A(t1) · · ·A(tn)x(s) = c(t1, s) . . . c(tn, s)x(s) +

∫ b

a

rn(t1, . . . , tn, s, σ)x(σ) dσ,

where the function rn = rn(t1, . . . , tn, s, σ) (n = 1, 2, . . .) is measurable, and the
function rn(t1, . . . , tn, ·, ·) belongs to Zp with

(3.49) ||rn(t1, . . . , tn, ·, ·)||Zp ≤ ||A(t1)||L(Lp) . . . ||A(tn)||L(Lp).

Integrating (3.48) over t1, . . . , tn yields

(3.50)

[∫ t

τ

∫ t1

τ

· · ·
∫ tn−1

τ

A(t1) · · ·A(tn) dtn · · · dt1

]
x(s) =

1

n!

[∫ t

τ

c(ξ, s) dξ

]n

x(s)

+

∫ b

a

[∫ t

τ

· · ·
∫ tn−1

τ

rn(t1, . . . , tn, s, σ) dtn · · · dt1

]
x(σ) dσ;

here the order of integration may be changed by Fubini’s theorem and the inequality
(3.49). Interchanging the integration (3.50) with the series (1.7) we get (3.47) with

(3.51) h(t, τ, s, σ) :=
∞∑

n=1

∫ t

τ

∫ t1

τ

. . .

∫ tn−1

τ

rn(t1, . . . , tn, s, σ) dtn . . . dt1.

The proof is complete. ¥

A comparison with Theorem 2.3 shows that the proof of Theorem 3.4 is essentially
the same as in the case of the space C. The only difference consists in the fact that the
convergence of the operator series for U(t, τ), uniformly on every bounded subinterval
of J, is proved for the series (2.32) in the norm of U(1,∞), and for the series (3.51) in
the norm of Zp. Since U(1,∞) = Z∞, Theorem 3.4 is more general than Theorem 2.3,
at least formally. It is worth mentioning, however, that Theorem 2.3 covers all strongly
continuous operator functions with values in L(C), while Theorem 3.4 applies only
(except for the “degenerate” cases p = 1 and p = ∞) to restricted classes of strongly
continuous operator functions in Lp, namely those which are actually representable as
regular integral operators in Lp.



§ 4. Barbashin equations in ideal spaces

In this section we try to generalize some results of § 3 in the framework of so-called
ideal spaces (Banach lattices) of measurable functions. Examples of ideal spaces are
the Lebesgue spaces considered in the last paragraph, Orlicz spaces (which are useful
in problems with strong nonlinearities), or Lorentz and Marcinkiewicz spaces (which
arise in interpolation theory for linear operators).

4.1. Ideal spaces
Many of the results presented in § 3 carry over from Lebesgue spaces to larger

classes of spaces which frequently occur in applications. In this subsection we develop
the notions which will be needed to formulate the corresponding results.

Let Ω be a nonempty set with a σ-algebra A of subsets of Ω (called “measurable
sets”) and a σ-finite σ-additive measure µ on A. Since in all applications which follow
Ω will be a bounded domain in Euclidean space, we shall assume that µ(Ω) < ∞. We
also suppose throughout that the measure µ is atom-free, although many of the reults
which follow also hold for measures with atoms.

By S = S(Ω) we denote the set of all µ-measurable functions x : Ω → R equipped
with the usual algebraic operations and the metric

(4.1) ρ(x, y) := inf
0<h<∞

{h + µ({s : s ∈ Ω, |x(s)− y(s)| > h})}

or the matric
ρ̂(x, y) :=

∫

Ω

|x(s)− y(s)|
1 + |x(s)− y(s)| dµ(s).

To be precise, the elements of S are classes of functions, since we have to identify
two functions which differ only on a nullset. Obviously, convergence in the metric (4.1)
is just convergence in measure (see e.g. Dunford-Schwartz [1963]). There is also
a natural ordering on the metric space S: we write x ≤ y if x(s) ≤ y(s) almost
everywhere on Ω.

An ideal space (or Banach lattice) over Ω is a Banach space X ⊂ S(Ω) with the
property that x ∈ X, z ∈ S and |z| ≤ |x| implies that z ∈ X and ||z||X ≤ ||x||X . The
most prominent example of an ideal space is of course the Lebesgue space Lp = Lp(Ω)
(1 ≤ p ≤ ∞) with norm

(4.2) ||x||Lp =





{∫

Ω

|x(s)|p dµ(s)

}1/p

if 1 ≤ p < ∞,

ess sup {|x(s)| : s ∈ Ω} if p = ∞,

which we used throughout in § 3. An important generalization of the space Lp is the
Orlicz space LM which in its simplest variant is defined as follows (see e.g.Krasnosel’skij-
Rutitskij [1958]): Let M : R → [0,∞) be a Young function, i.e. a convex even
function which is increasing on [0,∞) and satisfies

lim
u→0

M(u)

u
= 0, lim

u→∞
M(u)

u
= ∞.



A function x ∈ S(Ω) belongs to LM(Ω) if the norm

(4.3) ||x||LM
:= inf

{
k : k > 0,

∫

Ω

M [x(s)/k] dµ(s) ≤ 1

}

or, equivalently, the norm

(4.4) |||x|||LM
:= inf

0<k<∞
1

k

[
1 +

∫

Ω

M [kx(s)] dµ(s)

]

is finite. (The equivalence of (4.3) and (4.4) follows from the two-sided estimate ||x||LM
≤

|||x|||LM
≤ 2||x||LM

.) Of course, the choice M(u) := |u|p (1 < p < ∞) just gives the
Lebesgue space Lp. From the viewpoint of applications, however, the Orlicz space LM

is more interesting if the generating function M is of non-polynomial growth (e.g.
M(u) = e|u| − |u| − 1).

There are two other types of ideal spaces which are particularly important in interpolation
theory (see e.g. Krejn-Petunin-Semenov [1978]). Given x ∈ S(Ω), denote by x∗ :
[0, µ(Ω)] → [0,∞) the decreasing rearrangement of x, i.e. the unique decreasing function
which is equi-measurable with x. (Recall that two functions x and y are called equi-
measurable if µ({s : |x(s)| > h}) = µ({s : |y(s)| > h}) for all h > 0.) Given α ∈ (0, 1),
the Lorentz space Λα = Λα(Ω) consists of all functions x ∈ S(Ω) for which the norm

(4.5) ||x||Λα := α

∫ ∞

0

x∗(t)
t1−α

dt

is finite, while the Marcinkiewicz space Mα = Mα(Ω) is defined by the norm

(4.6) ||x||Mα := sup
0<t<∞

1

t1−α

∫ t

0

x∗(τ) dτ.

These spaces are closely related to the Lebesgue space Lp inasmuch as

(4.7) Λα ⊆ L1/α ⊆ Mα ⊆ Λα+ε (ε > 0)

(continuous imbeddings). Observe that in all ideal spaces mentioned so far any two
equi-measurable functions x and y have the same norm; ideal spaces with this property
are called symmetric spaces. In particular, in a symmetric space X the norm ||χD||X
of the characteristic function χD of a set D ∈ A depends only on the measure (but not
on the “position”) of D. Therefore we can define the so-called fundamental function ϕX

of a symmetric space X by

(4.8) ϕX(δ) := ||χD||X (D ∈ A, µ(D) = δ).

For example, an easy computation shows that

ϕLp(δ) = δ1/p, ϕLM
(δ) =

1

M−1(1/δ)
, ϕΛα(δ) = ϕMα(δ) = δα;

here by ϕLM
we mean the fundamental function of LM with respect to the norm (4.3).

A typical example of an ideal space which is not symmetric may be obtained as follows.



Let X be a fixed ideal space and w : Ω → (0,∞) a weight function. The weighted ideal
space X(w) is defined by the norm

(4.9) ||x||X(w) := ||wx||X .

Such spaces will be considered, for example, in Subsection 9.5 below.
The following Lemma 4.1 gives some kind of “substitute” for the fundamental function

in an ideal space which is not symmetric:

Lemma 4.1. In every ideal space X one can define a monotonically increasing
function ϕX : [0,∞) → [0, 1] such that ϕX(0) = 0, ϕX(δ) > 0 for δ > 0, and

||χD||X ≥ ϕX(µ(D)) (D ∈ A).

2 For δ ≥ 0 we define

ϕX(δ) := min {1, inf
µ(D)≥δ

||χD||X}.

It is clear that this function is increasing with ϕX(0) = 0. Assume that ϕX(δ) = 0 for
some δ > 0. Then there exists a sequence of sets E1, E2, . . . ∈ A with ||χEn||X ≤ 2−n

and µ(En) ≥ δ (n = 1, 2, ...). For Dn := En+1 ∪ En+2 ∪ . . . we have then D1 ⊇ D2 ⊇
D3 ⊇ . . . ⊇ Dn, µ(Dn) < ∞, and ||χDn||X < ∞, i.e. χDn ∈ X. Denote the intersection
of all sets Dn by D. We get then, on the one hand,

µ(D) = lim
n→∞

µ(Dn) ≥ δ,

and, on the other,

||χD||X ≤ ||χDn ||X ≤
∞∑

k=n+1

2−k = 2−n,

i.e. µ(D) = 0. This contradiction shows that ϕX(δ) > 0 for δ > 0, and thus ϕX has all
the required properties. ¥

Lemma 4.1 implies, in particular, the important fact that every ideal space X is
continuously imbedded in the space S with metric (4.1). Indeed, if (xn)n is a sequence
converging in the norm of X to zero, for the set Mn(h) := {s : s ∈ Ω, |xn(s)| > h} we
get the estimate

||xn||X ≥ ||hχMn(h)||X ≥ hϕX(µ(Mn(h))) (h > 0),

and hence µ(Mn(h)) → 0, as n →∞, for any h > 0.
We need some more notions and results from the theory of ideal spaces (see e.g.

Luxemburg-Zaanen [1971], Zaanen [1983], Zabrejko [1974], or Väth [1997]).
Recall that the support supp x of a measurable function x : Ω → R is the set of all
s ∈ Ω such that x(s) 6= 0; the support is of course defined only up to nullsets. If N is
any set of measurable functions we define the support of N by

supp N := supp [sup {χsupp x : x ∈ N}].



Thus, every function x ∈ N vanishes outside supp N , and for any set D ⊆ supp N
of positive measure one can find a subset D0 ⊆ D, also of positive measure, and a
function x0 ∈ N for which D0 ⊆ supp x0.

Given an ideal space X over Ω, a unit in X is, by definition, a nonnegative function
u ∈ X such that supp u = supp X. One can show (Zabrejko [1974]) that units exist
in every ideal space.

An element x ∈ X is said to have an absolutely continuous norm if

lim
µ(D)→0

||PDx||X = 0,

where PD is the multiplication operator (3.19). The set X0 of all functions with an
absolutely continuous norm in X is a closed (ideal) subspace of X; we call X0 the
regular part of X. The subspace X0 has many remarkable properties. In particular,
convergent sequences in X0 admit an easy characterization: a sequence (xn)n in X0

converges to x ∈ X (actually, x ∈ X0) if and only if (xn)n converges to x in measure
and

lim
µ(D)→0

sup
n
||PDxn||X = 0,

i.e. the elements xn have uniformly absolutely continuous norms. Further, the space X0

is separable if and only if the underlying space S with metric (4.1) is separable.
Unfortunately, the subspace X0 can be much smaller than the whole space X. An

ideal space X is called regular if X = X0, and quasi-regular if supp X = supp X0; the
latter condition means that X0 is dense in X with respect to convergence in measure.

Let us give some examples in the case of a bounded domain Ω with µ being the
Lebesgue measure. The Lebesgue space Lp is regular for 1 ≤ p < ∞, but not for
p = ∞; in fact, L0

∞ = {0}. More generally, the Orlicz space LM with either the norm
(4.3) or the norm (4.4) is regular if and only if the Young function M satisfies a ∆2-
condition (see Krasnosel’skij-Rutitskij [1958] or Rao-Ren [1991]). The Lorentz
space Λα with norm (4.5) is regular, the Marcinkiewicz space Mα with norm (4.6) is
not; more precisely, the functions x ∈ M0

α are characterized by the property

lim
t→0

1

t1−α

∫ t

0

x∗(τ) dτ = 0.

We still need some other notions. An ideal space is called almost perfect if, given a
sequence (xn)n in X which converges in measure to x ∈ X, one has

||x||X ≤ lim
n→∞

||xn||X ,

i.e. the norm in X has the Fatou property. Moreover, X is called perfect if, given a
sequence (xn)n in X which converges in measure to x ∈ S and satisfies

lim
n→∞

||xn||X < ∞

one has x ∈ X and the above inequality holds. It is easy to see that a space is almost
perfect if and only if its unit ball is a closed set in X, and perfect if and only if its unit



ball is a closed set in S (with respect to convergence in measure). Every regular space
is almost perfect; the converse is false.

Let X be an ideal space over some set Ω with measure µ. By X ′ we denote the set
of all functions y ∈ S(Ω), vanishing outside supp X, for which

〈x, y〉 :=

∫

Ω

x(s)y(s) dµ(s) < ∞.

Equipped with the natural norm

||y||X′ := sup {〈x, y〉 : ||x||X ≤ 1},

the set X ′ becomes an ideal space which is always perfect; we call X ′ the Köthe dual
(or associate space) to X. The associate space X ′ is a closed (possibly strict) subspace
of the usual dual space X∗, and coincides with X∗ if and only if X is regular.

For example, with Ω as above for 1 ≤ p < ∞ we have L′p = L∗p = Lq with p−1+q−1 =
1, while L′∞ = L1 6= L∗∞ (see Subsection 3.1). More generally, the Köthe dual of the
Orlicz space LM with norm (4.3) (respectively with norm (4.4)) is just the Orlicz space
LN with norm (4.4) (respectively with norm (4.3)), generated by the associate Young
function

N(v) := sup {|uv| −M(u) : 0 < u < ∞}.
Finally, the Lorentz space Λα and the Marcinkiewicz space M1−α are associate to each
other for 0 < α < 1 (see e.g. Krejn-Petunin-Semenov [1978]).

4.2. Functions of two variables and vector functions
Let X be an ideal space over Ω = [a, b] with the Lebesgue measure µ, and J a

bounded or unbounded interval. As in Subsection 1.1., by Ct(X) we denote the space
of all product-measurable functions of two variables x : J × [a, b] → R such that
t 7→ x(t, ·) is continuous from J into X. Likewise, by C1

t (X) we denote the space of all
x ∈ Ct(X) such that x(·, s) is absolutely continuous on J for each s ∈ [a, b] and ∂x/∂t
belongs to Ct(X) as well. For example, in case X = Lp we get again the spaces Ct(Lp)
and C1

t (Lp) considered in Lemma 1.2. In particular, we have seen in Lemma 1.2 that
the solutions x ∈ C1

t (Lp) of the Barbashin equation

(4.10)
∂x(t, s)

∂t
= c(t, s)x(t, s) +

∫ b

a

k(t, s, σ)x(t, σ) dσ + f(t, s)

give rise to C1-solutions x of the differential equation

(4.11)
dx

dt
= [C(t) + K(t)]x + f(t)

in the Banach space X = Lp, and vice versa. We show now that an analogous fact is
true in any ideal space X.

Let us denote, as usual, by C(J,X) [respectively, C1(J,X)] the set of all continuous
[respectively, continuously differentiable] functions on J with values in the Banach
space X.



Lemma 4.2. For any ideal space X over [a, b], the spaces C(J,X) and Ct(X) are
isomorphic under the canonical map Φ : C(J,X) → Ct(X) defined by

(4.12) Φx(t, s) := x(t)(s).

2 Fix x ∈ C(J,X). We have to prove that there exists a product-measurable
function y : J × [a, b] → R such that ||x(t)− y(t, ·)||X = 0 for all t ∈ J . Without loss of
generality we may assume that J = [0, T ]. Let {t0, t1, ..., tn} be an equidistant partition
of [0, T ], and define

xn(t, s) :=





x(tk−1, s) if tk−1 ≤ t < tk (k = 1, ..., n),

x(T, s) if t = T.

Then xn is product-measurable and ||xn(t, ·) − x(t, ·)||X → 0, uniformly in t ∈ [0, T ],
since x ∈ C(J,X). In particular, we know that

(4.13) ||xn(t, ·)− xm(t, ·)||X → 0 (m,n →∞).

We claim that (4.13) implies the convergence of xn−xm to zero in the product measure
on J × [a, b]. To see this, for h > 0 let

Mn,m(h) := {(t, s) : t ∈ J, a ≤ s ≤ b, |xn(t, s)− xm(t, s)| > h}.

Lemma 4.1 implies that, for any h > 0,

||xn(t, ·)− xm(t, ·)||X ≥ ||hχMn,m(h)||X

≥ hϕX(µ({s : a ≤ s ≤ b, (t, s) ∈ Mn,m(h)})) = hϕX

(∫ b

a

χMn,m(h)(t, s) ds

)
.

We conclude that, for any δ > 0,

µ

({
t : ϕX

(∫ b

a

χMn,m(h)(t, s) ds

)
≥ ϕX(δ)

})
→ 0 (m,n →∞),

hence also

µ

({
t :

∫ b

a

χMn,m(h)(t, s) ds ≥ δ

})
→ 0 (m,n →∞),

by the monotonicity of ϕX . From Lebesgue’s dominated convergence theorem it follows
that ∫ T

0

∫ b

a

χMn,m(h)(t, s) ds dt → 0 (m,n →∞),

and the Fubini-Tonelli theorem in turn implies that µ(Mn,m(h)) → 0 as m,n →∞.
Now, since xn − xm tends to zero in measure, we find a subsequence (xnk

)k and
a product-measurable function z such that xnk

(t, s) → z(t, s) almost everywhere on
J × [a, b]. Moreover, we may choose a nullset N ⊂ J with the property that, for each
t ∈ J \ N , the sequence (xnk

(t, ·))k converges almost everywhere on [a, b] to z(t, ·).
Since ||xn(t, ·) − x(t, ·)||X → 0, from the remark after Lemma 4.1 we conclude that



xn(t, ·) → x(t, ·) in measure, and hence z(t, ·) = x(t, ·) almost everywhere on [a, b] for
t ∈ J \N . Thus, the function y defined by

y(t, s) :=





z(t, s) if t ∈ J \N,

x(t, s) if t ∈ N

has the required properties.
We have shown that (4.12) is in fact well-defined as a map from C(J,X) into the

space of (classes of) product-measurable functions on J × [a, b] with values in X. The
continuous dependence of Φx(t, s) on t is an obvious consequence of the definition of
C(J,X). Furthermore, Φ is clearly a bijection with inverse map

Φ−1x(t)(s) := x(t, s),

and so we are done. ¥

We point out that the nontrivial part in the proof of Lemma 4.2 is the fact that
the element Φx is, up to equivalence, product-measurable on J × [a, b]. As a matter of
fact, it is not true that each x : J × [a, b] → R such that t 7→ x(t, ·) is continuous
from J into L1, say, is product-measurable: for instance, following Sierpinski’s classical
counterexample (see e.g. Rudin [1973]) one may construct a non-measurable subset
Q ⊂ [0, 1]× [0, 1] such that each section Qs = {t : (t, s) ∈ Q} is at most countable, and
then take x = χQ.

We state now a parallel result for the spaces C1(J,X) and C1
t (X). Following Hille-

Phillips [1957] we call a Banach space X ⊂ S(Ω) a space of type L if the map (4.12)
is an isomorphism between C(J,X) and Ct(X) and, in addition, if

(4.14)

(∫

J

x(t) dt

)
(s) =

∫

J

Φx(t, s) dt (a ≤ s ≤ b)

for any x ∈ C(J,X); here the integral at the left-hand side of (4.14) is the Bochner
integral of the X-valued function x, while the integral at the right-hand side is the
(parameter dependent) Lebesgue integral of the real function Φx. In the same way as
was shown on pp. 69/70 of Hille-Phillips [1957] for the space X = Lp, one can
prove that every ideal space is of type L. From this we may deduce, in particular, the
following useful

Lemma 4.3. For any ideal space X, the spaces C1(J,X) and C1
t (X) are isomorphic

under the canonical map (4.12).
2 The fact that Φ(C1(J,X)) ⊆ C1

t (X) is essentially proved in Theorem 3.4.2
of Hille-Phillips [1957]. It remains to show that, given x ∈ C1

t (X), the function
Φ−1x : J → X (which exists and belongs to C(J,X), by Lemma 4.2) is actually
continuously differentiable with derivative ∂x/∂t. But for fixed t ∈ J we have, for some
τ between t and t + h,

∣∣∣∣
∣∣∣∣Φ−1x(t + h)− Φ−1x(t)− h

∂x(t, ·)
∂t

∣∣∣∣
∣∣∣∣
X

=

∣∣∣∣
∣∣∣∣
∫ t+h

t

[
∂x(τ, ·)

∂t
− ∂x(t, ·)

∂t

]
dτ

∣∣∣∣
∣∣∣∣
X

≤
∣∣∣∣
∫ t+h

t

∣∣∣∣
∣∣∣∣
∂x(τ, ·)

∂t
− ∂x(t, ·)

∂t

∣∣∣∣
∣∣∣∣
X

dτ

∣∣∣∣ = o(h) (h → 0),



since ∂x/∂t ∈ Ct(X). ¥

4.3. Barbashin operators in ideal spaces
Now we discuss some basic properties of bounded linear operators of the form

(4.15) Ax(s) = c(s)x(s) +

∫ b

a

k(s, σ)x(σ) dσ

or, more generally, operator functions of the form

(4.16) A(t)x(s) = c(t, s)x(s) +

∫ b

a

k(t, s, σ)x(σ) dσ

in an ideal space X over Ω = [a, b]. In the special case X = Lp([a, b]) we obtain of
course the main results of § 3.

The operator A in (4.15) and the operator function A(t) in (4.16) may be represented
again as sums A = C + K and A(t) = C(t) + K(t), respectively, where

(4.17) Cx(s) = c(s)x(s),

(4.18) Kx(s) =

∫ b

a

k(s, σ)x(σ) dσ,

(4.19) C(t)x(s) = c(t, s)x(s),

and

(4.20) K(t)x(s) =

∫ b

a

k(t, s, σ)x(σ) dσ.

Precisely as in Lemma 3.1 one can show that, whenever the linear operator (4.15) acts
in an ideal space, this operator is continuous.

As in § 3 we denote by Lb(X) the class of all bounded linear operators of type (4.15)
in X, and by Lr

b(X) the subclass of all regular operators A ∈ Lb(X) (which means that
A may be written as difference of two positive linear operators in X). The module |A|
of a regular operator A is defined as in Subsection 3.1.

Lemma 4.4. Suppose that the linear operator (4.15) acts in an ideal space X. Then
this operator is regular if and only if the linear operator

(4.21) ]A[ x(s) = |c(s)|x(s) +

∫ b

a

|k(s, σ)|x(σ) dσ

acts in X as well; moreover, the equality |A| =]A[ holds in this case.
2 The proof of this lemma repeats literally the proof of Lemma 3.2. ¥

Let us now pass to the non-stationary Barbashin operator (4.16). It is clear that the
family of multiplication operators (4.19) acts in any ideal space if c ∈ L∞([0, T ]×[a, b]).
The converse is also true:



Lemma 4.5. Let X be an ideal space over [a, b] and c ∈ Ct(X). Then (4.19) defines
a strongly continuous operator family in X if and only if the function c is essentially
bounded on [0, T ]× [a, b].

2 Suppose that (4.19) defines a strongly continuous operator family in X. By the
uniform boundedness principle we have ||C(t)||L(X) ≤ M < ∞ for all t ∈ [0, T ]. We
claim that then also ||c||L∞ ≤ M . In fact, if this were false, the set

Dε(t) := {s : a ≤ s ≤ b, |c(t, s)| ≥ M + ε}

would have positive measure for some t ∈ [0, T ] and some ε > 0. Given any unit u in
X, for the function x := PDε(t)u we get then

||C(t)x||X ≥ ||(M + ε)x||X > M ||x||X ≥ ||C(t)||L(X) ||x||X ,

a contradiction. ¥

Together with the family of operators (4.20), consider the operator

(4.22) K̂x(t, s) =

∫ b

a

k(t, s, σ)x(t, σ) dσ

which acts in spaces of functions of two variables. The following lemma shows that
there is a close relation between the operators (4.20) and (4.22); we shall return to this
relation in § 10 below.

Lemma 4.6. Let X be an ideal space over [a, b]. Then (4.20) defines a strongly
continuous operator function in X if and only if the operator (4.22) maps the space
Ct(X) into itself.

2 Suppose first that K(t) is strongly continuous in X. For any x ∈ Ct(X) we have
then

||K̂x(t, ·)− K̂x(t0, ·)||X

≤
∣∣∣∣
∣∣∣∣
∫ b

a

k(t, ·, σ)[x(t, σ)− x(t0, σ)] dσ

∣∣∣∣
∣∣∣∣
X

+

∣∣∣∣
∣∣∣∣
∫ b

a

[k(t, ·, σ)− k(t0, ·, σ)]x(t0, σ) dσ

∣∣∣∣
∣∣∣∣
X

≤ ||K(t)||L(X)||x(t, ·)− x(t0, ·)||X + ||[K(t)−K(t0)]x(t0, ·)||X → 0

as t → t0, by the uniform boundedness principle. Conversely, from K̂(Ct(X)) ⊆ Ct(X)
it follows that ||K̂x||Ct(X) ≤ ||K̂|| ||x||Ct(X) and

||K̂x(t, ·)− K̂x(t0, ·)||X → 0 (t → t0).

For any fixed z ∈ X we have then for the function x(t, s) := z(s)

||K(t)z||X = ||K̂x(t, ·)||X ≤ ||K̂|| ||z||X
and

||K(t)z −K(t0)z||X = ||K̂x(t, ·)− K̂x(t0, ·)||X → 0 (t → t0).



This shows that K(t) is strongly continuous in X. ¥

4.4. The space Lr
b(X)

In analogy what we have done in Subsection 3.2 by introducing the class Lr
b(X),

we could try to develop a parallel theory on linear operators of type (4.15) or (4.16)
in arbitrary ideal spaces X. So we denote by Lr

b(X) the class of all stationary regular
Barbashin operators (i.e. operators of the form (4.15)) which act in the space X; of
course, this is a subspace of the space L(X) of all bounded linear operators in X.

Since the results which follow (and their proofs) are completely analogous to those
for the case X = Lp, we will state the corresponding lemmas without proofs. We will
point out only the differences (if there are any).

As before, we equip Lr
b(X) with the norm

(4.23) ||A||Lr
b(X) = || |A| ||L(X),

where |A| denotes the module of A (see Lemma 3.2).

Lemma 4.7. The subspace Lr
b(X) with norm (3.10) is a Banach space which is

continuously imbedded in L(X).

Lemma 4.8. The subspace Lr
b(X) is a subalgebra of L(X), and the subspace Li(X)

of all integral operators in X is an ideal in the algebra Lr
b(X). More precisely, if A,B ∈

Lr
b(X) are given by

Ax(s) = c(s)x(s) +

∫ b

a

k(s, σ)x(σ) dσ

and

Bx(s) = d(s)x(s) +

∫ b

a

l(s, σ)x(σ) dσ

then AB ∈ Lr
b(X) is given by

(4.24) ABx(s) = e(s)x(s) +

∫ b

a

m(s, σ)x(σ) dσ,

where
e(s) := c(s)d(s)

and

m(s, σ) := c(s)l(s, σ) + k(s, σ) d(σ) +

∫ b

a

k(s, ξ)l(ξ, σ) dξ.

4.5. Sufficient conditions for regularity
In this subsection we repeat the sufficient conditions for the operator (4.15) to belong

to the class Lr
b(X). Such conditions may be obtained, loosely speaking, from sufficient

conditions for the integral operator (4.18) to be regular in the space X (Zabrejko
[1966, 1968]). We formulate such conditions again through imbedding theorems for



classes of kernels on [a, b] × [a, b]. Let us denote by Z(X) the class of all measurable
functions z = z(s, σ) on [a, b]× [a, b] for which the norm

(4.25) ||z||Z(X) = sup
||x||X≤1

||y||X′≤1

∫ b

a

∫ b

a

|z(s, σ)x(σ)y(s)| dσ ds

is finite, where X ′ is the Köthe dual (see Subsection 4.1) of X. Of course, in case
X = Lp this gives the kernel class Zp introduced in Subsection 3.3.

Lemma 4.9. The linear operator

(4.26) Ax(s) = c(s)x(s) +

∫ b

a

k(s, σ)x(σ) dσ

belongs to the class Lr
b(X) if and only if c ∈ L∞ and k ∈ Z(X). Moreover, in this case

the two-sided estimate

(4.27)
1

2
(||c||L∞ + ||k||Z(X)) ≤ ||A||Lr

b(X) ≤ ||c||L∞ + ||k||Z(X)

holds.

We can reformulate this result as follows. If we denote, in analogy to Subsection 3.3,
by Lm(X) the class of all multiplication operators (4.17) in X, and by Lr

i (X) the class
of all regular integral operators (4.18) in X, then the decomposition

Lr
b(X) = Lm(X)⊕ Lr

i (X)

holds.
Given a measurable set D ⊆ [a, b], let PD denote the multiplication operator (3.19).

By Z−(X) we denote the space of all z ∈ Z(X) such that

(4.28) lim
µ(D)→0

sup
||x||X≤1

||y||X′≤1

∫ b

a

∫ b

a

|z(s, σ)PDx(σ)y(s)| dσ ds = 0;

similarly, by Z+(X) we denote the space of all z ∈ Z(X) such that

(4.29) lim
µ(D)→0

sup
||x||X≤1

||y||X′≤1

∫ b

a

∫ b

a

|z(s, σ)x(σ)PDy(s)| dσ ds = 0;

finally, let
Z0(X) := Z−(X) ∩ Z+(X).

As already mentioned, the kernels k ∈ Z(X) are precisely those which generate integral
operators K ∈ Lr

i (X). Let us denote by Lr,−
i (X),Lr,+

i (X), and Lr,0
i (X) the class of all

integral operators K ∈ Lr
i (X) which are generated by kernels k ∈ Z−(X),Z+(X), and

Z0
p, respectively. The following is then parallel to Lemma 3.7:

Lemma 4.10. The subspaces Lr,−
i (X),Lr,+

i (X), and Lr,0
i (X) are ideals in the algebra

Lr
b(X).



One may also give a refined description of the kernel classes Z(X), Z−(X), and
Z+(X) by means of ideal spaces of kernels with mixed norm. Since such spaces will be
systematically studied later (Subsection 12.1), we shall not consider them here.

4.6. A representation theorem for the evolution operator
Let us now briefly study the non-stationary Barbashin equation (4.10) in an ideal

space X. As in the case of the spaces C (see Subsection 2.6) and Lp (see Subsection
3.6) it is natural to expect that the evolution operator U = U(t, τ) for the equation

(4.30)
dx

dt
= A(t)x,

with A(t) given by (4.16), is again representable as sum of the evolution operator
U0 = U0(t, τ) of the “reduced” equation

(4.31)
dx

dt
= C(t)x,

with C(t) given by (4.19), and some integral operator

(4.32) H(t, τ)x(s) =

∫ b

a

h(t, τ, s, σ)x(σ) dσ.

This is in fact true if the operator function (4.16) is strongly continuous in X, i.e. the
map t 7→ A(t)x is continuous from J into X:

Theorem 4.1. Suppose that the operator function (4.16) is strongly continuous in
Lr

b(Lp). Then the evolution operator U = U(t, τ) for the differential equation (4.30)
belongs to Lr

b(X) for each t, τ ∈ J, i.e. admits a representation

(4.33) U(t, τ)x(s) = e(t, τ, s)x(s) + H(t, τ)x(s),

where e(t, τ, s) is given by (1.29), and H is defined by (3.46) with h = h(t, τ, s, σ) being
a measurable function on J × J × [a, b]× [a, b]. Moreover, H(t, τ) ∈ Lr,−

i (X) if K(t) ∈
Lr,−

i (X),H(t, τ) ∈ Lr,+
i (X) if K(t) ∈ Lr,+

i (X), and H(t, τ) ∈ Lr,0
i (X) if K(t) ∈ Lr,0

i (X).

4.7. Some spectral theory for Barbashin operators
Spectral properties constitute an extremely important part of the theory of bounded

linear operators in Banach spaces. Since we have dealt throughout with operators of
the form A = C +K in ideal spaces, where C is the multiplication operator (4.17), and
K is a compact operator (typically, the integral operator (4.18)), we shall concentrate
now on spectral properties of such operators A. All results of this subsection are taken
from Ermolova-Väth [1996].

We will assume throughout that X is an ideal space over [a, b] with full support. As
in Subsection 1.1, we identify the stationary Barbashin equation

(4.34)
∂x(t, s)

∂t
= c(s)x(t, s) +

∫ b

a

k(s, σ)x(t, σ) dσ

with the differential equation

(4.35)
dx

dt
= Ax



in X; here A is of course the sum of the two operators (4.17) and (4.18).
We will assume that c ∈ L∞([a, b]), and that K : X → X is compact; for our results

we do not need that K is an integral operator. Let us call

(4.36) ess c(a, b) := {u : ess inf
s∈[a,b]

|c(s)− u| = 0}

the essential range of the function c.
Recall that a point λ in the complex plane is a Fredholm point of an operator

A ∈ L(X), if A − λI has closed range, the codimension m of the range of A − λI is
finite, and the dimension n of the null space of A−λI is finite. If, additionally, m = n,
we call λ a Fredholm point of index 0 (see also Subsection 14.1 below).

Let σew(A) be the essential spectrum of A in the sense of Wolf [1959], i.e. the
complement of the set of all Fredholm points, and σes(A) be the essential spectrum
of A in the sense of Schechter [1965], i.e. the complement of all Fredholm points
of index 0. It is known (Schechter [1965], see also Kato [1966], Krejn [1971], or
Akhmerov-Kamenskij-Potapov-Rodkina-Sadovskij [1986]) that both sets are
invariant under compact perturbations.

Theorem 4.2. The equality

(4.37) ess c(a, b) = σew(A) = σes(A)

holds.
2 Since σew(A) = σew(A−K) and σes(A) = σes(A−K), by the compactness of K,

it is sufficient to prove the statement for K = 0.
Let first λ 6∈ ess c(a, b). Then ess inf |c(s)− λ| = δ > 0 implies that

ess sup
s∈[a,b]

|c(s)− λ|−1 =
1

δ
< ∞.

Thus,

(4.38) (C − λ)−1x(s) =
x(s)

c(s)− λ

defines a bounded operator, i.e. C−λ is an isomorphism, and hence Fredholm of index
0. Conversely, assume that λ ∈ ess c(a, b) is a Fredholm point of C. The nullspace of
C − λ contains all functions of X vanishing outside E = {s : c(s) = λ}. Thus, if E has
positive measure, the nullspace has infinite dimension, a contradiction. But if E is a
nullset, C − λ is 1-1. Since, by assumption, the range Y of C − λ is closed, the inverse
operator (4.38) is bounded as a mapping between Y and X, by the open mapping
theorem. By assumption, the set

D := {s : (c(s)− λ)−1 > ||(C − λ)−1||+ 1}
has positive measure. Choose a function x ∈ X, x 6= 0, vanishing outside D. Then
y = (C − λ)x ∈ Y and y 6= 0; but since y vanishes outside D, we have

||(C − λ)−1y||X ≥ (||C − λ||−1 + 1)||y||X ,



a contradiction.
We have shown that σes(A) ⊆ ess c(a, b) ⊆ σew(A). The statement now follows from

the inclusion σew(A) ⊆ σes(A) which is always true. ¥

We remark that Theorem 4.2 also holds true for the space X = C([a, b]) (if A maps
X into itself, of course); to see this, just replace in the proof “E has positive measure”
throughout by “E has interior points”, and observe that the function c is continuous,
so D is open.

Theorem 4.2 has important consequences for the exponential stability of the Barbashin
equation (4.36); we shall return to this later (Subsection 5.3).

Let us now turn to the full spectrum of the Barbashin operator A = C + K. If
K is an integral operator with a degenerate kernel, we may reduce the problem to a
finite-dimensional system:

Example 4.1. Suppose that the kernel k in (4.18) has the form

(4.39) k(s, σ) =
n∑

i=1

ai(s)bi(σ),

where the functions ai belong to X and the functions bi to the associate space X ′ (see
Subsection 4.1). To determine σ(A) it suffices to calculate the eigenvalues λ 6∈ ess c(a, b).
For such λ there exists x 6= 0 with

c(s)x(s) +
n∑

i=1

ai(s)

∫ b

a

bi(σ)x(σ) dσ = λx(s).

Putting

(4.40) βi =

∫ b

a

bi(σ)x(σ) dσ (i = 1, . . . , n)

we find by ess inf
s∈[a,b]

|λ− c(s)| > 0 that

(4.41) x(s) =
n∑

j=1

aj(s)

λ− c(s)
βj.

The equations (4.40) now become

(4.42) Γ(λ)β = β,

where β is the column vector consisting of βi (i = 1, . . . , n), and Γ(λ) is the matrix
consisting of γij(λ) (i, j = 1, . . . , n) with

γij(λ) :=

∫ b

a

bi(σ)aj(σ)

λ− c(σ)
dσ.

Equation (4.42) implies β 6= 0, since x 6= 0. Thus, a necessary condition for λ 6∈
ess c(a, b) to be an eigenvalue is

(4.43) det(Γ(λ)− I) = 0.



But (4.43) is also sufficient, since in this case there exists a nontrivial solution β =
(β1, . . . , βn) of (4.42), and a straightforward calculation shows that (4.41) is an eigenfunction
of A for λ. In other words, we have proved that

(4.44) σ(A) = ess c(a, b) ∪ {λ : det(Γ(λ)− I) = 0}.

In the special case n = 1, i.e. k(s, σ) = a(s)b(σ), the equality (4.44) simply reduces to

(4.45) σ(A) = ess c(a, b) ∪ {λ :

∫ b

a

a(σ)b(σ)

λ− c(σ)
dσ = 1}.

Example 4.1 may be used to estimate numerically the borders of σ(A): any compact
set R of resolvent points of A still belongs to the resolvent set under small (depending on
R) perturbations of the operator (see e.g. Theorem 3.1 in Kato [1966]). In particular,
for estimates it suffices to approximate A = C+K by simpler operators (in the operator
norm).

If K may be approximated by finite rank operators, and if the ideal space X is
regular (see Subsection 4.1), the kernels of the approximating operators have the form
(4.39). Indeed, a finite rank operator K0 may be written as

K0x =
n∑

i=1

aili(x)

with ai ∈ X, and continuous linear functionals li (i = 1, . . . , n). By the regularity of
X, any continuous linear functional on X has the form

li(x) = 〈bi, x〉 =

∫ b

a

bi(σ)x(σ) dσ

with bi ∈ X ′ (see e.g.Zaanen [1967] or Zabrejko [1974]). Thus, for the spectrum of
the approximating operators one may use Example 4.1.

In the next theorem we give an estimate for the spectrum of a Barbashin operator.

Theorem 4.3. The inclusion

(4.46) σ(A) ⊆ ess c(a, b) + {λ : |λ| ≤ ||K||}

holds.
2 Assume that the statement is false. Then there is some λ ∈ σ(A) \ ess c(a, b) and

some δ > 0 with
|λ− c(s)| ≥ ||K||+ δ

for almost all s. Since λ belongs to the point spectrum of A, there is some x ∈ X,
x 6= 0, with

c(s)x(s) + Kx(s) = λx(s)

for almost all s. In particular, we have

|Kx(s)| = |[λ− c(s)]x(s)| ≥ (||K||+ δ)|x(s)|.



But this implies that

||K|| ||x||X ≥ ||Kx||X ≥ (||K||+ δ)||x||X ,

contradicting x 6= 0. ¥

Again, Theorem 4.3 also holds true for the space X = C([a, b]). Theorem 4.3 shows
that, if K is “small”, the spectrum of A is mainly given by c. For some important cases
we may also give sharper estimates:

Example 4.2. If X is a Hilbert space and C and K are self-adjoint, then σ(A) is
contained in the interval [ess inf c(s)+min σ(K), ess sup c(s)+max σ(K)]. This follows
from the equalities 〈Ax, x〉 = 〈Cx, x〉 + 〈Kx, x〉 and σ(C) = ess c(a, b).

Example 4.3. If K is a Volterra integral operator, i.e.

Kx(s) =

∫ s

a

k(s, σ)x(σ) dσ,

and X is regular (see Subsection 4.1), or if X = L∞([a, b]) or X = C([a, b]), then
σ(A) = ess c(a, b). In fact, assume that there exists some λ ∈ σ(A) \ ess c(a, b). Then λ
is an eigenvalue of A, i.e. there is some xλ 6= 0 satisfying

(4.47) 0 = (A− λ)xλ(s) = [c(s)− λ]xλ(s) + Kxλ(s)

almost everywhere on [a, b]. Since ess inf
s∈[a,b]

|c(s)− λ| > 0 we see that the linear operator

(4.38) is bounded. Hence, (C − λ)−1K again is a compact Volterra operator. Thus it
has spectral radius 0 (see Zabrejko [1967, 1967a]). In particular, −1 can not be an
eigenvalue of (C − λ)−1K, i.e. xλ can not satisfy (4.47).

By the last examples one might suspect that it is always possible to replace ||K|| by
the spectral radius rσ(K) of K in (4.46), i.e.

(4.48) σ(A) ⊆ ess c(a, b) + {λ : |λ| ≤ rσ(K)}.

However, this is not true in general. It is not even true that the maximal real part
of σ(A) is bounded by ||c||L∞ + rσ(K) (as in the Hilbert space case for selfadjoint
operators). We give a counterexample for a class of integral operators with degenerate
kernels:

Example 4.4. Consider the degenerate integral the operator

Kx(s) =

∫ 1

−1

a(s)b(σ)x(σ) dσ.

Example 4.1 shows, for c ≡ 0, that the spectrum of this operator consists of the
points 0 and the point

µ :=

∫ 1

−1

a(σ)b(σ) dσ.



We now consider the special L∞-function

c(s) :=

{ −1 if s < 0,

0 if s ≥ 0,

i.e. ess c(a, b) = {−1, 0}. Example 4.1 shows that λ 6= −1, 0 belongs to σ(A) if and only
if

(4.49)
α

λ + 1
+

β

λ
= 1,

where we have put

α :=

∫ 0

−1

a(σ)b(σ) dσ, β :=

∫ 1

0

a(σ)b(σ) dσ.

Given any number λ ≥ δ > 0, choose functions a and b, such that

α = −δ(λ + 1), β = (δ + 1)λ.

Then (4.49) holds, i.e. λ is an eigenvalue of the corresponding operator A. However,
since µ = α+β, the spectrum of the integral operator is just {0, α+β} = {0, λ−δ}. In
particular, if rσ(K) denotes the spectral radius of the integral operator K, the number
λ = ||c||L∞ + rσ(K) + δ belongs to the spectrum of A. This means that the difference
of the maximal real value in σ(A) and ||c||L∞ + rσ(K) is positive and may even be
arbitrarily large.

There is an interesting relation of the previous results with the theory of measures
of noncompactness (see e.g. Sadovskij [1972] or Akhmerov-Kamenskij-Potapov-
Rodkina-Sadovskij [1986]). Given a bounded set M in a Banach space X, the
measure of noncompactness of M is defined by

(4.50) γ(M) := inf {ε : ε > 0,M has a finite ε-net},

where by a finite ε-net we mean, as usual, a covering by finitely many balls of radius
ε > 0. Similarly, the measure of noncompactness of an operator A ∈ L(X) is defined
by

(4.51) γ(A) := inf {k : k > 0, γ(A(M)) ≤ kγ(M) for all boundedM ⊆ X}.

The name “measure of noncompactness” is of course motivated by the fact that γ(M) =
0 if and only if M has compact closure, and γ(A) = 0 if and only if A is a compact
operator. Obviously, the measure of noncompactness of a bounded linear operator may
be estimated from above by its norm. Here is an example of an operator, where this
estimate is sharp:

Lemma 4.11. The multiplication operator (4.17) satisfies γ(C) = ||C|| = ||c||L∞ .
2 Since the equality ||C|| = ||c||L∞ and the estimate γ(C) ≤ ||C|| are clear, it suffices

to show that γ(C) ≥ ||c||L∞ . Let 0 < δ < ||c||L∞ and put D = {s : |c(s)| ≥ ||c||L∞− δ}.
Denote by Y the restriction of X to functions vanishing outside D. Since Y still has



infinite dimension, its unit ball M satisfies γ(M) > 0. Moreover, if {z1, . . . , zm} is a
finite ε-net for C(M), then the set {PD(z1/c), . . . , PD(zm/c)} (PD as in (3.19)) gives a
finite η-net of M with η = ε/(||c||L∞ − δ). This shows that

γ(M) ≤ γ(C(M))

||c||L∞ − δ
.

We conclude that γ(C) ≥ ||c||L∞ as claimed. ¥

Lemma 4.11 shows that, loosely speaking, multiplication operators are as “noncompact”
as possible. In fact, there is no compact operator K such that the distance ||C −K||
of C to K is strictly smaller than the distance ||C|| of C to the zero operator.

Given a bounded linear operator A, the number

rew(A) = sup {|λ| : λ ∈ σew(A)}

is called the radius of the essential spectrum of A ; this number satisfies the important
relation

(4.52) rew(A) = lim
n→∞

n
√

γ(An)

(see e.g. Theorem 2.6.11 of Akhmerov-Kamenskij-Potapov-Rodkina-Sadovskij
[1986]) which is of course analogous to the well-known Gel’fand formula for the radius
of the whole spectrum. In fact, we have γ(An) = ||c||nL∞ , hence rew(A) = ||c||L∞ as in
Theorem 4.2. To see this, observe that An = Cn +Kn with some compact operator Kn,
and thus γ(An) = γ(Cn). The assertion follows now from Lemma 4.11.



Chapter II

Basic Theory of Linear

Barbashin Equations





§ 5. Stability of solutions

In this section we study various stability properties of the differential equation

(5.1)
dx

dt
= A(t)x

containing a Barbashin operator A(t) = C(t) + K(t) in a Banach space X. The most
complete information may be obtained in two cases, namely either if the Barbashin
operator is stationary (i.e. A(t) ≡ A), or if K(t) ≡ 0. These two cases, however, are
rather trivial. The general case may be treated by considering K(t) as a “perturbation”
of C(t). Finally, we make some remarks on the existence and properties of Ljapunov
functions associated with equation (5.1); details may be found in Diallo [1989],
Diallo-Zabrejko [1990], and Ermolova [1995], see also Khalilov [1956, 1961].

5.1. Ljapunov and Ljapunov-Bohl exponents
In order to study stability properties of the solutions of the Barbashin equation

(5.2)
∂x(t, s)

∂t
= c(t, s)x(t, s) +

∫ b

a

k(t, s, σ)x(t, σ) dσ

we first recall some general notions and results from general stability theory for the
differential equation (5.1) which is equivalent to (5.2) in many function spaces. To this
end, we suppose that the operator function A = A(t) in (5.1) is strongly continuous
in some Banach space X. As model cases, one may always think of X = C([a, b]) or
X = Lp([a, b]) (1 ≤ p ≤ ∞).

In spite of its simple form, the investigation of the differential equation (5.1) from
the viewpoint of stability encounters many specific difficulties, which are mentioned
in the books Barbashin [1967, 1970], and which may be the reason for the fact that
only very rudimentary results on the stability of (5.1) are known. Also today, there
exist only two effective methods from the vast theory of stability (see e.g. Daletskij-
Krejn [1970]) which apply to equation (5.1), namely Ljapunov-Bohl exponents and
Ljapunov functions.

Let U = U(t, τ) be the evolution operator for equation (5.1) (see Subsection 1.2).
Recall that the Ljapunov exponent of (5.1) is defined by

(5.3) ω = lim
t→∞

log ||U(t, 0)||
t

,

while the Ljapunov-Bohl exponent of (5.1) is defined by

(5.4) ω∗ = lim
τ→∞

t−τ→∞

log ||U(t, τ)||
t− τ

.

The importance of the exponent (5.3) in stability theory was first observed by Ljapunov.
For instance, the inequality ω ≤ 0 is necessary for the stability of the trivial (and
hence any) solution of equation (5.1), and the inequality ω < 0 is sufficient. To
study stability properties of perturbed equations (in particular, inhomoneneous linear
or quasilinear differential equations), one has to consider the more general exponent



(5.4). For instance, the inequality ω∗ < 0 implies the asymptotic (and even exponential)
stability of the trivial solution of equation (5.1), or of small perturbations of (5.1).

One may study classes of operator functions A(t) for which the exponents (5.3) and
(5.4) are finite and may be found rather explicitly. A simple sufficient condition for the
finiteness of both ω and ω∗ is, by (1.10),

(5.5) sup
0≤t<∞

∫ t+1

t

||A(ξ)|| dξ < ∞.

In particular, if the operator function in (5.1) is stationary (i.e. A(t) ≡ A), both ω and
ω∗ are finite and coincide; in fact, (1.16) implies then that

(5.6) ω = ω∗ = lim
t→∞

log ||eAt||
t

= sup {Re λ : λ ∈ σ(A)}.

The formula (5.6) is extremely important and natural, since it gives a link between
the spectral properties of the operator A and the stability properties of the (stationary)
equation

(5.7)
dx

dt
= Ax.

One should remark that the corresponding problem for linear integro-differential equations
is much harder. In fact, for the integro-differential equation (5.1) the operator function
A = A(t) has the form

(5.8) A(t) = C(t) + K(t),

where

(5.9) C(t)x(s) = c(t, s)x(s)

and

(5.10) K(t)x(s) =

∫ b

a

k(t, s, σ)x(σ) dσ.

Even in the stationary case (i.e. C(t) ≡ C and K(t) ≡ K), the spectrum σ(A) of the
operator sum A = C +K may be very complicated. Of course, if the multiplier c(s) ≡ c
is constant, and the kernel k = k(s, σ) generates a (stationary) compact linear integral
operator K, one may use the obvious fact that

σ(A) = c + σ(K).

In this case, one may apply the well-known classical spectral theory of compact linear
operators. Some more information on the spectral properties of the operator (5.8) in
the stationary case may be found in Subsection 4.7.

5.2. Perturbation of the Ljapunov-Bohl exponent
The result discussed in the last subsection are not encouraging, since the explicit

calculation of the Ljapunov exponent and Ljapunov-Bohl exponent is one of the most



difficult problems in the theory of differential equations in Banach spaces. Nevertheless,
one may obtain some stability theorems for equation (5.2) observing that, by (5.8),
this integro-differential equation may be considered as an “integral perturbation” of the
simpler linear differential equation

(5.11)
dx

dt
= C(t)x.

As we have seen before, the evolution operator for (5.11) may be given explicitly by

(5.12) U0(t, τ)x(s) = e(t, τ, s)x(s),

where

e(t, τ, s) = exp

{∫ t

τ

c(ξ, s) dξ

}

(see Lemma 1.5). Consequently, the Ljapunov exponent ω0 of equation (5.11) in X =
Lp, say, may be “calculated” by the formula

ω0 = lim
t→∞

1

t
log ||e(t, 0, ·)||L∞ = lim

t→∞
ess sup
a≤s≤b

∣∣∣∣
1

t

∫ t

0

c(ξ, s) dξ

∣∣∣∣ .

One could expext that there is some chance to obtain also explicit formulas for the
Ljapunov-Bohl exponent of (5.11), and that small perturbations of (5.11) by integral
terms like (5.10) should lead to small changes of the Ljapunov-Bohl exponent of (5.11).

It is known (Daletskij-Krejn [1970]) that the Ljapunov exponent (5.3) is not
stable under small perturbations, but the Ljapunov-Bohl exponent (5.4) is. Let us
recall a basic result whose proof may be found in Daletskij-Krejn [1970] (but our
proof which builds on some “Gronwall inequality argument” is much simpler).

Lemma 5.1. Suppose that the evolution operator U0(t, τ) of the differential equation
(5.11) satisfies an estimate

(5.13) ||U0(t, τ)|| ≤ Meδ(t−τ) (0 ≤ τ ≤ t < ∞).

Then the evolution operator U(t, τ) of the differential equation (5.1) satisfies

(5.14) ||U(t, τ)|| ≤ M exp

{
δ(t− τ) + M

∫ t

τ

||K(ξ)|| dξ

}
.

2 From the equality

U(t, τ) = U0(t, τ) +

∫ t

τ

U0(t, ξ)K(ξ)U(ξ, τ)dξ

(see (1.29)) we get, by (5.13), the estimate

||U(t, τ)|| ≤ Meδ(t−τ) +

∫ t

τ

Meδ(t−ξ)||K(ξ)|| ||U(ξ, τ)|| dξ.



Putting
W (t, τ) = e−δ(t−τ)||U(t, τ)||,

we may rewrite this in the form

(5.15) W (t, τ) ≤ M + M

∫ t

τ

||K(ξ)||W (ξ, τ) dξ.

Since the scalar function

r(t) = M + M

∫ t

τ

||K(ξ)||W (ξ, τ) dξ

satisfies r′(t) ≤ M ||K(t)||r(t) and r(τ) = M, we conclude that

r(t) ≤ M exp M

∫ t

τ

||K(ξ)|| dξ,

and hence, again by (5.15), that

W (t, τ) ≤ M exp M

∫ t

τ

||K(ξ)|| dξ (0 ≤ τ ≤ t < ∞).

This proves the assertion. ¥
Observe that in case c ∈ L∞([a, b]× [0,∞)) the estimate (5.13) is always true (with

M = 1 and δ = ||c||L∞).

5.3. Application to Barbashin operators
Lemma 5.1 implies that the Ljapunov-Bohl exponent ω∗ of the linear integro-differential

equation (5.1) satisfies

(5.16) ω∗ ≤ δ + M lim
τ→∞

t−τ→∞

1

t− τ

∫ t

τ

||K(ξ)|| dξ

with δ as in (5.13). Since the number δ may be taken arbitrarily close to the Ljapunov-
Bohl exponent ω∗ of the linear differential equation (5.11), we may deduce from Lemma
5.1 that the Ljapunov-Bohl exponent is in fact stable under small perturbations with
respect to the quasinorm

(5.17) ||K||∗ = lim
τ→∞

t−τ→∞

1

t− τ

∫ t

τ

||K(ξ)|| dξ.

For the integro-differential equation (5.1), this can be made more precise. First, we
mention the following simple

Lemma 5.2. Let X be either the space C or the space Lp (1 ≤ p ≤ ∞), and let
U0(t, τ) be defined by (5.12). Then the Ljapunov-Bohl exponent of equation (5.11) is
given by

(5.18) ω∗0 = lim
τ→∞

t−τ→∞
ess sup
a≤s≤b

1

t− τ

∫ t

τ

c(ξ, s) dξ.



Moreover, the estimate

(5.19) ||U0(t, τ)|| ≤ eω∗∗0 (t−τ) (0 ≤ τ ≤ t < ∞)

holds, where

(5.20) ω∗∗0 = sup
0≤τ≤t<∞

ess sup
a≤s≤b

1

t− τ

∫ t

τ

c(ξ, s) dξ.

2 For X as above, the norm (in L(X)) of the multiplication operator by a fixed
function coincides with the L∞-norm of this function. Consequently, from (5.12) it
follows that

||U0(t, τ)|| = ess sup
a≤s≤b

(
exp

∫ t

τ

c(ξ, s) dξ

)
= exp

(
ess sup
a≤s≤b

∫ t

τ

c(ξ, s) dξ

)
.

Thus, (5.18) follows from the definition (5.4) of the Ljapunov-Bohl exponent. The
estimate (5.19) is obvious. ¥

We point out that the two numbers (5.18) and (5.20) may be different.

Theorem 5.1. Let X be either the space C or the space Lp (1 ≤ p ≤ ∞). Suppose
that the multiplier c = c(t, s) and the kernel k = k(t, s, σ) are such that

(5.21) ω∗∗0 + ||K||∗ < 0,

where ω∗∗0 is given by (5.20) and ||K||∗ by (5.17). Then the Ljapunov-Bohl exponent of
the integro-differential equation (5.1) is negative; consequently, the trivial solution of
(5.1) is exponentially stable.

2 The statement follows immediately from the estimates (5.16) and (5.19). ¥

As the definition (5.20) shows, the number ω∗∗0 does not depend on the space X, but
only on the multiplier c = c(t, s). The number (5.17), however, depends on both the
kernel k = k(t, s, σ) and the space X. For example, for X = C or X = L∞ we have

(5.22) ||K||∗ = lim
τ→∞

t−τ→∞

1

t− τ

∫ t

τ

ess sup
a≤s≤b

∫ b

a

|k(ξ, s, σ)| dσ dξ,

while for X = L1 we have

(5.23) ||K||∗ = lim
τ→∞

t−τ→∞

1

t− τ

∫ t

τ

ess sup
a≤σ≤b

∫ b

a

|k(ξ, s, σ)| ds dξ.

In case X = Lp (1 < p < ∞) the situation is more complicated, since norms of integral
operators are then difficult to compute. However, in many situations it suffices to use
the upper estimate

(5.24) ||K||∗ ≤ lim
τ→∞

t−τ→∞

1

t− τ

∫ t

τ

sup
||x||Lp

≤1

||y||Lq
≤1

∫ b

a

∫ b

a

|k(ξ, s, σ)x(σ)y(s)| dσ ds dξ,



or to use the norms of the classes U(p, q), V (p, q), U(p0, q0) ∩ V (p1, q1), or W (α0, β0) ∩
W (α1, β1) discussed in Subsection 3.3.

Theorem 5.2. Let X be either the space C or the space Lp (1 ≤ p ≤ ∞). Suppose
that the multiplier c = c(t, s) and the kernel k = k(t, s, σ) are such that

(5.25) ω∗0 < ∞

and

(5.26) ||K||∗ = 0.

Then the Ljapunov-Bohl exponent of the integro-differential equation (5.1) coincides
with ω∗0; consequently, the trivial solution of (5.1) is exponentially stable if ω∗0 < 0.

2 The statement follows again from the estimate (5.16), since (5.13) holds for
arbitrary δ > ω∗0 (and appropriate M > 0 depending on δ). ¥

As before, (5.25) is independent of the space X, but (5.26) is not. For instance,
(5.26) reduces in X = C or X = L∞ to

(5.27) lim
τ→∞

t−τ→∞

1

t− τ

∫ t

τ

ess sup
a≤s≤b

∫ b

a

|k(ξ, s, σ)| dσ dξ = 0,

and in X = L1 to

(5.28) lim
τ→∞

t−τ→∞

1

t− τ

∫ t

τ

ess sup
a≤σ≤b

∫ b

a

|k(ξ, s, σ)| ds dξ = 0.

Moreover, the condition

(5.29) lim
τ→∞

t−τ→∞

1

t− τ

∫ t

τ

sup
||x||Lp

≤1

||y||Lq
≤1

∫ b

a

∫ b

a

|k(ξ, s, σ)x(σ)y(s)| dσ ds dξ = 0

is sufficient for (5.26) in X = Lp (1 < p < ∞). Observe that (5.26) is automatically
satisfied if either

(5.30)

∫ ∞

0

||K(t)|| dt < ∞

or, more generally,

(5.31) lim
t→∞

||K(t)|| = 0.

These conditions are not very restrictive, are much simpler than (5.26), and may be
verified immediately in terms of the kernel k = k(t, s, σ).

5.4. Ljapunov functions
A nonnegative differentiable function H = H(x) on a Banach space X is called

Ljapunov function for the differential equation (5.1) if



(a) for any sequence (xn)n in X, lim
n→∞

H(xn) = 0 implies that lim
n→∞

xn = 0,

and there exists a non-negative function N = N(x) on X such that
(b) H ′(x)(A(t)x) ≤ −N(x) (x ∈ X),
and
(c) lim

n→∞
N(xn) = 0 implies that lim

n→∞
xn = 0.

As was already observed by Ljapunov, the existence of such a function H for (5.1)
implies the asymptotic stability of the trivial solution of (5.1) under small perbutations
of A(t) and of initial values. Moreover, he proved that in the stationary case A(t) ≡ A
the existence of such a function H is also necessary for asymptotic stability.

Ljapunov functions are an extremely useful tool for studying the stability of several
typical systems of differential equations (see e.g. Barbashin [1967, 1970]). However,
when passing from finite systems to infinite systems of equations (in particular, to
integro-differential equations), the theory of Ljapunov functions seems to fail. One
exception is provided by equations in Hilbert space, where all basic results carry in fact
over from finite to infinite systems. Some information in this direction, related with
quadratic Ljapunov functions, may be found in the monographs Akhiezer-Glazman
[1977] andDaletskij-Krejn [1970]. In general Banach spaces, and even in very simple
spaces like C or Lp (1 ≤ p ≤ ∞, p 6= 2), Ljapunov functions have not been investigated
for several reasons. It is clear, for instance, that the main difficulties are due to the
degeneracy of smooth functionals H satisfying (a), (b), and (c) as above on these
spaces. To see this, consider the quadratic functional

(5.32) Φ(x) =

∫ b

a

d(s)x2(s) ds +

∫ b

a

∫ b

a

l(s, σ)x(σ)x(s) dσ ds,

which is a natural generalization of quadratic forms on Euclidean space. Obviously,
this functional cannot be defined on the whole space Lp for 1 ≤ p < 2 (except for
the trivial case d(s) ≡ 0) : in fact, the function d in the first term of (5.32) may be
viewed as a bounded linear functional on Lp/2, and L∗p = {0} for 0 < p < 1 (see e.g.
Dunford-Schwartz [1962]). On the other hand, if l = l(s, σ) is, say, a continuous
function on [a, b] × [a, b], the second term of (5.32) cannot satisfy condition (a) of a
Ljapunov function on X = C or X = Lp for 2 < p ≤ ∞. In fact, this condition is
equivalent to an estimate

(5.33) Φ(x) ≥ α||x||2X
for some α > 0, since (5.32) is quadratic in x. But (5.33) means that the norm || · ||X
is equivalent to the norm

|||x|||X :=

{∫ b

a

d(s)x2(s)ds +

∫ b

a

∫ b

a

l(s, σ)x(σ)x(s)dσ ds

}1/2

,

which turns X into a Hilbert space, a contradiction. This reasoning shows that the
functional (5.32) may be a Ljapunov function only in case X = L2. Moreover, in case
X = L2 the function d = d(s) in (5.32) is necessarily bounded (since x2 ∈ L1 and
hence d ∈ L∗1 = L∞), and the function l = l(s, σ) belongs to the kernel class Z2 (by the



Banach-Steinhaus theorem). Unfortunately, to show that the functional Φ satisfies the
estimate (5.33) remains a difficult problem even in case X = L2.

Lemma 5.3. Suppose that the function Φ given by (5.32) is defined on X = L2.
Then the operator

(5.34) Tx(s) = d(s)x(s) +

∫ b

a

l(s, σ)x(σ) dσ

is self-adjoint in L2, and the relation

(5.35) inf {Φ(x) : ||x||L2 = 1} = inf {|λ| : λ ∈ σ(T )}
holds.

Since Lemma 5.3 is a special case of a well-known result on the spectrum of self-
adjoint operators in Hilbert spaces, we drop the proof. Observe, however, that the
problem of calculating the spectrum of the operator (5.34) is not at all trivial. Even
worse, the following lemma shows that only in the case when d is bounded away from
zero, i.e.

(5.36) ess inf
a≤s≤b

d(s) > 0

one has a chance to verify (5.33).

Lemma 5.4. Suppose that d ∈ L∞ and l ∈ Z0
2. Then the estimate (5.33) implies

necessarily that

(5.37) α ≤ ess inf
a≤s≤b

d(s)

2 Let Dn be a sequence of subsets of positive measure with the property that

d(σ) < ess inf
a≤s≤b

d(s) +
1

n

for σ ∈ Dn (n = 1, 2, . . .). Consider the sequence of functions xn = µ(Dn)−1/2χDn .
Obviously ||xn||L2 = 1 and

ess inf
a≤s≤b

d(s) ≤
∫ b

a

d(s)x2
n(s) ds =

1

µ(Dn)

∫

Dn

d(s) ds ≤ ess inf
a≤s≤b

d(s) +
1

n
.

Consequently,

(5.38) lim
n→∞

∫ b

a

d(s)x2
n(s) ds = ess inf

a≤s≤b
d(s).

Since the kernel l belongs to Z0
2, the corresponding integral operator L is compact in

L2. Moreover, since the sequence (xn)n converges weakly in L2 to 0, (Lxn)n converges
in the norm of L2 to 0, and hence 〈Lxn, xn〉 → 0 as n →∞. But

〈Lxn, xn〉 =

∫ b

a

∫ b

a

l(s, σ)xn(σ)xn(s) dσ ds,



hence

(5.39) lim
n→∞

∫ b

a

∫ b

a

l(s, σ)xn(σ)xn(s) dσ ds = 0.

Combining (5.38) and (5.39), we conclude that

lim
n→∞

Φ(xn) = ess inf
a≤s≤b

d(s),

which implies (5.37). ¥

We remark that Lemma 5.4 may also be proved by means of general perturbation
theorems for spectra of linear operators (see e.g. Dunford-Schwartz [1962] or Kato
[1966]).

As already observed, the application of Lemma 5.3 is difficult, since it is hard to
compute the spectrum of the operator (5.34). It is in general much easier to study the
integral operator L generated by the kernel l = l(s, σ). For instance, sometimes one
can determine the greatest lower bound m−(L) of L which is, at least for compact
operators L, a non-negative number. In particular, m−(L) = 0 if L in non-negative
definite. The estimate

(5.40) ess inf
a≤s≤b

d(s) + m−(L) > 0

implies then obviously the estimate (5.33).
So far we have analyzed condition (a) in the definition of a Ljapunov function Φ as

given in (5.32); let us now discuss condition (b). If the operator T is given by (5.34),
a straightforward calculation shows that

Φ′(x)(A(t)x) = 〈[T, A(t)]x, x〉,

where we have put

(5.41) [T,A(t)] := TA(t) + A∗(t)T.

Using Lemma 3.5 we may write the functional Φ̂(x) = Φ′(x)(A(t)x) in the form

(5.42)

Φ̂(x) =

∫ b

a

2c(t, s)d(s)x2(s) ds +

∫ b

a

∫ b

a

l(s, σ)c(t, σ)x(σ)x(s) dσ ds

+

∫ b

a

∫ b

a

[c(t, s)l(s, σ) + d(s)k(t, s, σ) + k(t, σ, s)d(σ)]x(σ)x(s) dσ ds

+

∫ b

a

∫ b

a

{∫ b

a

[l(s, ξ)k(t, s, ξ) + k(t, ξ, s)l(ξ, σ)] dξ

}
x(σ)x(s) dσ ds.

This shows that Φ̂ is also a quadratic functional like Φ, i.e.

Φ̂(x) =

∫ b

a

d̂(t, s)x2(s) ds +

∫ b

a

∫ b

a

l̂(t, s, σ)x(σ)x(s) dσ ds,



where
d̂(t, s) = 2c(t, s)d(s)

and
l̂(t, s, σ) = l(s, σ)c(t, σ) + c(t, s)l(s, σ) + d(s)k(t, s, σ)

+k(t, σ, s)d(σ) +

∫ b

a

[l(s, ξ)k(t, s, ξ) + k(t, ξ, σ)l(ξ, σ)] dξ.

Analogously to (5.34), we may associate with the functional Φ̂ the operator function

(5.43) T̂ (t)x(s) = d̂(t, s)x(s) +

∫ b

a

l̂(t, s, σ)x(σ) dσ;

by the definition of Φ̂ we have then

(5.44) T̂ (t) = [T, A(t)].

If this is a Ljapunov function, we should have

(5.45) 〈T̂ (t)x, x〉 ≤ −β||x||22 (0 ≤ t < ∞)

with some β > 0. For proving (5.45), we may follow the same reasoning as above for
proving (5.33). We summarize with the following

Theorem 5.3. Suppose that c(t, ·) ∈ L∞ and k(t, ·, ·) ∈ Z2 for any t ∈ [0,∞), and
that the corresponding operator function (5.43) is strongly continuous in the space L2.
Assume that, moreover, d ∈ L∞ and l ∈ Z2. Then the quadratic functional Φ defined
by (5.32) is a Ljapunov function for the differential equation (5.1) in L2 if and only if
the estimates

(5.46) inf σ(T ) ≥ α

and

(5.47) sup σ(T̂ (t)) ≤ −β (0 ≤ t < ∞)

hold for some α, β > 0. For (5.46) and (5.47) in turn the estimates

ess inf
a≤s≤b

d(s) > 0

and
2 sup

0≤t<∞
ess sup
a≤s≤b

c(t, s)d(s) ≤ −β

are necessary, while the estimates

ess inf
a≤s≤b

d(s) + m−(L) > 0

and

2 sup
0≤t<∞

ess sup
a≤s≤b

c(t, s)d(s) + m+([L,C(t)] + [D, K(t)] + [L,K(t)]) ≤ −β

are sufficient; here D is defined by Dx(s) = d(s)x(s), and K(t) by (5.10).



§ 6. Continuous dependence on parameters

In this section we consider the linear differential equation

(6.1)
dx

dt
= A(t, ε)x

with an operator function A = A(t, ε) depending continuously on a scalar parameter ε.
We are interested in the continuous dependence of the evolution operator U = U(t, τ, ε)
and of the solution x = x(t, ε) of (6.1), considered as functions of ε. More regular (e.g.
smooth) dependence is also studied.

6.1. Continuous dependence of the evolution operator
One of the most important topics for applying differential equations in Banach

spaces (in particular, linear differential equations) is the continuous dependence of the
evolution operator on parameters, as a consequence of the continuous dependence of the
right-hand side of such equations on these parameters. A classical result in this spirit is
the following (see e.g.Daletskij-Krejn [1970]): the uniformly continuous dependence
of the right-hand side of a differential equation on a parameter implies the uniformly
continuous dependence of the corresponding evolution operator on this parameter.
For many applications, however, this statement is not sufficient. Beginning with the
pioneering work of Bogoljubov [1945] (see also Bogoljubov-Mitropol’skij [1963]
and Mitropol’skij [1971]), many results on the continuous dependence of solutions
to differential equations have been obtained in situations when the corresponding
right-hand side depends on a parameter only in some weak “averaged” sense. Some
rather sophisticated theorems, especially for the evolution operator of linear differential
equations, have been proved by Kurzweil [1957] and afterwards by Levin [1967].
Our Lemma 4.1 below reduces in fact in the scalar case to Levin’s result: although in
Levin [1967] only the case of finite linear systems is considered, the proof carries over
to general systems without any change.

Let J = [0, T ], and consider in a Banach space X the linear differential equation (6.1)
with an operator function A = A(t, ε) depending continuously on a scalar parameter
ε ∈ [−ε0, ε0]. We are interested in conditions for the continuous dependence (in the
norm of L(X)) of the corresponding evolution operator U(t, τ, ε) at ε = 0, say. To this
end, we put

(6.2) B(t, ε) := A(t, ε)− A(t, 0).

Lemma 6.1. Suppose that one of the following four conditions holds:

(6.3) sup
|ε|≤ε0

∫ T

0

||A(t, ε)|| dt < ∞;

(6.4) lim
ε→0

∫ T

0

∫ t

0

||B(ξ, ε)B(t, ε)|| dξ dt = 0;



(6.5) lim
ε→0

∫ T

0

∫ t

0

||B(t, ε)B(ξ, ε)|| dξ dt = 0;

(6.6) lim
ε→0

∫ T

0

{∫ t

0

||B(ξ, ε)|| dξ ||B(t, ε)|| − ||B(t, ε)||
∫ t

0

||B(ξ, ε)|| dξ

}
dt = 0.

Then the relations

(6.7) lim
ε→0

sup
0≤t≤T

||
∫ t

0

[A(ξ, ε)− A(ξ, 0)] dξ|| = 0

and

(6.8) lim
ε→0

sup
0≤t,τ≤T

||U(t, τ, ε)− U(t, τ, 0)|| = 0

are equivalent.

The most convenient of all conditions in Lemma 6.1 to verify is (6.3); this condition
is usually fulfilled in many applications. The most interesting condition, however, is
(6.6). First of all, this condition is fulfilled if the evolution operator is defined by
formula (1.19), and thus in this case the statement of Lemma 6.1 holds true. Moreover,
(6.6) is always satisfied in the case of a finite system which is obtained in the usual
way from the higher order equation

dnx

dtn
+ an−1(t)

dn−1x

dtn−1
+ . . . + a1(t)

dx

dt
+ a0(t)x = 0

with commuting coefficients, i.e.

aj(t)ak(ξ) = ak(ξ)aj(t) (j, k = 1, 2, ..., n)

which is of course a trivial requirement in the scalar case.

6.2. Application to Barbashin operators
The results developed in § 2 and § 3 allow us to apply Lemma 6.1 to operator

functions of the form

(6.9) A(t, ε) = C(t, ε) + K(t, ε),

where
C(t, ε)x(s) := c(t, s, ε)x(s),

K(t, ε)x(s) :=

∫ b

a

k(t, s, σ, ε)x(σ) dσ,

and c : J× [a, b]× [−ε0, ε0] → R and k : J× [a, b]× [a, b]× [−ε0, ε0] → R are measurable
functions. In order to not overburden the notation, we confine ourselves to the case
when the first condition (6.3) of Lemma 6.1 holds.

It is clear that (6.3) depends on the underlying space X, since it contains the norm
in L(X). One may unify the notation, however, by using the norm (3.16) for the class
Zp (1 ≤ p ≤ ∞) and choosing p = ∞ in case X = C.



Lemma 6.2. Suppose that the functions c = c(t, s, ε) and k = k(t, s, σ, ε) satisfy the
estimates

(6.10) sup
|ε|≤ε0

∫ T

0

ess sup
a≤s≤b

|c(ξ, s, ε)| dξ < ∞

and

(6.11) sup
|ε|≤ε0

∫ T

0

||k(ξ, ·, ·, ε)||Zp dξ < ∞.

Then the operator function (6.9) fulfills (6.3) in case X = Lp for 1 ≤ p < ∞, as well
as in case X = L∞ or X = C.

2 The proof of Lemma 6.2 is an easy consequence of Lemma 2.1 and Lemma 3.6.
¥

To verify (6.11) one has to calculate again norms in the class Zp which is not easy at
all. Nevertheless, in case p = 1 condition (6.11) is equivalent to the simpler condition

(6.12) sup
|ε|≤ε0

∫ T

0

{
ess sup
a≤σ≤b

∫ b

a

|k(ξ, s, σ, ε)| ds

}
dξ < ∞,

and in case p = ∞ to the condition

(6.13) sup
|ε|≤ε0

∫ T

0

{
ess sup
a≤s≤b

∫ b

a

|k(ξ, s, σ, ε)| dσ

}
dξ < ∞,

by Lemma 3.12. To verify (6.11) in case 1 < p < ∞ one may again use Lemmas 3.8 -
3.11.

Theorem 6.1. Suppose that the functions c = c(t, s, ε) and k = k(t, s, σ, ε) satisfy
the hypotheses of Theorem 2.1 or Theorem 3.1, as well as the estimates (6.10) and
(6.11). Then the evolution operator U(t, τ, ε) depends continuously on ε at ε = 0,
uniformly with respect to (t, τ) ∈ J × J , if

(6.14) lim
ε→0

sup
0≤t≤T

ess sup
a≤s≤b

∫ t

0

[c(ξ, s, ε)− c(ξ, s, 0)] dξ = 0

and

(6.15) lim
ε→0

sup
0≤t≤T

||
∫ t

0

[k(ξ, ·, ·, ε)− k(ξ, ·, ·, 0)] dξ||Zp = 0.

2 We claim that (6.14) and (6.15) are equivalent to (6.7). For this we have to prove
that
(6.16){∫ t

0

A(ξ, ε) dξ

}
x(s) =

{∫ t

0

c(ξ, s, ε) dξ

}
x(s) +

∫ b

a

{∫ t

0

k(ξ, s, σ, ε) dξ

}
x(σ) dσ,



by Lemma 2.1 and Lemma 3.6. But by (6.10), (6.11) and Fubini’s theorem we may
interchange the order of integration over ξ ∈ [0, t] and σ ∈ [a, b] in the last term of
(6.16). The assertion follows now from Lemma 6.1. ¥

By Lemma 3.8 and Lemma 3.9, condition (6.15) is for p = 1 equivalent to

(6.17) lim
ε→0

sup
0≤t≤T

ess sup
a≤σ≤b

∫ b

a

∣∣∣∣
∫ t

0

[k(ξ, s, σ, ε)− k(ξ, s, σ, 0)] dξ

∣∣∣∣ ds = 0

and for p = ∞ to

(6.18) lim
ε→0

sup
0≤t≤T

ess sup
a≤s≤b

∫ b

a

∣∣∣∣
∫ t

0

[k(ξ, s, σ, ε)− k(ξ, s, σ, 0)] dξ

∣∣∣∣ dσ = 0.

In case 1 < p < ∞ it is again useful to employ Lemmas 3.8 - 3.11 for verifying (6.15).

6.3. The first Bogoljubov theorem
Now we apply the above results on the continuous dependence of the resolvent

operator on a parameter to a special, but important case, namely

(6.19) A(t, ε) = A0(t) + B(
t

ε
).

Of course, the right hand side of (6.19) is defined only for ε 6= 0; in addition we put

(6.20) A(t, 0) = A0(t).

For further use, we need a technical lemma.

Lemma 6.3. Suppose that the operator function B : [0,∞) → L(X) is integrable on
each bounded interval. Then the two relations

(6.21) lim
ε→0

sup
0≤t≤T

||
∫ t

0

B(
ξ

ε
) dξ|| = 0

and

(6.22) lim
τ→∞

1

τ
||

∫ τ

0

B(t) dt|| = 0

are equivalent.
2 The fact that (6.21) implies (6.22) is obvious; we show that (6.22) implies (6.21).

Given η > 0, choose τη > 0 such that

1

τ
||

∫ τ

0

B(t) dt|| ≤ η

T

for τ ≥ τη. For ε > 0 and t ≤ ετη we have then

||
∫ t

0

B(
ξ

ε
) dξ|| ≤

∫ t

0

||B(
ξ

ε
)|| dξ = ε

∫ t/ε

0

||B(s)|| ds ≤ ε

∫ τη

0

||B(s)|| ds ≤ η,



provided that we choose

(6.23) ε ≤ η

∫ τη

0

||B(s)|| ds.

On the other hand, for ετη < t ≤ T we have, by (6.22),

||
∫ t

0

B(
ξ

ε
) dξ|| = ε ≤

∫ t/ε

0

||B(s)|| ds ≤ ε
t

ε

η

T
≤ η.

Consequently, (6.22) implies that

||
∫ t

0

B(
ξ

ε
) dξ|| ≤ η

for all t ∈ [0, T ], and thus (6.21) holds. ¥

Lemma 6.3 shows that the additional convention (6.20) is natural if and only if the
operator function B has zero integral mean on the half-axis [0,∞).

From Lemma 6.1 we get the following

Lemma 6.4. Suppose that the operator functions A : [0,∞) → L(X) and B :
[0,∞) → L(X) are strongly continuous and integrable on each bounded interval. Assume,
moreover, that the limit

(6.24) B := lim
τ→∞

1

τ

∫ τ

0

B(t) dt

exists. Denote by U(t, τ ; ε) the resolvent operator of the linear differential equation

(6.25)
dx

dt
= [A(t) + B(

t

ε
)]x

for ε 6= 0, and of the equation

(6.26)
dx

dt
= [A(t) + B]x

for ε = 0. Then the operator function ε 7→ U(t, τ ; ε) is continuous at ε = 0.

The assertion of Lemma 6.4 is the so-called “first Bogoljubov theorem” in the
averaging theory for linear differential equations. A characteristic feature of this theory
is the appearance of the “fast time scale” t/ε in the right hand side of a differential
equation. The first Bogoljubov theorem asserts, loosely speaking, that all terms containing
such a fast time scale may be replaced by their integral averages without essentially
changing the corresponding solutions.

To apply the first Bogoljubov theorem to integro-differential equations of Barbashin
type, we have to calculate the integral average of the non-stationary Barbashin operator

(6.27) B(t)u(s) = d(t, s)u(s) +

∫ b

a

l(t, s, σ)u(σ) dσ



in a suitable function space (usually, in C or Lp for 1 ≤ p ≤ ∞). This is possible, in
particular, if the limits

(6.28) d0(s) = lim
τ→∞

1

τ

∫ τ

0

d(ξ, s) dξ

and

(6.29) l0(s, σ) = lim
τ→∞

1

τ

∫ τ

0

l(ξ, s, σ) dξ

exist. In this case it is natural to expect that the average of the operator function (6.27)
is simply

(6.30) B0u(s) = d0(s)u(s) +

∫ b

a

l0(s, σ)u(σ) dσ.

This is in fact true if the limit (6.28) exists in the norm of L∞, and the limit (6.29)
exists in the norm of the Zaanen class Z(X) (see (4.25)).

As an application, consider the equation

(6.31)
dx

dt
= ε[A(t)x + f(t)]

which is one of the simplest equations of nonlinear mechanics (see e.g. Bogoljubov-
Mitropol’skij [1963]). Under natural hypotheses on the functions A and f in (6.31),
the solutions of (6.31) converge on every bounded interval, as ε → 0, to constant
functions. For equation (6.31), however, it is more interesting to find solutions “on
bounded, but arbitrarily large time intervals”.

This name is explained as follows. After the substitution

(6.32) εθt = τ

with some fixed θ ∈ (0,∞), equation (6.31) becomes

(6.33)
dx

dτ
= ε1−θ[A(τε−θ)x + f(τε−θ)].

If a solution of (6.33) is considered on a bounded interval 0 ≤ τ ≤ T , the corresponding
solution of the original equation (6.31) is considered on the interval 0 ≤ t ≤ Tε−θ which
“blows up” for ε → 0. This effect is called solvability “on bounded, but arbitrarily large
time intervals” in nonlinear mechanics.

For 0 < θ < 1, the substitution (6.32) is not interesting, since then all solutions of
(6.33) on bounded time intervals converge uniformly to zero.

In case θ > 1, however, (6.33) is essentially an equation containing a small parameter
in the highest derivative, and thus we end up with a singular perturbation problem.
Finally, for θ = 1 the equation (6.33) is easier to deal with; let us discuss this case
more in detail. equation (6.33) has then the form

(6.34)
dx

dτ
= A(

τ

ε
)x + f(

τ

ε
),



and we are interested in the bahaviour of possible solutions of this equation as ε → 0.
From our previous discussion one should expect that the solutions of (6.34) tend, as
ε → 0, to the solutions of the stationary equation

(6.35)
dx

dτ
= A0x + f0,

where

(6.36) A0 = lim
τ→∞

1

τ

∫ τ

0

A(ξ) dξ

and

(6.37) f0 = lim
τ→∞

1

τ

∫ τ

0

f(ξ) dξ.

In fact, the solutions of (6.34) and (6.35) which satisfy the same initial condition
x(0) = x0 may be represented by means of the corresponding resolvent operators in
the form

(6.38) xε(τ) = U(ε; τ, 0)x0 +

∫ τ

0

U(ε; τ, σ)f(
σ

ε
) dσ

and

(6.39) x0(τ) = U(0; τ, 0)x0 +

∫ τ

0

U(0; τ, σ)f0(σ) dσ,

respectively. Let us study these solutions on [0, T ] for some T > 0. From Lemma 6.4 it
follows that

(6.40) lim
ε→0

sup
0≤σ,τ≤T

||U(ε; τ, σ)− U(0; τ, σ)|| = 0.

Consequently,

(6.41)

lim
ε→0

sup
0≤σ,τ≤T

||
∫ τ

0

[U(ε; τ, σ)− U(0; τ, σ)]f(
σ

ε
dσ||

≤ lim
ε→0

sup
0≤σ,τ≤T

||U(ε; τ, σ)− U(0; τ, σ)||
∫ τ

0

||f(
σ

ε
)|| dσ = 0,

provided that the function f satisfies

(6.42) lim
τ→∞

∫ τ

0

||f(σ)|| dσ < ∞.

Observing that U(0; t, s) = eA0(t−s) we thus arrive at the equality

(6.43) xε(τ)− x(τ) = wε(τ) +

∫ τ

0

eA0(τ−σ)[f(
σ

ε
)− f0(σ)] dσ,

where wε satisfies
lim
ε→0

sup
0≤τ≤T

||wε(τ)|| = 0.



Integrating now the right hand side of

(6.44)

∫ τ

0

eA0(τ−σ)[f(
σ

ε
)− f0(σ)] dσ =

∫ τ

0

eA0(τ−σ) d

dσ

{∫ σ

0

[f(
ξ

ε
)− f0(ξ)] dξ

}
dσ

by parts, we end up with
∫ τ

0

eA0(τ−σ)[f(
σ

ε
)− f0(σ)] dσ

=

∫ τ

0

[f(
ξ

ε
)− f0(ξ)] dξ +

∫ τ

0

eA0(τ−σ)A0

∫ σ

0

[f(
ξ

ε
)− f0(ξ)] dξ dσ.

By (6.37), (6.42), and Lemma 6.3 we have

lim
ε→0

sup
0≤σ≤T

||
∫ σ

0

[f(
ξ

ε
)− f0(ξ)] dξ|| = 0,

hence
lim
ε→0

sup
0≤τ≤T

||
∫ τ

0

eA0(τ−σ)[f(
σ

ε
)− f0(σ)] dσ|| = 0.

But this means precisely that

(6.45) lim
ε→0

xε(t) = x0(t)

in the space C([0, T ], X), where xε denotes the solution of (6.34) with initial condition
x(0) = x0, and x0 denotes the solution of (6.35) with the same initial condition. Observe
that the latter solution may be written explicitly as

x0(τ) = eA0τx0 +

(∫ τ

0

eA0(τ−σ) dσ

)
f0(τ)

or, in case of invertible A0 even simpler as

x0(τ) = eA0τ [x0 + A−1
0 f0(τ)]− A−1

0 f0(τ).

We summarize our discussion with the following

Theorem 6.2. Suppose that the operator function A : [0,∞) → L(X) and the
vector function f : [0,∞) → X are strongly continuous and integrable on each bounded
interval. Assume, moreover, that the limits (6.36) and (6.37) exist, and that condition
(6.43) is satisfied. Then the solution xε of the initial value problem

dx

dt
= ε[A(t) + f(t)], x(0) = x0

satisfies, for any fixed T > 0, the relation

lim
ε→0

sup
0≤t≤T/ε

||xε(t)− eεA0t[x0 +

(∫ εt

0

e−εA0s ds

)
f0]|| = 0.

Theorem 6.2 is an improvement of Bogoljubov’s first theorem on the averaging of
solutions “on bounded, but arbitrarily large time intervals”. Another application of



averaging principles to Barbashin equations may be found in Ivanitskij [1971, 1973]
and Ledovskaja [1987].

6.4. Smooth dependence
Consider now the inhomogeneous differential equation

(6.46)
dx

dt
= A(t, ε) + f(t, ε) (|ε| ≤ ε0).

By x = x(t, ε) we denote the solution of (6.46) which satisfies the initial condition

(6.47) x(τ, ε) = xτ,ε ∈ X.

In this subsection we are interested in conditions under which the smooth dependence
of the operator function A(t, ε), the function f(t, ε), and the initial value xτ,ε on ε
implies the smooth dependence of the solution x(t, ε) on ε.

Let
B(t, ε) := A(t, ε)− A(t, 0),

g(t, ε) := f(t, ε)− f(t, 0),

and
zτ,ε := xτ,ε − xτ,0.

An easy calculation shows that the difference z(t, ε) := x(t, ε)−x(t, 0) solves the initial
value problem 




dz

dt
= A(t, 0)z(t, ε) + B(t, ε)x(t, ε) + g(t, ε),

z(τ, ε) = zτ,ε.

By Theorem 1.1 this solution is representable as

(6.48) z(t, ε) = U(t, τ)zτ,ε +

∫ t

τ

U(t, ξ)B(ξ, ε)x(ξ, ε) dξ +

∫ t

τ

U(t, ξ)g(ξ, ε) dξ,

where U(t, τ) = U(t, τ, 0) is the evolution operator of the “limit equation”

(6.49)
dx

dt
= A(t, 0)x + f(t, 0).

But the right-hand side of (6.48) converges to zero, uniformly in (t, τ) ∈ [0, T ]× [0, T ],
since the evolution operator is bounded. Consequently, we have proved the following

Theorem 6.3. Suppose that the functions c = c(t, s, ε) and k = k(t, s, σ, ε) satisfy
the hypotheses of Theorem 2.1 or Theorem 3.1, that

lim
ε→0

∫ T

0

||B(t, ε)||L(X) dt = lim
ε→0

∫ T

0

||g(t, ε)||X dt = 0,

and xτ,ε → xτ,0 as ε → 0. Then x(t, ε) → x(t, 0), uniformly on [0, T ], as ε → 0.

Theorem 6.3 may be sharpened in various directions. For stating this more precisely,
let us introduce the “data-operators”

(6.50) A : [−ε0, ε] → L1([0, T ],L(X)), A(ε) := A(·, ε),



(6.51) f : [−ε0, ε] → L1([0, T ], X), f(ε) := f(·, ε),

(6.52) xτ : [−ε0, ε] → X, xτ (ε) := xτ,ε,

and the “solution-operator”

(6.53) x : [−ε0, ε] → C([0, T ], X), x(ε) := x(·, ε).

Theorem 6.3 states then that the continuity of the operators (6.50), (6.51), and (6.52)
implies the continuity of the operator (6.53). A similar result holds for Hölder continuity:

Theorem 6.4. Suppose that the operators (6.50), (6.51), and (6.52) are Hölder
continuous with respect to ε. Then the operator (6.53) is also Hölder continuous with
respect to ε.

2 Recall that a continuous function Φ : [a, b] → Z (Z Banach space) is called
Hölder continuous (with H"older exponent α > 0) if

||Φ(ε)− Φ(δ)||Z ≤ c|ε− δ|α (a ≤ ε, δ ≤ b)

for some c > 0 independent of ε and δ. Now, from the estimate (6.41) and the
boundedness of the evolution operator U(t, τ) it follows that

||x(·, ε)− x(·, δ)||C([0,T ],X) ≤ M ||xτ,ε − xτ,δ||X

+M

∫ T

0

||f(ξ, ε)− f(ξ, δ)||X dξ + M ||x(·, ε)||C([0,T ],X)

∫ T

0

||A(ξ, ε)− A(ξ, δ)||L(X) dξ,

where M is some positive constant independent of ε, δ ∈ [−ε0, ε]. This proves the
assertion. ¥



§ 7. Bounded and periodic solutions

In this section we consider the Barbashin equation

(7.1)
∂x(t, s)

∂t
= c(t, s)x(t, s) +

∫ b

a

k(t, s, σ)x(t, σ) dσ + f(t, s)

for (t, s) ∈ J × [a, b], where J is an unbounded interval; typical examples are J = R
or J = [t0,∞) for some fixed t0. We derive sufficient conditions for the boundedness
of solutions of (7.1) on J . The main tools are (nonclassical) fixed point principles and
majorization techniques.

We also briefly sketch conditions for the existence of periodic (in t) solutions of
the Barbashin equation (7.1), provided that the multiplier c, the kernel k, and the
inhomogeneity f are periodic with the same period. This problem is reduced, as usual,
to the study of fixed points of the corresponding Poincaré operator.

7.1. A fixed point principle
To study the existence of bounded and periodic solutions of the Barbashin equation

(7.1), where the variable t is assumed to run over an unbounded interval J , we need
a fixed point principle which we recall in this subsection. By BC = BC(J × [a, b]) we
denote the Banach space of all bounded continuous functions x : J × [a, b] → R with
the usual norm

(7.2) ||x||BC = sup
t∈J

max
a≤s≤b

|x(t, s)|,

and by C = C(J × [a, b]) the locally convex space of all continuous functions x :
J × [a, b] → R with the system of seminorms

(7.3) pn(x) = sup
t∈Jn

max
a≤s≤b

|x(t, s)| (n = 1, 2, ...),

where we take Jn = [−n, n] in case J = R and Jn = [t0, t0 + n] in case J = [t0,∞).
Since the system (7.3) is countable, we may define a metric on this space by putting

(7.4) d(x, y) =
∞∑

n=1

1

2n

pn(x− y)

1 + pn(x− y)
.

In a straightforward way one can prove the following

Lemma 7.1. The space C(J × [a, b]) equipped with the system (7.3) of seminorms
is a locally convex complete metric space. A sequence xk ∈ C(J × [a, b]) converges
to x ∈ C(J × [a, b]) if and only if the restriction xk|Jn×[a,b] converges to x|Jn×[a,b] in
C(Jn×[a, b]) for each n. Moreover, a subset M ⊆ C(J×[a, b]) is bounded (precompact) if
and only if each restricted set {x|Jn×[a,b] : x ∈ M} is a bounded (respectively precompact)
subset of C(Jn × [a, b]).

Using this lemma, one easily obtains a result for operators Φ, not necessarily linear,
which map functions of C(J×[a, b]) into real functions on J×[a, b], such that Φx|Jn×[a,b]

depends only on x|Jn×[a,b]. This means that Φ defines, for each n ∈ N, an operator Φn



which maps functions of C(Jn × [a, b]) into real functions on Jn × [a, b]. We will call
such operators Φ Volterra-like in the sequel.

Lemma 7.2. Let Φ be a Volterra-like operator. Then Φ maps C(J× [a, b]) into itself
if and only if each Φn maps C(Jn×[a, b]) into itself. Moreover, Φ : C(J×[a, b]) → C(J×
[a, b]) is continuous, bounded or compact iff each Φn : C(Jn × [a, b]) → C(Jn × [a, b])
is.

To state the fixed point theorem we need in what follows we have to recall some
definitions. Recall that, given a bounded set M in a Banach space X, the measure of
noncompactness of M is defined by (4.50). Obviously, we have γ(M) = 0 if and only if
the set M is precompact.

Now suppose that Φ : X → X is a (not necessarily linear) operator with the property
that

(7.5) γ(Φ(M)) ≤ qγ(M)

for any bounded set M ⊂ X, where q < 1 is independent of M ; such operators
are usually called condensing (Sadovskij [1972]). Intuitively speaking, the condition
(7.5) means that the operator Φ makes every bounded set M “slightly more compact”.
For example, every compact operator satisfies (7.5) (with q = 0), as well as every
contraction, i.e.

(7.6) ||Φ(x)− Φ(y)|| ≤ q||x− y|| (x, y ∈ X),

where q < 1 is independent of x and y. Similarly, if Φ is a sum Φ = Φ1 + Φ2 of a
contraction Φ1 and a compact operator Φ2, then Φ is condensing. We will consider
such operators later (e.g. in Theorem 8.1 below).

The measure of noncompactness (7.4) may also be defined in locally convex spaces.
If {pn : n = 1, 2, . . .} is a system of seminorms generating the locally convex topology
in a space X, the measure of noncompactness of a set M ⊂ X is defined by

(7.7) γn(M) = inf {ε : ε > 0,M admits a finite ε− net with respect to pn in X}

(n = 1, 2, . . .). Likewise, an operator Φ in such a space X is called condensing if

(7.8) γn(Φ(M)) ≤ qnγn(M) (n = 1, 2, . . .)

with qn < 1 for each n. Important examples are again compact operators and generalized
contractions, i.e.

(7.9) pn(Φ(x)− Φ(y)) ≤ qnpn(x− y) (x, y ∈ X)

with qn < 1. The following fixed point principle goes essentially back to Darbo [1955]:

Theorem 7.1. Let X be a Banach space, M ⊂ X a closed convex bounded set, and
Φ : M → M a continuous condensing operator. Then Φ has a fixed point in M .



2 We briefly sketch the idea of the proof. Define a sequence (Mk)k of subsets of X
inductively by

M0 = M, M1 = co Φ(M), . . . , Mk+1 = co Φ(Mk),

where coM denotes the closed convex hull of M . Every set Mk is nonempty, convex,
closed, bounded and invariant under Φ, and thus the same is true for the set

M∞ =
∞⋂

k=1

Mk.

Moreover, the relation γ(Mk) ≤ qkγ(M) implies that γ(M∞) = 0, i.e. M∞ is compact.
The assertion follows now from Schauder’s classical fixed point principle applied to
Φ : M∞ → M∞. ¥

There is also a variant of Theorem 7.1 for locally convex spaces (see Sadovskij
[1972]):

Theorem 7.2. Let X be a separable locally convex metric linear space, M ⊂ X a
closed convex bounded set, and Φ : M → M a continuous condensing operator. Then
Φ has a fixed point in M .

7.2. Application to Barbashin operators
Consider now the Barbashin equation (7.1) on J × [a, b], subject to the initial

condition

(7.10) x(t0, s) = x0(s) (a ≤ s ≤ b),

where t0 is fixed and x0 : [a, b] → R is a given continuous function. Integrating (7.1)
over [t0, t] yields

(7.11) x(t, s) = Ĉx(t, s) + K̂x(t, s) + f̂(t, s),

where we have put

Ĉx(t, s) =

∫ t

t0

c(τ, s)x(τ, s) dτ,

K̂x(t, s) =

∫ t

t0

∫ b

a

k(τ, s, σ)x(τ, σ) dσ dτ,

and

f̂(t, s) = x0(s) +

∫ t

t0

f(τ, s) dτ.

The following lemma describes a connection between the operator equation (7.11) and
the initial value problem (7.1)/(7.10).

Lemma 7.3. Suppose that for each s ∈ [a, b] the operator

Ksx(t) =

∫ b

a

k(t, s, σ)x(σ)dσ



is bounded from C([a, b]) into C(Jn) for each n, and that each of the functions c(·, s)
and f(·, s) is continuous on J . Then every continuous solution of (7.11) is a classical
solution of (7.1)/(7.10).

2 Let x be continuous on J × [a, b] and s ∈ [a, b] be fixed. We write xt := x(t, ·).
For t → t ∈ Jn we have

∣∣∣∣
∫ b

a

k(t, s, σ)x(t, σ) dσ −
∫ b

a

k(t, s, σ)x(t, σ) dσ

∣∣∣∣

= |Ksxt(t)−Ksxt(t)| ≤ |Ks(xt − xt)(t) + |Ksxt(t)−Ksxt(t)| → 0.

Thus the right hand side of (7.1) is continuous in t. ¥

We set X := C(J × [a, b]) and are interested in conditions under which Ĉ : X → X
is bounded and K̂ : X → X is compact. Since Ĉ and K̂ are Volterra-like, this can be
verified by means of Lemma 7.2.

Lemma 7.4. Suppose that k is measurable,

Sn := sup
s∈[a,b]

∫

Jn

∫ b

a

|k(t, s, σ)| dσ dt < ∞ (n = 1, 2, ...),

and

lim
s→s

∫

Jn

∫ b

a

|k(t, s, σ)− k(t, s, σ)| dσ dt = 0

for each s ∈ [a, b]. Then K̂ maps X into X and is compact.
2 Let n ∈ N, M > 0, ε > 0, and (t, s) ∈ Jn × [a, b] be arbitrary. Choose δ > 0 so

small that for |s− s| ≤ δ we have
∫

Jn

∫ b

a

|k(τ, s, σ)− k(τ, s, σ)| dσ dτ ≤ ε.

Consequently, for all D ⊆ Jn with mesD ≤ δ (without loss of generality) and |s−s| ≤ δ,
we have ∫

D

∫ b

a

|k(τ, s, σ)| dσ dτ ≤ ε +

∫

D

∫ b

a

|k(τ, s, σ)| dσ dτ ≤ 2ε.

For each x ∈ C(Jn × [a, b]) with ||x||C(Jn×[a,b]) ≤ M and each (t, s) ∈ Jn × [a, b] with
|t− t| ≤ δ, |s− s| ≤ δ this implies:

|K̂x(t, s)− K̂x(t, s)| ≤ M

∫

Jn

∫ b

a

|k(τ, s, σ)− k(τ, s, σ)| dσ dτ + 2Mε ≤ 3Mε.

This means, that the set {K̂x : ||x||C(Jn×[a,b]) ≤ M} is equicontinuous in Jn × [a, b].
Since this set is also bounded (by SnM), the statement follows from Lemma 7.2 and
the Arzelà-Ascoli compactness criterion. ¥

Lemma 7.5. Suppose that the following three conditions are satisfied:



(a) the function α : J × [a, b] → R defined by

α(t, s) =

∫ t

t0

c(τ, s) dτ

is continuous;
(b) the function β : J × J × [a, b] → R defined by

β(t, z, s) =





∫ min{t,z}

t0

(z − τ)c(τ, s) dτ if z ≥ t0,

∫ t

z

(z − τ)c(τ, s) dτ if t ≤ z < t0,

0 if z < min {t, t0}
is continuous;

(c) the number

(7.12) qn = sup
a≤s≤b

∫

Jn

|c(τ, s)| dτ

is finite for each n.
Then Ĉ maps X into X and is bounded.
2 It suffices to prove that the mapping B : [a, b] → L(C(Jn)) defined by

B(s)x(t) :=

∫ t

0

c(τ, s)x(τ) dτ

is strongly continuous and bounded for fixed n. Indeed, if we write now xs := x(·, s)
we have for (t, s) → (t, s) ∈ Jn × [a, b] that

|Ĉx(t, s)− Ĉx(t, s)| = |B(s)xs(t)−B(s)xs(t)|

≤ |B(s)(xs − xs)(t)|+ |(B(s)−B(s))xs(t)|+ |B(s)xs(t)−B(s)xs(t)| → 0.

The strong continuity of B is, by Theorem 2.1, equivalent to the conditions (a) - (c)
above on Jn (without loss of generality we may assume that t0 ∈ Jn). These conditions
imply also the boundedness of B, and so we are done. ¥

Theorem 7.3. Let the hypotheses of Lemmas 7.3, 7.4 and 7.5 be satisfied, and
assume that qn < 1 for each n, with qn given by (7.12). Suppose that there exists a
nonempty, closed, bounded and convex subset M ⊆ C(J×[a, b]) such that Ĉx+K̂x+f̂ ∈
M for all x ∈ M . Then (7.1)/(7.10) has a (classical) solution in M .

2 Define Φ : X → X by

(7.13) Φ(x) = Ĉx + K̂x + f̂

and fix B ⊆ M . By Lemma 7.4, the set K̂(B) is precompact in X, and hence γn(K̂(B)) =
0 for all n. On the other hand, Lemma 7.5 implies that

pn(Ĉx− Ĉy) = sup
t∈Jn

sup
a≤s≤b

∣∣∣∣
∫ t

t0

c(τ, s)[x(τ, s)− y(τ, s)] dτ

∣∣∣∣ ≤ qnpn(x− y),



hence γn(Ĉ(B)) ≤ qnγn(B). Altogether we have

γn(Φ(B)) ≤ γn(Ĉ(B)) + γn(K̂(B)) + γn(f̂) ≤ qnγn(B),

i.e. (7.8) is true. The assertion follows now from Theorem 7.2. ¥

In particular, if M contains only bounded functions, we get the existence of a
bounded solution. The choice of M depends on k, c and f . For example, assume
that J = [t0,∞), and the measurable functions k, c, and f are nonnegative. Assume,
furthermore, that there exists a measurable function y : J × [a, b] → [0,∞) which is
bounded on compact subsets and satisfies

∫ t

t0

c(τ, s)y(τ, s) dτ +

∫ t

t0

∫ b

a

k(τ, s, σ)y(t, σ) dσ dτ + f̂(t, s) ≤ y(t, s).

Then, under the assumptions of the previous theorem, the set

M := {x : x ∈ C(J × [a, b]), 0 ≤ x(t, s) ≤ y(t, s)}

satisfies AM ⊆ M , i.e. (7.1) has a nonnegative solution, which is bounded by y (since
the local boundedness of y implies the boundedness of M).

Brute-force-estimates on norms lead to a stronger result, since then we can directly
apply Banach’s fixed point theorem:

Theorem 7.4. Let k and c be measurable and such that

q := ess sup
a≤s≤b

(∫

J

|c(τ, s)| dτ +

∫

J

∫ b

a

|k(τ, s, σ)| dσ dτ

)
< 1.

Suppose that

f̂(t, s) :=

∫ t

t0

f(τ, s) dτ + x0(s)

is essentially bounded on J × [a, b]. Then the initial value problem (7.1)/(7.10) has
exactly one generalized measurable essentially bounded solution x, namely the unique
measurable essentially bounded solution of (7.11). A bound is given by

β :=
1

1− q
||f̂ ||L∞ .

Furthermore, if Φ given by (7.13) maps C(J × [a, b]) into itself, x is continuous.
Consequently, under the conditions of Lemma 7.3, x is a classical solution of (7.1)/(7.10).

2 The generalized measurable essentially bounded solutions of (7.1)/(7.10) are
exactly those of (7.11). So we only consider (7.11). Now apply Banach’s fixed point
theorem to Φ : X → X, where X = L∞(J × [a, b]), X = {x : x ∈ L∞(J ×
[a, b]), ||x||L∞ ≤ β} respectively X = L∞(J × [a, b]) ∩ C(J × [a, b]). In the second
case A maps X into itself, because ||x||L∞ ≤ β implies

||Ax||L∞ ≤ q||x||L∞ + ||f̂ ||L∞ ≤ qβ + ||f̂ ||L∞ = β.



This proves the assertion. ¥

7.3. The use of majorant functions
We return to the initial value problem

(7.14)
dx

dt
= A(t)x + f(t), x(t0) = x0,

where as before

A(t)x(t, s) = c(t, s)x(t, s) +

∫ b

a

k(t, s, σ)x(t, σ) dσ + f(t, s)

for t ∈ J = [t0,∞), a ≤ s ≤ b. The following reasoning is motivated by the fact that
the scalar differential equation

dx

dt
= a(t)x(t) + f(t) (t0 ≤ t < ∞)

has, for each f ∈ BC(J), only bounded solutions if a(t) ≤ α < 0 for t0 ≤ t < ∞. One
might expect that a similar result for (7.14) is true if c(t, s) ≤ γ < 0 and |k(t, s, σ)| is
small in some sense. To get a general result let us call a function M : J× [a, b] → [0,∞)
a majorant function for (7.14) if

(7.15)
∂M(t, s)

∂t
> c(t, s)M(t, s) +

∫ b

a

|k(t, s, σ)|M(t, σ) dσ

for all (t, s) ∈ J × [a, b].

Theorem 7.5. Suppose that there exists a majorant function M for (7.14) such that

(7.16) Σ := sup
t≥t0

a≤s≤b

∣∣∣∣∣
f(t, s)

c(t, s)M(t, s) +
∫ b

a
|k(t, s, σ)|M(t, σ) dσ − ∂M(t, s)/∂t

∣∣∣∣∣ < ∞.

Let C > Σ be arbitrary. Then any solution x of (7.14) whose initial value x0 is M-
majorized, i.e.

|x0(s)| ≤ CM(t0, s) (a ≤ s ≤ b),

satisfies
|x(t, s)| ≤ CM(t, s) (t ∈ J, a ≤ s ≤ b).

2 Let x be a solution of (7.14), and denote by t the infimum of all τ such that
|x(τ, s)| > CM(τ, s) for some s. From x(t, s) = CM(t, s) it follows that

∂x(t, s)

∂t
= c(t, s)x(t, s) +

∫ b

a

k(t, s, σ)x(t, σ) dσ + f(t, s)

≤ Cc(t, s)M(t, s) + C

∫ b

a

|k(t, s, σ)|M(t, σ) dσ + f(t, s) < C
∂M(t, s)

∂t
.



Similarly, for x(t, s) = −CM(t, s) we get

∂x(t, s)

∂t
= c(t, s)x(t, s) +

∫ b

a

k(t, s, σ)x(t, σ) dσ + f(t, s)

≥ Cc(t, s)M(t, s)− C

∫ b

a

|k(t, s, σ)|M(t, σ) dσ − f(t, s) > −C
∂M(t, s)

∂t
.

This contradiction proves the assertion. ¥

For the left-open interval J = (−∞, t0] one gets an analogous result if one defines a
minorant function m : J × [a, b] → [0,∞) by the property

(7.17)
∂m(t, s)

∂t
< c(t, s)m(t, s)−

∫ b

a

|k(t, s, σ)|m(t, σ) dσ

and replaces (7.16) by

(7.18) Σ := sup
t≤t0

a≤s≤b

|f(t, s)|
c(t, s)m(t, s)− ∫ b

a
|k(t, s, σ)|m(t, σ) dσ − ∂m(t, s)/∂t

< ∞.

We remark that one may replace the derivative of M in (7.15) by the right hand
side derivative, and the derivative of m in (7.17) by the left hand side derivative; this
is useful in some applications.

Theorem 7.5 typically applies to Barbashin operators in the space C([a, b]). We
give now a parallel result for the space X = Lp([a, b]). Consider in X the differential
equation

(7.19)
dx

dt
= A(t)x + f(t)

(t ∈ J), where each A(t) maps X into X and f(t) ∈ X. We look for conditions which
assure that the Lp-norm ||x(t)||Lp is bounded or dominated by a fixed function y(t).
For this we can use the previous ideas together with the following

Lemma 7.6. Let x : [α, β] → X = Lp([a, b]) be differentiable (in α and β we
consider the one-sided derivative). Define

d+||x(t)||Lp

dt
:= lim

h→0+

||x(t + h)||Lp − ||x(t)||Lp

h
(t < β)

and
d−||x(t)||Lp

dt
:= lim

h→0+

||x(t)||Lp − ||x(t− h)||Lp

h
(t > α).

Then for all t with x(t) 6= 0 we have

(7.20)
d±||x(t)||Lp

dt
= ||x(t)||1−p

Lp

∫ b

a

dx(t)

dt
(s)|x(t, s)|p−1signx(t, s) ds

if 1 < p < ∞, and

(7.21)
d±||x(t)||L1

dt
=

∫ b

a

dx(t)

dt
(s)y±(t, s) ds,



where

y±(t, s) :=

{
sign x(t, s) if x(t, s) 6= 0,

±sign dx(t)
dt

(s) if x(t, s) = 0.

2 Evidently,

||x(t)||Lp

d±||x(t)||Lp

dt
= 〈dx(t)

dt
, x(t)〉±,

with 〈y, x〉+ := max x∗(y) and 〈y, x〉− := min x∗(y), where the maximum respectively
minimum is taken over all values x∗ of the duality map of x (see e.g. Martin [1976]).
Writing out the explicit form of the duality map in Lp (1 ≤ p < ∞) gives (7.20) and
(7.21). ¥

Theorem 7.6. Let J = [t0,∞) and X = Lp([a, b]) with 1 ≤ p < ∞. Suppose that
there exists a positive continuous function y : J → (0,∞) such that the right hand side
derivative d+y/dt exists everywhere, and such that x ∈ X, ||x||Lp implies

(7.22) ||x||1−p
Lp

∫ b

a

[A(t)x(s) + f(t, s)]|x(s)|p−1sign x(s) ds <
d+y(t)

dt

if 1 < p < ∞, and

(7.23)

∫ b

a

[A(t)x(s) + f(t, s)]z+(t, s) ds <
d+y(t)

dt

if p = 1, where

z+(t, s) :=

{
sign x(s) if x(s) 6= 0,

sign [A(t)x(s) + f(t, s)] if x(s) = 0.

Then each pointwise solution x of (7.19) with ||x(t0)||Lp ≤ y(t0) satisfies ||x(t)||Lp ≤
y(t) for all t ∈ J .

2 By Lemma 7.6 and our choice of y we have

d+||x(t)||Lp

dt
<

d+y(t)

dt
,

from which the assertion follows. ¥

For J = (−∞, t0] we get an analogous result if we replace (7.22) and (7.23) by

(7.24) ||x||1−p
Lp

∫ b

a

[A(t)x(s) + f(t, s)]|x(s)|p−1sign x(s) ds >
d−y(t)

dt

if 1 < p < ∞, and

(7.25)

∫ b

a

[A(t)x(s) + f(t, s)]z−(t, s) ds >
d−y(t)

dt

if p = 1, where

z−(t, s) :=

{
sign x(s) if x(s) 6= 0,

−sign [A(t)x(s) + f(t, s)] if x(s) = 0.



Theorem 7.6 is particularly useful in case y(t) ≡ const. (which often occurs in
applications). For example, in the Hilbert space case p = 2 condition (7.22) is satisfied
for y(t) ≡ R if 〈A(t)x, x〉 < −||f(t)||L2||x||L2 for ||x||L2 = R.

7.4. The Green function
In this subsection we consider the operator function

(7.26) A(t)x(s) = c(t, s)x(s) +

∫ b

a

k(t, s, σ)x(σ) dσ

for t on the whole real line J = R. Assume that (7.26) defines a strongly continuous
operator function with values in L(X), where either X = C or X = Lp (1 ≤ p ≤
∞). We are interested in conditions on the multiplier c = c(t, s) and the kernel k =
k(t, s, σ) under which there exists a Green function for the bounded solutions of the
differential equation (7.19) in the space X (and hence for the bounded solutions of the
corresponding integro-differential equation of Barbashin type).

The basic results on the existence and properties of Green’s function for bounded
solutions may be found inDaletskij-Krejn [1970]. For example, it is well-known that
the Green function G = G(t, τ) exists if and only if (7.19) has, for each f ∈ BC(R), a
unique bounded solution x on R; in this case, the integral representation

(7.27) x(t) =

∫ ∞

−∞
G(t, τ)f(τ) dτ

holds. Unfortunately, a simple procedure for finding the Green function G is not known.
Even in the stationary case A(t) ≡ A, i.e.

Ax(s) = c(s)x(s) +

∫ b

a

k(s, σ)x(σ) dσ

the situation is rather complicated, but the existence of G may be guaranteed by
the following (intrinsic) characterization: The Green function exists if and only if the
spectrum σ(A) of A does meet the imaginary axis. On the other hand, as already
pointed out, the determination of σ(A) is far from being trivial. In the special case of
a constant multiplier c(s) ≡ c one may of course use the relation σ(A) = c + σ(K).
In another special case when the integral operator K is compact, the boundedness of
the function s 7→ 1/c(s) is necessary for the spectrum σ(A) not to meet the imaginary
axis.

The situation is particularly pleasant if we know not only that σ(A) does not contain
purely imaginary points, but also know the projections P− and P+ corresponding to
the parts σ−(A) = {λ : λ ∈ σ(A), Re λ < 0} and σ+(A) = {λ : λ ∈ σ(A), Re λ > 0},
respectively, of the spectrum. In this case the Green function may be given explicitly
by

(7.28) G(t, τ) =




−eA(t−τ)P+ if −∞ < τ ≤ t < ∞,

eA(t−τ)P− if −∞ < t ≤ τ < ∞.



The case of a non-stationary operator function (7.26) is much more difficult. In this case
the existence of Green’s function is equivalent to the so-called exponential dichotomy
of the homogeneous differential equation

(7.29)
dx

dt
= A(t)x.

To verify the exponential dichotomy condition, however, one has to know again the
evolution operator U = U(t, τ) for (7.29) (see Subsection 1.2), and so this criterion is
only of theoretical interest.

It turns out that the problem of finding Green’s function may be attacked successfully
by the same idea that we employed for asymptotic stability in Subsection 5.3: the
operator function A = A(t) given in (7.26) may be viewed as an “integral perturbation”
of the simpler operator function

(7.30) C(t)x(s) = c(t, s)x(s).

In case of the multiplication operator (7.30) it is easy to write down the Green function
G0 = G0(t, τ) for the corresponding differential equation

(7.31)
dx

dt
= C(t)x + f(t).

For instance, the following holds (Appell-De Pascale-Diallo [1994]):

Lemma 7.7. Suppose that the limit

(7.32) c0(s) := lim
T→∞

1

T

∫ t+T

t

c(ξ, s) dξ

exists uniformly with respect to t ∈ R, and the function s 7→ 1/c0(s) is essentially
bounded. Then the Green function G0 = G0(t, τ) for the differential equation (7.31)
exists and has the form

G0(t, τ)f(s) = g0(t, τ, s)f(s),

where

(7.33) g0(t, τ, s) =





−e(t, τ, s) if −∞ < τ ≤ t < ∞ and c0(s) > 0,

+e(t, τ, s) if −∞ < t ≤ τ < ∞ and c0(s) < 0,

0 otherwise,

with e = e(t, τ, s) given by (1.29).

The statement of Lemma 7.7 is true in any of the spaces C and Lp (1 ≤ p ≤ ∞).
However, if the function c0 in (7.32) is continuous, the function s 7→ 1/c0(s) may be
bounded, of course, only if c0 does not change its sign. In this case the function g0 in
(7.33) becomes somewhat simpler.

7.5. Comparison of Green functions



In order to compare the Green function G0 of the “reduced” equation (7.31) and the
Green function G of the “full” equation (7.19) it is useful to work with special norms.
As in Subsection 3.3, by Zp (1 ≤ p ≤ ∞) we denote the set of all measurable kernel
functions z : [a, b]× [a, b] → R for which the norm (3.16) is finite.

Let c : R× [a,b] → R and k : R× [a,b]× [a,b] → R be measurable, and put

(7.34) γ(s) =





sup
t∈R

∫ t

−∞
g0(t, τ, s) dτ if c0(s) < 0,

sup
t∈R

∫ ∞

t

g0(t, τ, s) dτ if c0(s) > 0,

(7.35) δ = sup
t∈R

||c(t, ·)||∞,

(7.36) µ0 = sup
t∈R

||k(t, ·, ·)||Zp ,

and

(7.37) µ = sup
−∞<α<β<∞

1

1− α + β

∣∣∣∣
∣∣∣∣
∫ β

α

k(ξ, ·, ·) dξ

∣∣∣∣
∣∣∣∣
Zp

.

Under the hypotheses of Lemma 7.7, the differential operator

(7.38) L0x =
dx

dt
− C(t)x

is then continuously invertible with

(7.39) ||L−1
0 ||L(BC) ≤ ||γ||L∞ .

The following theorem gives condition on the numbers (7.35), (7.36) and (7.37) under
which the differential operator

(7.40) Lx =
dx

dt
− A(t)x

is continuously invertible as well:

Theorem 7.7. Suppose that the functions c = c(t, s) and k = k(t, s, σ) satisfy the
hypotheses of Theorem 2.1 (of Theorem 3.1, respectively). Assume, morover, that

(7.41) (1 + δ) δ ||γ||2L∞ µ0 µ < 1.

Then the differential equation (7.19) admits a Green function G = G(t, τ) in the space
C (in the space Lp, respectively).

2 We consider only the case X = C, the case X = Lp is similar. We claim that,
under the hypothesis (7.41), the norm of L−1

0 K in the space BC = BC(R) is small,
where

K(t)x(s) =

∫ b

a

k(t, s, σ)x(σ) dσ.



To prove this we derive some norm estimates. First, let BC1 = BC1(R) be the space
of all continuously differentiable functions x with x ∈ BC and x′ ∈ BC, equipped with
the norm

(7.42) ||x||BC1 = max {||x||BC , ||x′||BC}.
Moreover, by B = B(R) we denote the space BC with the special norm

(7.43) ||x||B = sup
−∞<α<β<∞

1

1 + β − α

∣∣∣∣
∫ β

α

x(τ) dτ

∣∣∣∣ .

The space B which is sometimes called Bogoljubov space, is of fundamental importance
in the theory of differential equations: in fact, if the Green function G0 for the operator
(7.38) exists, the formula

(7.44) L−1
0 f(t) =

∫ ∞

−∞
G0(t, τ)f(τ) dτ

defines an isomorphism from B(R) into BC1(R) (see Zabrejko-Mazel’-Tretjakova
[1984], Zabrejko-Petrova [1980]). Now, the obvious identity

d

dt
L−1

0 f(t) = f(t) + C(t)L−1
0 f(t) (f ∈ BC)

gives
||L−1

0 ||L(BC,BC1) ≤ (1 + δ)||L−1
0 ||L(BC) ≤ (1 + δ)||γ||L∞ ,

by (7.39). Moreover, from the definitions (7.36) and (7.37) we see that

(7.45) ||K||L(BC) ≤ µ0, ||K||L(BC1,B) ≤ µ.

Finally, integrating by parts one obtains

||L−1
0 f ||BC ≤ δ||γ||L∞||f ||B (f ∈ BC),

hence

(7.46) ||L−1
0 ||L(B,BC) ≤ δ||γ||L∞ .

Combining now (7.44), (7.45) and (7.46) we conclude that

||(L−1
0 K)2||L(BC) = ||L−1

0 KL−1
0 K||L(BC)

≤ ||L−1
0 ||L(B,BC)||K||L(BC1,B)||L−1

0 ||L(BC,BC1)||K||L(BC) < 1,

by (7.41). Consequently, the Neumann series

(I − L−1
0 K)−1 =

∞∑

k=0

(L−1
0 K)k

converges in L(BC). But

(I − L−1
0 K)−1 = (I − L−1

0 [A(t)− C(t)])−1 = L−1L0,



and so we are done. ¥

The crucial point in the hypotheses of Theorem 7.7 is the calculation of the constants
(7.36) and (7.37); this may be done by means of Lemma 2.1 in the space C, and Lemmas
3.8-3.12 in the space Lp.

7.6. The second Bogoljubov theorem
Now we study the “stability” of the Green function for equations depending on a

parameter ε, i.e.

(7.47)
dx

dt
= A(t, ε)x + f(t),

where

(7.48) A(t, ε)x(s) = c(t, s, ε)x(s) +

∫ b

a

k(t, s, σ, ε)x(σ) dσ.

As before, we suppose that the operator function t 7→ A(t, ε) is strongly continuous in
X = C or X = Lp for each ε ∈ [−ε0, ε0].

There are many results on the continuous dependence of the Green function G =
G(t, τ, ε) of (7.47), the most interesting being probably those given by Bogoljubov
[1945]. We remark that for the continuous dependence of G(t, τ, ε) with respect to
ε it suffices that A(t, ε) is just integrable with respect to ε (see e.g. Bogoljubov-
Mitropol’skij [1963], Mitropol’skij [1971]).

Let us first recall a result on the continuous dependence of Green’s function in the
norm (7.43) (Zabrejko-Kolesov-Krasnosel’skij [1969]):

Lemma 7.8. Suppose that the operator function (7.48) is strongly continuous in
X = C or X = Lp and bounded in measure. Assume that

lim
ε→0

||A(t, ε)− A(t, 0)||B = 0

and the Green function G = G(t, τ, 0) for the problem

(7.49)
dx

dt
= A(t, 0)x + f(t)

exists. Then the Green function G = G(t, τ, ε) for (7.47) exists as well for |ε| ≤ ε0, and

(7.50) lim
ε→0

sup
−∞<t,τ<∞

eδ(t−τ)||G(t, τ, ε)−G(t, τ, 0)||L(B) = 0 (δ > 0).

The application of Lemma 7.8 to the operator (7.48) immediately gives the following

Theorem 7.8. Suppose that the operator function (7.48) is strongly continuous in
X = C or X = Lp and bounded in measure. Assume that

(7.51) lim
ε→0

sup
−∞<α<β<∞

1

1 + β − α

∣∣∣∣
∣∣∣∣
∫ β

α

[c(ξ, ·, ε)− c(ξ, ·, 0)] dξ

∣∣∣∣
∣∣∣∣
L∞

= 0



and

(7.52) lim
ε→0

sup
−∞<α<β<∞

1

1 + β − α

∣∣∣∣
∣∣∣∣
∫ β

α

[k(ξ, ·, ·, ε)− k(ξ, ·, ·, 0)] dξ

∣∣∣∣
∣∣∣∣
Zp

= 0.

Suppose that the Green function G = G(t, τ, 0) for the problem (7.49) exists. Then the
Green function G = G(t, τ, ε) for (7.47) exists as well for |ε| ≤ ε0, and (7.50) holds.

Theorem 7.8 extends the famous Bogoljubov lemma to linear integro-differential
equations of Barbashin type. Building on this theorem one may also establish a result
which is analogous to Bogoljubov’s so-called “second averaging theorem” (see e.g.
Bogoljubov [1945],Bogoljubov-Mitropol’skij [1963],Diallo-Zabrejko [1987a])
for the equation

dx

dt
= A

(
t

ε

)
x

(see alsoKrasnosel’skij-Krejn [1956],Mitropol’skij [1971], Zabrejko-Kolesov-
Krasnosel’skij [1969]). Since the operator A(t/ε) is not defined for ε = 0, we have
to redefine it for ε = 0 by

(7.53) A(t, 0)x(s) = c0(s)x(s) +

∫ b

a

k0(s, σ)x(σ) dσ,

where c0 : [a, b] → R and k0 : [a, b]× [a, b] → R are two functions satisfying

(7.54) lim
T→∞

sup
−∞<t<∞

∣∣∣∣
∣∣∣∣
∫ t+T

t

[c(ξ, ·)− c0(·)] dξ

∣∣∣∣
∣∣∣∣
L∞

= 0

and

(7.55) lim
T→∞

sup
−∞<t<∞

∣∣∣∣
∣∣∣∣
∫ t+T

t

[k(ξ, ·, ·)− k0(·, ·)] dξ

∣∣∣∣
∣∣∣∣
Zp

= 0.

In this connection it is interesting to note that, if we replace the operator (7.53) by the
non-stationary operator

A(t, 0)x(s) = c0(t, s)x(s) +

∫ b

a

k0(t, s, σ)x(σ) dσ,

the conditions (7.54) and (7.55) do not imply, in general, the conditions (7.51) and
(7.52).

7.7. Application of Darbo’s fixed point principle
Let us now pass to the study of periodic solutions of integro-differential equations

of Barbashin type. Consider the equation

(7.56)
dx

dt
= A(t)x + f(t) (t ∈ R),

where A(t) = C(t) + K(t) with

C(t)x(s) = c(t, s)x(s)



and

K(t)x(s) =

∫ b

a

k(t, s, σ)x(σ) dσ

in some ideal space X (see Subsection 4.1). We assume throughout this paragraph that
c, k and f are periodic with respect to t with the same period T > 0, i.e.

(7.57) c(t + T, s) = c(t, s), k(t + T, s, σ) = k(t, s, σ), f(t + T, s) = f(t, s).

Furthermore, we suppose that the operator function t 7→ A(t) is strongly continuous
and locally integrable in X, and hence the problem (7.56) with initial condition x(0) =
x0 ∈ X has the unique solution

x(t) = U(t, 0)x0 +

∫ t

0

U(t, ξ)f(ξ) dξ;

we will denote this solution by x(t; x0) in what follows to emphasize the dependence
on x0.

Now consider the operator Φ : X → X which assigns to each x0 ∈ X the value of
the solution starting from x0 after one period T , i.e.

(7.58) Φx0 = x(T ; x0).

This operator is called Poincaré operator or shift operator (along the trajectories of
the problem (7.56)). Of course, there is a 1-1 correspondence between the T -periodic
solutions of (7.56) and the fixed points of this operator: x is a T -periodic solution of
(7.56) if and only if x starts from a fixed point x0 of the operator (7.58). This allows
us to reduce the existence problem for T -periodic solutions to the fixed point problem
for Φ. For example, the following holds.

Theorem 7.9. Suppose that (7.57) holds for some T > 0, X is an ideal space or
X = C, and t 7→ A(t) is a strongly continuous and locally integrable operator function
in X. Define H(t, τ) by the equality

(7.59) U(t, τ)x(s) = e(t, τ, s)x(s) + H(t, τ)x(s),

where e(t, τ, s) is given by (1.29), and assume that one of the following conditions is
satisfied:

(a) sup
a≤s≤b

∫ T

0

c(t, s) dt < 0, H(T, 0) ∈ Lc(X),

(b) inf
a≤s≤b

∫ T

0

c(t, s) dt > 0, H(0, T ) ∈ Lc(X).

Then (7.56) has a T -periodic solution if and only if there exists a nonempty, closed,
bounded and convex subset M ⊆ X which is invariant under Φ (in case (a)) respectively
Φ−1 (in case (b)), where Φ is the mapping (7.58). Moreover, if H(T, 0) = 0 respectively
H(0, T ) = 0 there exists at most one T -periodic solution.

2 Suppose that (a) holds. We may write Φ as sum Φ = Φ1 + Φ2 of the operators

Φ1x0(s) = e(T, 0, s)x0(s)



and
Φ2x0(s) = H(T, 0)x0(s).

By assumption (a), Φ1 is a contraction with constant

(7.60) q := sup
a≤s≤b

e(T, 0, s) < 1,

and Φ2 is a compact operator in X. Thus the assertion follows from Theorem 7.1.
If (b) holds we replace T by −T and use the periodicity assumptions (7.57). Finally,

the equality H(T, 0) = 0 (or H(0, T ) = 0) means that Φ2 is the zero operator, and the
uniqueness of the fixed point x0 of Φ = Φ1 follows from Banach’s contraction mapping
principle. ¥

In the space X = C we can verify the conditions of the previous theorem by means
of Theorem 2.1 and Theorem 7.5. As an example we state a result for the special case,
when M respectively m in Theorem 7.5 can be chosen independent of t:

Theorem 7.10. Let t 7→ A(t) be a strongly continuous operator function in C,
K ∈ Lc(C), and (7.57) be satisfied. Suppose that c has a constant sign and satisfies

inf
a≤s≤b

∫ T

0

|c(t, s)| dt > 0.

Assume, furthermore, for some measurable function y : [a, b] → (0,∞), that
∫ b

a

|k(t, s, σ)|y(σ) dσ < |c(t, s)|y(s)

for all (t, s) ∈ [0, T ]× [a, b], and

Σ := sup
t,s

|f(t, s)|
|c(t, s)|y(s)− ∫ b

a
|k(t, s, σ)|y(σ) dσ

< ∞.

Then (7.56) has a continuous T -periodic solution x which satisfies

|x(t, s)| ≤ Σy(s) ((t, s) ∈ [0, T ]× [a, b]).

Moreover, if k(t, s, σ) ≡ 0 the continuous T -periodic solution is unique.
2 By Theorem 2.3 we can assume without loss of generality that H(T, 0) and

H(0, T ) are compact. Define

M := {x : x ∈ C([a, b]), |x(s)| ≤ Σy(s) (a ≤ s ≤ b)}.
If we write M(t, ·) and m(t, ·) instead of y, the conditions (7.15)/(7.16) respectively
(7.17)/(7.18) are satisfied, if c < 0 respectively c > 0. Thus Φ respectively Φ−1 leaves
the set M invariant. Obviously, k(t, s, σ) ≡ 0 implies that H is the zero operator. ¥

Example 7.1. The one-dimensional equation

(7.61)
dx(t)

dt
= a(t)x(t) + b(t)



with T -periodic and continuous a and b, a without zeros, has exactly one T -periodic
solution x. This solution is bounded by max

0≤t≤T
|b(t)/a(t)|. To see this, choose c(t, s) ≡

a(t), k(t, s, σ) ≡ 0, f(t, s) ≡ b(t), and y(s) ≡ 1.
A simple calculation shows that the (unique) fixed point of the Poincaré operator

(7.58) in this example is

x0 =

∫ T

0

exp

{
−

∫ t

0

a(τ)dτ

}
b(t) dt

exp

{
−

∫ T

0

a(t)dt

}
− 1

.

In the space X = Lp the conditions of Theorem 7.9 may be verified by means of
Theorem 1.2 and Theorem 7.6. We will again restrict ourselves to the case, when y in
Theorem 7.6 is constant.

Theorem 7.11. Suppose that (7.57) is satisfied for some T > 0, X = Lp([a, b])
(1 < p < ∞), f : R → X is continuous, c : R×[a,b] → R is measurable, K(t) ∈ Lc(X)
for each t, and t 7→ A(t) and t 7→ C(t) are strongly continuous operator functions in
X. Assume, moreover, that there exists an R > 0 such that one of the following two
conditions is satisfied:

(a) ess sup
a≤s≤b

∫ T

0

c(t, s) dt < 0, and x ∈ X, ||x||Lp = R implies that

(7.62)

∫ b

a

[A(t)x(s) + f(t, s)]|x(s)|p−1 sign x(s) ds < 0;

(b) ess inf
a≤s≤b

∫ T

0

c(t, s)dt > 0, and x ∈ X, ||x||Lp = R implies that

(7.63)

∫ b

a

[A(t)x(s) + f(t, s)]|x(s)|p−1 sign x(s) ds > 0.

Then (7.56) has a T -periodic solution x, satisfying ||x(t)||Lp ≤ R for all t.
2 By Theorem 1.2 we may assume without loss of generality that H(T, 0) and

H(0, T ) are in Lc(X). Since (7.22)/(7.23) respectively (7.24)/(7.25) are satisfied for
y ≡ R, the set M := {x : x ∈ X, ||x||p ≤ R} is invariant under Φ respectively Φ−1. ¥

We remark that a similar theorem may be proved also in case p = 1. Here (7.62)
and (7.63) have to be replaced by the conditions

∫ b

a

[A(t)x(s) + f(t, s)]z+(t, s) ds < 0

with

z+(t, s) =

{
sign x(s) if x(s) 6= 0,

sign f(t, s) if x(s) = 0,



and ∫ b

a

[A(t)x(s) + f(t, s)]z−(t, s) ds > 0

with

z−(t, s) =

{
sign x(s) if x(s) 6= 0,

−sign f(t, s) if x(s) = 0,

respectively.

7.8. Application of the Fredholm alternative
We consider again equation (7.56) in a Banach space X and suppose that (7.57)

holds. Of course, if (7.56) has precisely one bounded solution x : R → X, this solution
must be T -periodic. In fact, x̃ : R → X defined by x̃(t) = x(t+T ) is also bounded and
hence x̃ = x.

The condition mentioned above implies that the trivial solution is the only bounded
solution of the homogeneous equation

(7.64)
dx

dt
= A(t)x.

The Fredholm theory allows us to reduce this to T -periodic solutions:

Theorem 7.12. Let all conditions of Theorem 7.9 be satisfied. Assume, furthermore,
that the only T -periodic solution of (7.64) is the trivial solution x(t) ≡ 0. Then (7.56)
has a (unique) T -periodic solution in X.

2 We consider only the case (a) (otherwise replace T by −T ). The multiplication
operator

Ex(s) = e(T, 0, s)x(s) = [U(T, 0)−H(T, 0)]x(s)

(see (8.4)) is a linear mapping of X into X with norm < 1, by (7.60). Thus I − E is
an isomorphism on X. This means that I − U(T, 0) = (I − E)−H(T, 0) is Fredholm
of index 0. By assumption its nullspace is trivial, which implies that the equation

(7.65) [I − U(T, 0)]x =

∫ T

0

U(T, ξ)f(ξ) dξ

has a solution x0 ∈ X. But this means precisely that

Φx0 = U(T, 0)x0 +

∫ T

0

U(T, ξ)f(ξ) dξ = x0

which proves the assertion. ¥

Since I − U(T, 0) is Fredholm of index 0, (7.64) can only have finitely many linear
independent initial values which generate T -periodic solutions. Furthermore its range
has this (finite) number as codimension, which means that in general (7.65) still remains
solvable for “most” f . Remember that this is equivalent to the fact that (7.56) has a
T -periodic solution for those f .



§ 8. Degenerate kernels

In this section we show how certain degeneration assumptions in Barbashin equations
allow us to reduce the initial value or boundary value problem to much simpler problems
or even lead to explicit solutions.

8.1. A general approach
In this section we will develop a numerical method for solving the initial value

problem and the boundary value problem for the linear Barbashin integral equation.
This will also reveal a deeper reason, why the initial value problem usually is uniquely
solvable, and why this must not be true for the boundary value problem.

At first, we consider the initial value problem

(8.1)





∂x(t, s)

∂t
= c(t, s)x(t, s) +

∫ b

a

k(t, s, σ)x(t, σ) + f(t, s),

x(t0, s) = ϕ(s).

It turns out that a straightforward degeneration assumption on the kernel k does not
lead to a much simpler problem. However, a degeneration assumption on a related
kernel (depending on k and c) will allow us to reduce the problem to a finite system of
usual differential equations. Moreover, if c and k are “well-behaved” (e. g. continuous),
it is always possible to approximate them by such degenerated kernels.

To start with, we rewrite the initial value problem (8.1) as a fixed point problem in
an ideal space X over [a, b]. By a solution we understand a function x ∈ C1

t (X) which
satisfies (8.1) almost everywhere. Define the functions

e(t, τ, s) = exp

{∫ t

τ

c(ξ, s) dξ

}

and

g(t, s) =

∫ t

t0

e(t, τ, s)f(τ, s)dτ + e(t, t0, s)ϕ(s),

as well as the operators

K̂x(t, s) =

∫ b

a

k(t, s, σ)x(t, σ)dσ

and

Lx(t, s) =

∫ t

t0

e(t, τ, s)K̂x(τ, s)dτ.

Observing that in case k = 0 the initial value problem (8.1) has the explicit solution
x(t, s) = e(t, τ, s)ϕ(s), we may apply the variations-of-constants formula and prove the
following

Theorem 8.1. Let ϕ ∈ X, c and k be measurable, and the corresponding operators
C and K be locally integrable and strongly continuous in L(X). If f ∈ Ct(X), each
solution of the initial value problem (8.1) is also a solution of the fixed point equation

(8.2) x(t, s) = Lx(t, s) + g(t, s).



Conversely, every solution x ∈ Ct(X) of (8.2) actually belongs to C1
t (X) and solves the

initial value problem (8.1).

To solve the fixed point equation (8.2), we assume that c and k are degenerated in
that sense that L degenerates to

Lx(t, s) =

∫ t

t0

∫ b

a

exp

(∫ t

τ

c(ξ, s) dξ

)
k(τ, s, σ)x(τ, σ) dσ dτ

=
n∑

j=1

∫ t

t0

∫ b

a

aj(t, τ, σ)bj(t, s)x(τ, σ) dσ dτ.

This is the case, for example, if c is independent of s, and k is degenerated in the sense
that

k(t, s, σ) =
n∑

j=1

αj(t, σ)βj(s).

If c and k are continuous, one might choose polynomials approximating e(t, τ, s)k(τ, s, σ)
uniformly in (t, τ, s, σ) for bounded t, τ . In this case we can even choose aj(t, τ, σ) =
aj(τ, σ) independent of t; this will be important later on.

If now x solves the fixed point equation (8.2) and L is degenerated as above then x
must have the form

x(t, s) =
n∑

k=1

ξk(t)bk(t, s) + g(t, s),

where the functions ξk are unknown, but must solve

ξj(t) =

∫ t

t0

∫ b

a

aj(t, τ, σ)x(τ, σ) dσ dτ (j = 1, . . . , n).

Substituting these formulas into each other we get

ξj(t) =
n∑

k=1

∫ t

t0

γjk(t, τ)ξk(τ) dτ + δj(τ) (j = 1, . . . , n),

where

γjk(t, τ) =

∫ b

a

aj(t, τ, σ)bk(τ, σ) dσ

and

δj(τ) =

∫ t

t0

∫ b

a

aj(t, τ, σ)g(τ, σ) dσ dτ.

Writing this equation in vector form, ξ = (ξ1, . . . , ξn), δ = (δ1, . . . , δn), and γ = (γjk), we
thus have reduced the degenerated initial value problem to an n-dimensional Volterra
integral equation of the form

ξ(t) =

∫ t

t0

γ(t, τ)ξ(τ) dτ + δ(t).

Observe that, if γ and δ are smooth, this equation is uniquely solvable.



Moreover, in the special case when we can choose aj(t, τ) = aj(τ) independent of
t (recall that approximating smooth functions this can always be done), the function
γ(t, τ) = γ(τ) is also independent of t, and thus in view of δ(t0) = 0 the above Volterra
equation reduces to an n-dimensional linear initial value problem of the form

{
ξ′(τ) = γ(τ)ξ(τ) + a(τ),

ξ(t0) = 0,

where a is the vector function defined by

a(τ) =

(∫ b

a

a1(τ, σ)g(τ, σ) dσ, . . . ,

∫ b

a

an(τ, σ)g(τ, σ) dσ

)
.

Example 8.1. Consider the initial value problem

∂x(t, s)

∂t
= cx(t, s) +

∫ b

a

α(t, σ)β(s)x(t, σ) dσ, x(t0, s) = ϕ(s).

Here one may choose n = 1, a1(t, τ, σ) = e−cτα(τ, σ), and b1(t, s) = ectβ(s). Then the
above calculation shows that a solution is given by

x(t, s) = e(t−t0)cβ(s)

∫ t

t0

exp

∫ t

ξ

∫ b

a

α(τ, σ)β(σ) dσ dτ

∫ b

a

α(ξ, σ)ϕ(σ) dσ dξ

+e(t−t0)cϕ(s).

This example is a special case of a class of examples discussed in Section 8.2.

Now we consider the boundary value problem analogously. Our degeneration assumption
now reads

Lx(t, s) =





n∑
j=1

∫ t

a

∫ 1

−1

aj(t, τ, σ)bj(t, s)x(τ, σ) dσ dτ if s > 0,

n∑
j=1

∫ t

b

∫ 1

−1

aj(t, τ, σ)bj(t, s)x(τ, σ) dσ dτ if s < 0.

Now, if x solves the fixed point equation x = Lx + g, it must have the form

x(t, s) =





n∑

k=1

ξk(t)bk(t, s) + g(t, s) if s > 0,

n∑

k=1

ηk(t)bk(t, s) + g(t, s) if s < 0,

where again the scalar functions ξk and ηk are unknown, but must solve the equations

ξj(t) =

∫ t

a

∫ 1

−1

aj(t, τ, σ)x(τ, σ) dσ dτ (j = 1, . . . , n)



and

ηj(t) =

∫ t

b

∫ 1

−1

aj(t, τ, σ)x(τ, σ) dσ dτ (j = 1, . . . , n).

Substituting these formulas into each other, we get for j = 1, . . . , n the relations

ξj(t) =
n∑

k=1

∫ t

a

γ+
jk(t, τ)ξk(τ) dτ +

n∑

k=1

∫ t

a

γ−jk(t, τ)ηk(τ) dτ + δ+
j (t)

and

ηj(t) =
n∑

k=1

∫ t

b

γ+
jk(t, τ)ξk(τ) dτ +

n∑

k=1

∫ t

b

γ−jk(t, τ)ηk(τ) dτ + δ−j (t),

where

γ+
jk(t, τ) =

∫ 1

0

aj(t, τ, σ)bk(τ, σ) dσ,

γ−jk(t, τ) =

∫ 0

−1

aj(t, τ, σ)bk(τ, σ) dσ,

δ+
j (t) =

∫ t

a

∫ 1

−1

aj(t, τ, σ)g(τ, σ) dσ dτ,

and

δ−j (t) =

∫ t

b

∫ 1

−1

aj(t, τ, σ)g(τ, σ) dσ dτ = δ+
j (t)− δ+

j (b).

If we write this system again in vector form, ξ = (ξ1, . . . , ξn), η = (η1, . . . , ηn), δ± =
(δ±1 , . . . , δ±n ), and γ± = (γ±jk), we get the 2n-dimensional Fredholm integral equation




ξ(t)

η(t)


 =




∫ t

a

(
γ+(t, τ)ξ(τ) + γ−(t, τ)η(τ)

)
dτ

∫ t

b

(
γ+(t, τ)ξ(τ) + γ−(t, τ)η(τ)

)
dτ


 +




δ+(t)

δ−(t)


 .

Recall that a Fredholm integral equation need not be uniquely solvable, even if all
parameter functions are smooth. This of course coincides with the fact that the boundary
value problem need not have a unique solution. Observe again that if ak(t, τ, σ) =
ak(τ, σ) is independent of t (recall that if we approximate smooth functions this can
always be done), then γ±(t, τ) = γ±(τ) is independent of t, too.

8.2. Explicit solution for a particular class
We now give a class of Barbashin equations which can be explicitly solved. As a

consequence we get many useful examples. We consider the linear Barbashin equation
in the case c(t, s) = c(t), k(t, s, σ) = α(t, σ)β(s), f ≡ 0, i.e. we consider the equation

(8.3)
∂x(t, s)

∂t
= c(t)x(t, s) +

∫ b

a

α(t, σ)β(s)x(t, σ) dσ.

First, we will show in a formal calculation how we can explicitly solve any initial value
problems concerning (8.3), i.e. how we can calculate the evolution operator U(t, τ) of
this equation. Later, we will discuss the corresponding boundary value problems.



Assume that x is a (still unknown) solution of (8.3). Fix s. Then y(t) = x(t, s) solves
the ordinary differential equation

(8.4) y′(t) = c(t)y(t) + β(s)f̃(t),

where f̃ is not known yet. However, the variation-of-constant formula shows that the
solution of (8.4) must have the form

y(t) = g(s) exp

(∫ t

τ

c(ξ) dξ

)
+ β(s)f(t),

where f and g are not known yet. Thus we know that x has the form

(8.5) x(t, s) = g(s)eĉ(t) + β(s)f(t),

where f and g have to be determined, and where we have put

ĉ(t) =

∫ t

τ

c(ξ) dξ.

Assume now that g is given. Substituting (8.5) in (8.3) yields, by dividing by β(s)
(which is allowed, unless β ≡ 0, since β is independent of t),

(8.6) f ′(t) =

(
c(t) +

∫ b

a

α(t, σ)β(σ) dσ

)
f(t) + eĉ(t)

∫ b

a

α(t, σ)g(σ) dσ.

Using the abbreviation

â(t) =

∫ t

τ

∫ b

a

α(ξ, σ)β(σ) dσ dξ,

we can give the general solution f of the ordinary differential equation (8.6), namely

f(t) =

(∫ t

τ

∫ b

a

α(ξ, σ)g(σ) dσ e−â(ξ)dξ + const

)
eĉ(t)+â(t).

Looking at (8.5) we have

x(t, s) = g(s)eĉ(t) + β(s)

(∫ t

τ

∫ b

a

α(ξ, σ)g(σ)dσ e−â(ξ) dξ + const

)
eĉ(t)+â(t).

Assuming, that we want to solve the initial value problem x(τ, s) = ϕ(s) (which will
give us by U(t, τ)ϕ(s) = x(t, s) the evolution operator), we may choose g = ϕ and
const = 0, since ĉ(τ) = â(τ) = 0. If we assume furthermore that we may apply Fubini’s
theorem, we have the solution

U(t, τ)ϕ(s) = eĉ(t)ϕ(s) + β(s)

∫ b

a

(∫ t

τ

α(ξ, σ)e−â(ξ) dξ

)
ϕ(σ) dσ eâ(t)eĉ(t).

We remark that Example 8.1 might be considered as a special case of the above
calculation. Observe also that the variable s in the kernel of the above integral operator



is separated. We will see in the next section that this is a special case of a more general
result.

Now we consider the corresponding degenerated boundary value problem




∂x(t, s)

∂t
= c(t)x(t, s) +

∫ 1

−1

α(t, σ)β(s)x(t, σ) dσ

x(a, s) = ϕ(s) if 0 < s ≤ 1,

x(b, s) = ψ(s) if − 1 ≤ s < 0.

The problem consists in extending ϕ to an initial value function on the whole interval
[−1, 1], such that

U(b, a)ϕ(s) = ψ(s) (−1 ≤ s < 0).

Since we know U , we are led to the degenerated Fredholm integral equation

ϕ(s) + β(s)

∫ 0

−1

γ(σ)ϕ(σ)dσ = Cψ(s)−Dβ(s) (−1 ≤ s < 0),

where we have put

γ(s) =

∫ b

a

α(ξ, s) exp

(∫ b

ξ

∫ 1

−1

α(ρ, σ)β(σ) dσ dρ

)
dξ,

C = exp

(
−

∫ b

a

c(ξ) dξ

)
,

and

D =

∫ 1

0

γ(σ)ϕ(σ) dσ.

This is equivalent to the system




ϕ(s) = Cψ(s)− ξβ(s) if −1 ≤ s < 0

ξ =

∫ 0

−1

γ(s)ϕ(s)ds + D,

which is satisfied if and only if ϕ has the form ϕ(s) = Cψ(s)− ξβ(s) for −1 ≤ s < 0,
and

ξ = C

∫ 0

−1

γ(s)ψ(s) ds− ξ

∫ 0

−1

γ(s)β(s) ds + D.

Thus, if

B =

∫ 0

−1

γ(s)β(s) ds 6= −1,

we have the unique solution

ϕ(s) = Cψ(s)− (1 + B)−1

(
C

∫ 0

−1

γ(σ)ψ(σ) dσ + D

)
β(s) (−1 ≤ s < 0).



But if B = −1, we have solutions if and only if
∫ 0

−1

γ(s)ψ(s) ds = −
∫ 1

0

γ(s)ϕ(s) ds exp

(∫ b

a

c(ξ) dξ

)
.

In the latter case, all functions of the form ϕ(s) = Cψ(s)− ξβ(s) for −1 ≤ s < 0, with
arbitrary numbers ξ, are solutions.

8.3. An abstract degeneration result
As usual, we consider the Barbashin equation

(8.7)
dx

dt
= A(t)x,

where A(t) = C(t) + K(t) with

C(t)x(s) = c(t, s)x(s)

and

K(t)x(s) =

∫ b

a

k(t, s, σ)x(σ)dσ

in some space X. We will prove that a straightforward degeneration assumption on
the kernel k already implies that the evolution operator of the Barbashin equation is
degenerated in the same way. However, as already remarked in Section 8.1., this result
is more of theoretical interest, since it apparently does not provide a way to simplify
the calculation of the evolution operator.

Lemma 8.1. Let X be an ideal space over [a, b]. Assume that c is measurable, and
C is strongly continuous in L(X). Then the evolution operator U0 of

dx

dt
= C(t)x

in X may be written, for almost all t, τ , as

U0(t, τ)x(s) = exp

(∫ t

τ

c(ξ, s) dξ

)
x(s).

2 For fixed x ∈ X we have

U0(t, τ)x = x +
∞∑

n=1

∫ t

τ

∫ t1

τ

· · ·
∫ tn−1

τ

C(t1)C(t2) · · ·C(tn)x dtn . . . dt2 dt1,

where the series converges in X. The function c is essentially locally bounded. By
Lemma 4.2 we may write the partial sums of this series for almost all t, τ, s in the form

x(s) +
k∑

n=1

∫ t

τ

∫ t1

τ

· · ·
∫ tn−1

τ

c(t1, s)c(t2, s) · · · c(tn, s)x(s) dtn . . . dt2 dt1

= x(s) +
k∑

n=1

1

n!

(∫ t

τ

c(ξ, s)dξ

)n

x(s).



Since these partial sums converge almost everywhere, their pointwise limit must be
U0(t, τ)x(s) almost everywhere. ¥

Now let X be a regular ideal space over [a, b] (see Subsection 4.1). Then the dual
space X∗ may be identified with the associate space X ′ in the canonical way, see
Zaanen [1953] or Zabrejko [1974].

It is a natural degeneration assumption that there exists a number n such that each
K(t) belongs to the set Mn of all integral operators of the form

Kx(s) =
n∑

j=1

∫ b

a

αj(s)βj(σ)x(σ) dσ, (αj ∈ X, βj ∈ X ′)

(see Subsection 1.5). This set Mn is very nice as is shown by the following

Lemma 8.2. Each set Mn is a closed ideal in L(X).
2 We first prove that

Mn = Nn := {K : K ∈ L(X), dim K(X) ≤ n}.
Indeed, given K ∈ Nn, let {α1, . . . , αm} be a basis of K(X). Thus, Kx = l1(x)α1 +
. . . + lm(x)αm, where l1, . . . , lm ∈ X∗. This implies that there exist β1, . . . , βm ∈ X ′

such that

Kx(t) =
m∑

j=1

αj(t)

∫ b

a

βj(s)x(s) ds.

Assume now that Nn is not closed, i.e. for some Kj ∈ Nn we have Kj → K, but
K 6∈ Nn. But this means that K(X) has n + 1 linear independent normed vectors
which of course cannot be approximated simultaneously by only n linear independent
normed vectors of Kj(X), a contradiction. ¥

Now we apply Theorem 1.2: If K(t) belongs to the closed ideal Mn then also U −U0

must belong to this closed ideal. Using the above formula for U0, we get the following
degeneration result:

Theorem 8.2. Suppose that X is a regular ideal space over [a, b], c is measurable,
A and C are strongly continuous in L(X), and

k(t, s, σ) =
n∑

j=1

αj(t, s)βj(t, σ),

where αj(t, ·) ∈ X and βj(t, ·) ∈ X ′. Then the evolution operator of (8.7) has the form

U(t, τ)x(s) = exp

(∫ t

τ

c(ξ, s) dξ

)
x(s) +

n∑
j=1

∫ b

a

γj(t, τ, s)δj(t, τ, σ)x(σ) dσ,

where γj(t, τ, ·) ∈ X and δj(t, τ, ·) ∈ X ′.

The result is illustrated for n = 1 by the class of examples given in the previous
section.



§ 9. Boundary value problems (stationary case)

In this section we study the Barbashin equation

(9.1)
∂x(t, s)

∂t
= c(s)x(t, s) +

∫ 1

−1

k(s, σ)x(t, σ) dσ + f(t, s)

for (t, s) ∈ Q := [0, T ]× [−1, 1], subject to the boundary conditions

(9.2) x(0, s) = φ(s) (0 < s ≤ 1), x(T, s) = ψ(s) (−1 ≤ s < 0),

where φ : (0, 1] → R, and ψ : [−1, 0) → R are given functions. As in the theory
of ordinary differential equations, such a boundary value problem does not always
admit a solution, in contrast to the initial value problem (7.1)/(7.10). First, we reduce
the problem (9.1)/(9.2) to an integral equation in the space Ct(X) of functions of
two variables in order to apply the classical Fredholm theory. In the second part we
apply more sophisticated methods, such as fixed point principles in so-called K-normed
spaces. The results of this section may be found in Appell-Kalitvin-Zabrejko
[1994, 1996] and Kalitvin [1992].

9.1. The abstract problem
For the time being we restrict ourselves to the case of stationary multipliers and

kernels (i.e. independent of t); the non-stationary case will be treated in § 10.
As in § 1, we rewrite equation (9.1) as a linear differential equation

(9.3)
dx

dt
= Ax + f(t)

in some Banach space X = X([−1, 1]) of functions over [−1, 1], i.e. we identify the
scalar functions (t, s) 7→ x(t, s) and (t, s) 7→ f(t, s) with the Banach space valued
functions t 7→ x(t) = x(t, ·) and t 7→ f(t) = f(t, ·), and define the operator A by

(9.4) Ax(s) = c(s)x(s) +

∫ 1

−1

k(s, σ)x(σ) dσ.

Similarly, the boundary conditions (9.2) may then be written in the form

(9.5) P+x(0) = φ, P−x(T ) = ψ,

where P+ (respectively P−) denotes the restriction operator from X = X([−1, 1]) onto
X+ = X([0, 1]) (respectively onto X− = X([−1, 0])).

As pointed out in Subsection 1.1, a crucial point when passing from the problem
(9.1)/(9.2) to the problem (9.3)/(9.5) is the appropriate choice of the function space
X. It is clear that taking the space X = C([−1, 1]) of continuous functions is too
restrictive. In fact, even if all functions c, k, and f in (9.1) are zero, and the boundary
functions φ and ψ in (9.2) are continuous, there is certainly no solution of (9.1)/(9.2)
if the “glueing condition”

lim
s→0+

φ(s) = lim
s→0−

ψ(s)



fails; a specific example for this arising in applications may be found in Vladimirov
[1961]. Therefore we shall not study the existence problem in the space C([−1, 1]),
but in spaces of measurable functions. As in Subsection 1.1, a (generalized) solution
of (9.1)/(9.2) will be a measurable function x : Q → R which has the property that
x(·, s) is absolutely continuous on [0, T ] for almost all s ∈ [−1, 1], and satisfies (9.1)
almost everywhere on Q and (9.2) almost everywhere on [−1, 1]. As a model case for
the underlying Banach space X one may always think of the Lebesgue space X =
Lp([−1, 1]) (1 ≤ p ≤ ∞).

9.2. Equivalent operator equations
Recall that the (unique) solution of the differential equation (9.3) with initial condition

x(τ) = xτ is given by

(9.6) x(t) = U(t, τ)xτ +

∫ t

τ

U(t, ξ)f(ξ) dξ,

where U = U(t, τ) denotes the evolution operator (see Subsection 1.2) of (9.3). We are
interested, in particular, in the two-point boundary value problem

(9.7) x(0) = x0, x(T ) = xT ,

with x0 = φ on (0, 1], x0 = z on [−1, 0), xT = y on (0, 1], and xT = ψ on [−1, 0); here
the functions z ∈ X− and y ∈ X+ will be specified below. In Subsection 19.5 we will
discuss a physical problem where this kind of boundary value problem occurs.

As already observed, the unique solution of (9.4) with initial condition x(0) = x0 is
given by (9.6) with τ = 0. Taking into account the definition (1.7) of U(t, τ), we may
write the solution for τ = 0 equivalently in the form

(9.8) x(t, s) =





m(t, s) +

∫ 0

−1

h(t, s, σ)z(σ) dσ if 0 < s ≤ 1,

n(t, s) + etc(s)z(s) +

∫ 0

−1

h(t, s, σ)z(σ) dσ, if −1 ≤ s < 0,

where

m(t, s) = etc(s)φ(s) +

∫ 1

0

h(t, s, σ)φ(σ) dσ

+

∫ t

0

[e(t−τ)c(s)f(τ, s) +

∫ 1

−1

h(t− τ, s, σ)f(τ, σ) dσ] dτ,

and

n(t, s) =

∫ 1

0

h(t, s, σ)φ(σ) dσ

+

∫ t

0

[e(t−τ)c(s)f(τ, s) +

∫ 1

−1

h(t− τ, s, σ)f(τ, σ) dσ] dτ.

Using now also the second condition in (9.7), we arrive at the system of two linear
integral equations




y(s) = m(T, s) +

∫ 0

−1

h(T, s, σ)z(σ) dσ if 0 < s ≤ 1,

eTc(s)z(s) +

∫ 0

−1

h(T, s, σ)z(σ) dσ = ψ(s)− n(T, s) if −1 ≤ s < 0



for the couple (y, z) ∈ X+ ×X−. Moreover, if we put

(9.9) p(s, σ) =
h(T, s, σ)

eTc(s)
, r(s) =

ψ(s)− n(T, s)

eTc(s)
,

where −1 ≤ s < 0, the system (9.8) may in turn be written as a single equation

(9.10) z(s) +

∫ 0

−1

p(s, σ)z(σ) dσ = r(s).

This shows that the solvability of the original problem (9.1)/(9.2) is closely related to
the solvability of the integral equation of second kind (9.10). Thus, we may apply the
whole arsenal of results of classical Fredholm theory. To this end, we introduce some
notation. Given an ideal space X over [−1, 1], we write (as in Subsection 1.1) x ∈ Ct(X)
if the function of two variables x : Q → R has the property that the map t 7→ x(t, ·)
is continuous from J = [0, T ] into X. If, in addition, x(·, s) is absolutely continuous
for almost all s ∈ [−1, 1] and ∂x/∂t also belongs to Ct(X), we write x ∈ C1

t (X). The
spaces Ct(X) and C1

t (X) will be endowed with the natural norms

||x||Ct(X) = max
0≤t≤T

||x(t, ·)||X

and
||x||C1

t (X) = max
0≤t≤T

[
||x(t, ·)||X +

∣∣∣∣
∣∣∣∣
∂x(t, ·)

∂t

∣∣∣∣
∣∣∣∣
X

]
,

respectively. In the following, we shall restrict ourselves again to the model case X =
Lp([−1, 1]) (1 ≤ p ≤ ∞).

Theorem 9.1. Suppose that the functions c : [−1, 1] → R and k : Q → R are
measurable, and the operator (9.4) is regular in the space X = Lp([−1, 1]). Then the
following three statements are equivalent:

(a) the integro-differential equation (9.1) with boundary condition (9.2) is (uniquely)
solvable for any φ ∈ X+ = Lp([0, 1]), ψ ∈ X− = Lp([−1, 0]), and f ∈ Ct(X);

(b) the differential equation (9.3) with boundary condition (9.7) is (uniquely) solvable
in C1

t (X);
(c) the Fredholm integral equation (9.10) is (uniquely) solvable in X− = Lp([−1, 0]).

2 If the problem (9.1)/(9.2) has a solution x in the sense defined at the end of
the first subsection, from f ∈ Ct(X) it follows that x solves (9.3)/(9.7) and belongs to
C1

t (X). This shows that (a) implies (b). The fact that (b) implies (c) and (c) implies
(a) has already been proved in the preceding discussion. ¥

Theorem 9.1 makes it possible to reduce the existence and uniqueness problem for
the original Barbashin equation to that for the integral equation (9.10). In this way, we
get much information on the equation (9.1) from standard results of classical functional
analysis, applied to the operator

(9.11) Pz(s) =

∫ 0

−1

p(s, σ)z(σ) dσ.



For example, the following holds.

Lemma 9.1. Suppose that, under the hypotheses of Theorem 9.1, we have −1 /∈
σ(P ). Then the problem (9.1)/(9.2) has a unique solution x ∈ C1

t (X) for any φ ∈
X+, ψ ∈ X−, and f ∈ Ct(X). This solution may be determined by formula (9.8), where
z is the unique solution of (9.10).

If the integral operator

(9.12) Kx(s) =

∫ 1

−1

k(s, σ)x(σ) dσ

is compact in X, the integral operator (9.11) is compact in X as well (see Appell-
Diallo-Zabrejko [1988]). Therefore, by the classical Fredholm theory, the following
holds in case −1 ∈ σ(P ).

Lemma 9.2. Suppose that, under the hypotheses of Theorem 9.1, we have −1 ∈
σ(P ), and the operator (9.12) is compact in X. Then the problem (9.1)/(9.2) has a
(non-unique) solution x ∈ C1

t (X) only for those φ ∈ X+, ψ ∈ X−, and f ∈ Ct(X), for
which the function r in (9.9) is orthogonal to all solutions v of the homogeneous adjoint
equation

v(s) +

∫ 0

−1

p(σ, s)v(σ) dσ = 0.

The results of this subsection show that, if the integral operator (9.12) is compact
in X, the integro-differential equation (9.1) with boundary condition (9.2) may have
exactly one solution, no solution, or a finite number of linearly independent solutions
in X. The last case is covered by Lemma 9.2, but the verification of the orthogonality
relation 〈r, v〉 = 0 may be rather difficult. This may be avoided, however, by reducing
the problem (9.1)/(9.2) not to a system of two one-dimensional integral equations,
but to a single “two-dimensional” integral equation. One is lead to such an equation
rather naturally when inverting directly the operator ∂

∂t
−c(s) between suitable function

spaces; we will do this in the following subsection.

9.3. Reduction to a two-dimensional integral equation
A useful method of studying the problem (9.1)/(9.2) consists in passing to operators

on spaces of functions of two variables, where the integration is carried out only with
respect to one variable. Such operators are sometimes called partial integral operators;
they provide a powerful tool in the theory and applications of integro-differential
equations and will be studied in great detail in the next chapter.

In this subsection we again employ the space C1
t (X) introduced in the preceding

subsection for X = Lp([−1, 1]). The proofs of the following two lemmas are straightforward.

Lemma 9.3. Let c ∈ L∞([−1, 1]). Then, for any φ ∈ X+, ψ ∈ X−, and f ∈ Ct(X),



the problem 



∂g(t, s)

∂t
= c(s)g(t, s) + f(t, s) if (t, s) ∈ Q,

g(0, s) = φ(s) if 0 < s ≤ 1,

g(T, s) = ψ(s) if −1 ≤ s < 0

has a unique solution g ∈ C1
t (X). This solution is given, for almost all (t, s) ∈ Q, by

(9.13) g(t, s) =





∫ t

0

e(t−τ)c(s)f(τ, s) dτ + etc(s)φ(s) if 0 < s ≤ 1,

∫ t

T

e(t−τ)c(s)f(τ, s) dτ + e(t−T )c(s)ψ(s) if −1 ≤ s < 0.

Lemma 9.4. If the integral operator (9.12) is bounded in X = Lp([−1, 1]), the partial
integral operator

K̂x(t, s) =

∫ 1

−1

k(s, σ)x(t, σ) dσ

is bounded in Lp(Q), Ct(X), and C1
t (X).

Let us denote by L the operator defined by

(9.14) Lx(t, s) =





∫ t

0

e(t−τ)c(s)K̂x(τ, s) dτ if 0 < s ≤ 1,

∫ t

T

e(t−τ)c(s)K̂x(τ, s) dτ if −1 ≤ s < 0.

As a consequence of Lemma 9.4, we get the following

Lemma 9.5. If c ∈ L∞([−1, 1]) and the operator (9.12) is regular in X = Lp([−1, 1]),
then L is a bounded operator from Lp(Q) into Ct(X).

Combining the preceding three lemmas we obtain still another reformulation of the
problem (9.1)/(9.2):

Theorem 9.2. Let c ∈ L∞([−1, 1]), and suppose that the operator (9.12) is regular
in X = Lp([−1, 1]). Then every solution of the problem (9.1)/(9.2) solves the operator
equation

(9.15) x(t, s) = Lx(t, s) + g(t, s),

where L is defined by (9.14) and g is defined by (9.13). Conversely, every solution
x ∈ Ct(X) of (9.15), with L given by (9.14) and g given by (9.13), is a solution of the
problem (9.1)/(9.2).

By Theorem 9.2, we may reduce the solvability problem for the Barbashin equation
(9.1) in the space C1

t (X) = C1
t (Lp) to that of the operator equation (9.15) in the space

Ct(X). Let us introduce some notation. For 0 ≤ t, τ ≤ T and 0 < s ≤ 1 we put

u(t, s) = x(t, s), v(t, s) = x(t,−s), ξ(t, s) = g(t, s), η(t, s) = g(t,−s).



Moreover, for 0 ≤ t, τ ≤ T and 0 < s, σ ≤ 1 we put

(9.16)





a(t, τ, s, σ) = e(t−τ)c(s)k(s, σ),

b(t, τ, s, σ) = e(t−τ)c(s)k(s,−σ),

c(t, τ, s, σ) = e(t−τ)c(−s)k(−s, σ),

d(t, τ, s, σ) = e(t−τ)c(−s)k(−s,−σ),

The functions a, b, c, and d give rise to four operators A,B,C, and D defined by

(9.17)





Au(t, s) =

∫ t

0

∫ 1

0

a(t, τ, s, σ)u(τ, σ) dσ dτ,

Bv(t, s) =

∫ t

0

∫ 1

0

b(t, τ, s, σ)v(τ, σ) dσ dτ,

Cu(t, s) =

∫ t

T

∫ 1

0

c(t, τ, s, σ)u(τ, σ) dσ dτ,

Dv(t, s) =

∫ t

T

∫ 1

0

d(t, τ, s, σ)v(τ, σ) dσ dτ,

respectively. The equation (9.15) may then be written as a system




u(t, s) = Au(t, s) + Bv(t, s) + ξ(t, s),

v(t, s) = Cu(t, s) + Dv(t, s) + η(t, s),

or, in matrix form

(9.18)

(
I − A −B
−C I −D

)(
u
v

)
=

(
ξ
η

)
.

Now, the matrix in (9.18) admits an inverse if the operators (I − A)−1 and (I −D)−1

exist, and the operators I−A−B(I−D)−1C and I−D−C(I−A)−1B, or, equivalently,
the operators I− (I−A)−1B(I−D)−1C and I− (I−D)−1C(I−A)−1B are invertible.
This holds, of course, precisely if

(9.19) 1 /∈ σ((I − A)−1B(I −D)−1C).

In fact, the following holds.

Theorem 9.3. Let c ∈ L∞([−1, 1]), and suppose that the operator (9.12) is regular
in X = Lp([−1, 1]). Then (9.19) implies that the operator I−L, with L given by (9.14),
is invertible in Ct(X).

2 It suffices to show that 1 belongs neither to σ(A) nor to σ(D). For this in turn
it is clearly sufficient to show that

rσ(A) = rσ(D) = 0,



where rσ(K) denotes the spectral radius

rσ(K) = lim
n→∞

n

√
||Kn||L(X)

of an operator K ∈ L(X). Since the function c is bounded, we find an M > 0 such
that eTc(s) ≤ M for almost all s ∈ [−1, 1]. This implies that

|a(t, τ, s, σ)| ≤ M |k(s, σ)|, |d(t, τ, s, σ)| ≤ M |k(−s,−σ)|,

hence
|Au(t, s)| ≤ Au(t, s), |Dv(t, s)| ≤ Dv(t, s),

where the operators A and D are defined by

(9.20) Au(t, s) = M

∫ t

0

∫ 1

0

|k(s, σ)|u(τ, σ) dσ dτ,

and

(9.21) Dv(t, s) = M

∫ T

t

∫ 1

0

|k(−s,−σ)|v(τ, σ) dσ dτ,

respectively. As usual, it is easy to prove that the iterates of the Volterra operators
(9.20) and (9.21) satisfy the estimates

(9.22) ||An||, ||Dn|| ≤ 1

n!
MnT n|| |K| ||n,

where

(9.23) |K|x(s) =

∫ 1

−1

|k(s, σ)|x(σ) dσ

as above. But (9.22) implies that the spectral radii of both A and D, and hence also
of A and D, are zero, and so we are done. ¥

The requirement (9.19) is essential in Theorem 9.3, as may be seen by the following
very simple

Example 9.1. Let c(s) ≡ 0, and

k(s, σ) =





0 if s, σ > 0 or s, σ < 0,

1 if s > 0 and σ < 0,

−1 if s < 0 and σ > 0.

We consider the operators (9.17) for T = π
2
, i.e. (t, s) ∈ [0, π

2
]× [−1, 1]. In this case we

have Au(t, s) = Dv(t, s) ≡ 0,

Bv(t, s) =

∫ t

0

∫ 1

0

v(τ, σ) dσ dτ



and

Cu(t, s) = −
∫ t

π/2

∫ 1

0

u(τ, σ) dσ dτ.

Since the function u(t, s) = sin t (0 ≤ t ≤ π
2
) satisfies u = BCu, we have 1 ∈ σ(BC) =

σ((I − A)−1B(I −D)−1C). The assertion of Theorem 9.3 fails, since the function

x(t, s) =





sin t if 0 ≤ t ≤ π
2
and 0 < s ≤ 1,

cos t if 0 ≤ t ≤ π
2
and − 1 ≤ s < 0

belongs to Ct(X) and satisfies x− Lx = 0.

We are now in the position to state our main existence result for the integro-
differential equation (9.1) with boundary condition (9.2).

Theorem 9.4. Let c ∈ L∞([−1, 1]), and suppose that the operator (9.12) is regular
in X = Lp([−1, 1]). Assume that (9.19) holds, where the operators A,B,C, and D are
given by (9.17). Then the problem (9.1)/(9.2) has a unique solution x ∈ C1

t (X) for any
φ ∈ X+, ψ ∈ X−, and f ∈ Ct(X).

2 By Theorem 9.2, every solution of (9.1)/(9.2) is a solution of the operator equation
(9.15), and vice versa. By Theorem 9.3 in turn, the hypothesis (9.19) ensures the unique
solvability of the operator equation (9.15) for any g. This proves the assertion. ¥

When applying Theorem 9.4, a crucial point is of course the verification of (9.19),
which may be very hard in practice. However, one may avoid this by proving directly
an upper estimate for the spectral radius of the operator L given in (9.13). We illustrate
this in the following simple, though useful

Theorem 9.5. Let c ∈ L∞([−1, 1]) with c(s) ≤ 0 for s > 0 and c(s) ≥ 0 for s < 0.
Suppose that the operator (9.23) is bounded in X = Lp([−1, 1]), and its spectral radius
satisfies

(9.24) rσ(|K|) <
1

T
.

Then the problem (9.1)/(9.2) has a unique solution x ∈ C1
t (X) for any φ ∈ X+, ψ ∈ X−,

and f ∈ Ct(X).
2 For any positive function x ∈ Ct(X) we have

|Lx(t, s)| ≤
∫ T

0

∫ 1

−1

|k(s, σ)|x(τ, σ) dσ dτ = (J ⊗ |K|)x(t, s),

where

Jh(t) =

∫ T

0

h(τ) dτ

denotes the integral mean operator. Consequently, from (9.24) we conclude that

rσ(L) ≤ rσ(J ⊗ |K|) = rσ(J)r(|K|) = Trσ(|K|) < 1,



and the assertion follows from Theorem 9.2. ¥

Sometimes it is also possible to solve the operator equation (9.15) directly, for
instance in the case of degenerate kernels:

Example 9.2. Let Q = [0, 1]× [−1, 1], c(s) ≡ c, k(s, σ) = a(s)b(σ), and f(t, s) ≡ 0,
i. e. we consider the problem

(9.25)
∂x(t, s)

∂t
= cx(t, s) + a(s)

∫ 1

−1

b(σ)x(t, σ) dσ ((t, s) ∈ Q).

In this case we have

Lx(t, s) =





a(s)

∫ t

0

ec(t−τ)

∫ 1

−1

b(σ)x(τ, σ) dσ dτ if 0 < s ≤ 1,

a(s)

∫ t

1

ec(t−τ)

∫ 1

−1

b(σ)x(τ, σ) dσ dτ if −1 ≤ s < 0,

and

g(t, s) =





φ(s)ect if 0 < s ≤ 1,

ψ(s)ec(t−1) if −1 ≤ s < 0.

Put
∫ 1

−1

b(σ)x(t, σ) dσ = ξ(t),

∫ 1

0

a(σ)b(σ) dσ = α,

∫ 0

−1

a(σ)b(σ) dσ = β,

∫ 1

0

φ(σ)b(σ) dσ = γ,

∫ 0

−1

ψ(σ)b(σ) dσ = δ,

and suppose that α, β > 0. The operator equation (9.15) reduces then to the equation

(9.26) ξ(t) = α

∫ t

0

ec(t−τ)ξ(τ) dτ + β

∫ t

1

ec(t−τ)ξ(τ) dτ + γect + δec(t−1).

Putting y(t) = ξ(t)e−ct and ω = γ + δe−c, we may rewrite (9.26) in the form

(9.27) y(t) = α

∫ t

0

y(τ) dτ + β

∫ t

1

y(τ) dτ + ω.

Differentiating (9.27) yields

y′ = (α + β)y, y(0) = ω − β

∫ 1

0

y(τ) dτ

with solution
y(t) = ω

α + β

α + βeα+β
e(α+β)t,

hence
ξ(t) = ω

α + β

α + βeα+β
e(α+β+c)t.



We conclude that the solution of (9.15) is given by

x(t, s) =





ωa(s)ect(e(α+β)t − 1)

α + βeα+β
+ φ(s)ect if 0 < s ≤ 1,

ωa(s)ect(e(α+β)t − eα+β)

α + βeα+β
+ ψ(s)ec(t−1) if −1 ≤ s < 0.

A straightforward calculation shows that this satisfies indeed the equation (9.25) with
boundary conditions (9.2).

There are several other possibilities for obtaining existence and uniqueness results for
the problem (9.1)/(9.2). For instance, if the kernel k is positive and the corresponding
operator (9.12) is bounded in X = Lp([−1, 1]), one may use well-known lower estimates
and monotonicity properties of the spectral radius of an integral operator (see e.g.
Zabrejko [1967]) in order to get more precise information on the spectral radius of
the operator (I−A)−1B(I−D)−1C in X. Moreover, integro-differential operators may
be studied success-fully by means of fixed point principles in so-called K-normed spaces;
for the theory and several applications of K-normed spaces to differential equations,
see e.g. Zabrejko [1992]. We shall study the Barbashin equation (9.1) in the setting
of K-normed spaces in the following subsection.

9.4. Application of K-normed spaces
Let X be an arbitrary linear space, and Z a real linear space which is ordered

by some cone K (see e.g. Krasnosel’skij-Lifshits-Sobolev [1985]). A functional
]| · |[: X → K is called K-norm on X if

(a) ]|x|[ = 0 if and only if x = 0;
(b) ]|λx|[ = |λ| ]|x|[;
(c) ]|x + y|[ ≤ ]|x|[+]|y|[

(x, y ∈ X, λ ∈ R). The space (X, ]| · |[) is then called K- normed space. Of course,
every normed space (X, || · ||) is a trivial example with Z = R and K = [0,∞). On the
other hand, using various nontrivial K-normed spaces one may obtain interesting new
results, or interesting new proofs of known results. For instance, studying fixed point
theorems in K-normed and related spaces (see Zabrejko [1990, 1992], Zabrejko-
Makarevich [1987, 1987a] and below) leads to useful existence results for the Cauchy
problem for differential equations with “badly behaved” right-hand side and, especially,
partial differential equations (see Barkova-Zabrejko [1991], Evkhuta-Zabrejko
[1985], Zabrejko [1989, 1992]).

Let X be a K-normed space. A sequence (xn)n in X is called order-convergent to
x ∈ X (respectively order-Cauchy) if there is a sequence (zn)n in the cone K which
converges monotonically to zero and satisfies ]|xn−x|[≤ zn for n = 1, 2, . . . (respectively
]|xm − xn|[≤ zn for n = 1, 2, . . . and m > n). A K-normed space X is called order-
complete if every order-Cauchy sequence in X is order-convergent in X. For example,
if we take X = Z = Rm,K = {(ζ1, . . . , ζm) : ζj ≥ 0 (j = 1,2, . . . ,m)}, and

(9.28) ]|x|[ = ]|(ξ1, . . . , ξm)|[ = (|ξ1|, . . . , |ξm|) (x ∈ Rm),

then (X, ]| · |[) is of course order-complete.



Two important examples of infinite dimensional order-complete K-normed spaces
are as follows. First, let Ω be an arbitrary measure space and X an ideal space of
measurable real functions on Ω. If we denote by |x| the function defined by |x|(s) =
|x(s)|, we may define a K-norm on X by putting

(9.29) ]|x|[ = |x| (x ∈ X).

Second, let B some Banach space, and denote by S(Ω, B) the set of all (Bochner-)
measurable functions on Ω with values in B. Then

(9.30) ]|x|[ = ||x|| (x ∈ S(Ω, B))

defines a K-norm on S(Ω, B). Similarly, any linear subspace X ⊆ S(Ω, B) may be
equipped with the K-norm (9.30). A particularly important example is the Bochner-
Lebesgue space Lp(Ω, B) (1 ≤ p ≤ ∞) defined by the norm

(9.31) ||x|| =





(∫

Ω

||x(s)||pB ds

)1/p

if 1 ≤ p < ∞,

ess sup {||x(s)||B : s ∈ Ω} if p = ∞.

The following is a natural extension of the well-known Banach-Caccioppoli fixed point
principle to K-normed spaces. Recall (see Subsection 4.1) that an ideal space Z is
called regular if every element z ∈ Z has an absolutely continuous norm.

Theorem 9.6. Let (X, ]| · |[) be an order-complete K-normed space with K-norm
]|·|[: X → K ⊂ Z, where Z is a regular ideal space. Let Q : K → K be a linear operator
with spectral radius rσ(Q) < 1. Suppose that F : X → X is a (linear or nonlinear)
operator which satisfies a contraction type condition

(9.32) ]|Fx1 − Fx2|[≤ Q(]|x1 − x2|[) (x1, x2 ∈ X).

Then F has a unique fixed point in X; this fixed point may be obtained as limit of
successive approximations xn+1 = Fxn (n = 0, 1, 2, . . . ; x0 ∈ X arbitrary).

Now we shall apply Theorem 9.6 to the problem (9.1)/(9.2). To this end, we take
B = Lp([0, 1])× Lp([0, 1]) (1 ≤ p < ∞), equipped with the norm

||(u, v)||B = ||u||Lp + ||v||Lp .

Moreover, let X = Lp([0, T ], B) be the Bochner-Lebesgue space of all B-valued functions
t 7→ x(t, ·) = (u(t, ·), v(t, ·)), equipped with the norm (9.31) and the K-norm

(9.33) ]|x|[ = (||u(t, ·)||Lp , ||v(t, ·)||Lp).

Thus, the K-norm (9.33) takes its values in the natural cone of the Banach space
Z = Lp([0, T ],R2). It is easy to see that the norm (9.31) is here equivalent on X to
the somewhat simpler norm

||x|| =
{∫ b

a

∫ 1

0

[|u(t, s)|+ |v(t, s)|]p dt ds

}1/p



which will be considered throughout. As we have seen in Subsection 9.3, the problem
(9.1)/(9.2) may be reduced to the matrix operator equation

(9.34)

(
I − A −B
−C I −D

)(
u
v

)
=

(
ξ
η

)
,

where u(t, s) = x(t, s), v(t, s) = x(t,−s) (0 ≤ t ≤ T, 0 < s ≤ 1),

(9.35)





ξ(t, s) =

∫ t

0

e(t−τ)c(s)f(τ, s) dτ + etc(s)φ(s),

η(t, s) =

∫ t

T

e(t−τ)c(−s)f(τ,−s) dτ + e(t−T )c(−s)ψ(−s),

and the operators A,B, C, and D are given by (9.17). With the help of the functions
(9.16) which generate the operators (9.17), we may now define the operator Q occurring
in the contraction condition (9.32). Suppose that

(9.36)





||
∫ 1

0

a(t, τ, ·, σ)u(σ) dσ|| ≤ α||u||,

||
∫ 1

0

b(t, τ, ·, σ)v(σ) dσ|| ≤ β||v||,

||
∫ 1

0

c(t, τ, ·, σ)u(σ) dσ|| ≤ γ||u||,

||
∫ 1

0

d(t, τ, ·, σ)v(σ) dσ|| ≤ δ||v||

for some α, β, γ, δ > 0, where all norms in (9.36) are taken in the corresponding
Lp spaces. (Estimates of the type (9.36) may be verified by applying well-known
formulas or inequalities for the norm of an integral operator in Lebesgue spaces,
see e.g. Krasnosel’skij-Zabrejko-Pustyl’nik-Sobolevskij [1966].) If we define
F : X → X by

(9.37) Fx(t, s) = F

(
u(t, s)
v(t, s)

)
=

(
A B
C D

)(
u(t, s)
v(t, s)

)
+

(
ξ(t, s)
η(t, s)

)

and Q : Z → Z by

(9.38) Qz(t) = Q

(
u(t)
v(t)

)
=




∫ t

0
[αu(τ) + βv(τ)] dτ

∫ T

t
[γu(τ) + δv(τ)] dτ


 ,

the contraction condition (9.32) is simply a consequence of the estimates (9.36). By
the definition (9.37) of the operator F , every fixed point point of F is a solution of the
operator equation (9.34), and vice versa. Thus, for applying Theorem 9.6 it remains to
impose suitable conditions which ensure that the operator (9.38) has spectral radius
rσ(Q) < 1. Since Q is a positive operator in Z, by the classical Krejn-Rutman theorem
(Krejn-Rutman [1948], see also Krasnosel’skij-Lifshits-Sobolev [1985] and
Zabrejko-Smitskikh [1979]) we have to find ρ > 0 such that Qz = ρz for some



nonnegative function z = (u, v) ∈ Z. Writing this out in components, we get the
system

(9.39)





ρu(t) =

∫ t

0

[αu(τ) + βv(τ)] dτ,

ρv(t) =

∫ T

t

[γu(τ) + δv(τ)] dτ.

Differentiating (9.39) yields

(9.40)

{
ρu′ = αu + βv,
ρv′ = −γu− δv

with boundary conditions u(0) = v(T ) = 0. Since ρ = 0 for (β, γ) = (0, 0), we suppose
that (β, γ) 6= (0, 0); for definiteness, let β 6= 0.

The solution behaviour of (9.40) depends, of course, on the sign of the discriminant
∆ = (α + δ)2− 4βγ. In fact, putting v from the first equation into the second equation
in (9.40), we get the second order differential equation

u′′ − α− δ

ρ
u′ − αδ − βγ

ρ2
u = 0.

Solving the corresponding characteristic equation

λ2 − α− δ

ρ
λ− αδ − βγ

ρ2
= 0,

and choosing the free constants in the solution in such a way that the boundary
conditions u(0) = v(T ) = 0 are fulfilled, we arrive at the formula

ρ =





T
√

∆

log α+δ+
√

∆
α+δ−√∆

if ∆ > 0,

T (α + δ)

2
if ∆ = 0,

T
√−∆

2 arctan
√−∆
α+δ

if ∆ < 0 and α + δ 6= 0,

T
√−∆

π
if ∆ < 0 and α + δ = 0.

Thus, we have now all the necessary information to apply Theorem 9.6 to the operator
equation (9.34), and hence to the integro-differential equation (9.1) with boundary
condition (9.2). We summarize with the following

Theorem 9.7. Let c ∈ L∞([−1, 1]), and suppose that the integral operator defined
by the kernel k is regular in X = Lp([−1, 1]). Assume that the estimates (9.36) hold,
and that one of the following four conditions is satisfied:

(a) ∆ = (α + δ)2 − 4βγ > 0 and T
√

∆ < log α+δ+
√

∆
α+δ−√∆

;



(b) (α + δ)2 = 4βγ and T (α + δ) < 2;
(c) ∆ < 0, α + δ 6= 0, and

√−∆ < 2 arctan
√−∆
α+δ

;

(d) ∆ < 0, α + δ = 0, and
√−∆ < π.

Then the problem (9.1)/(9.2) has a unique solution x ∈ C1
t (X) for any φ ∈ X+, ψ ∈ X−,

and f ∈ Ct(X).

9.5. Unbounded multipliers
In Theorem 9.7 above, as well as in all existence and uniqueness results for (9.1)/(9.2)

derived in the previous subsections, we supposed that c ∈ L∞([−1, 1]). From now on
we consider also unbounded multipliers c, and we require that

(9.41) c(s) ≤ −1 (0 < s ≤ 1), c(s) ≥ 1 (−1 ≤ s < 0).

Under this hypothesis, the existence and uniqueness results given above may become
false:

Example 9.3. Let X = L1([−1, 1]), c(s) = −1/s, k(s, σ) ≡ 0, f(t, s) ≡ 0, φ(s) ≡ 1,
and ψ(s) ≡ 0, i.e. we consider the problem





∂x(t, s)

∂t
= −x(t, s)

s
if (t, s) ∈ Q,

x(0, s) = 1 if 0 < s ≤ 1,

x(1, s) = 0 if −1 ≤ s < 0.

We certainly have then φ ∈ X+, ψ ∈ X−, and f ∈ Ct(X), but the solution of (9.1)/(9.2)
in this case, viz.

(9.42) x(t, s) =





e−t/s if 0 < s ≤ 1,

0 if −1 ≤ s < 0,

does not belong to C1
t (X), since ∂x(0, ·)/∂t /∈ X.

This phenomenon is due to the fact that, even if the data φ, ψ, and f are very
smooth, the corresponding solution x may become singular at the boundary points
t = 0 or t = T . This difficulty may be overcome in two different ways: either we weaken
the regularity requirement on the possible solutions near the boundary, or we take the
data from weighted function spaces.

Given an ideal space X of functions over [−1, 1], by C̆t(X) we denote the linear
space of all functions of two variables x : Q → R with the property that the map
t 7→ x(t, ·) is continuous from the open interval (0, T ) into X; the space C̆1

t (X) is
defined analogously. Thus, in contrast to the spaces Ct(X) and C1

t (X) introduced in
Subsection 9.2, the points t = 0 and t = T are excluded in the regularity requirement.
As before, a model case will always be X = Lp([−1, 1]).

If X is an ideal space over [−1, 1] and w a nonvanishing measurable function (“weight
function”) on [−1, 1], we denote by X(w), X+(w), and X−(w) the ideal spaces defined
by the norms

(9.43) ||x||X(w) = ||wx||X , ||x||X±(w) = ||wx||X± ,



respectively. Now, if c is a multiplier satisfying (9.41), the imbeddings

(9.44) X(c) ⊆ X ⊆ X(
1

c
), X±(c) ⊆ X± ⊆ X±(

1

c
)

hold with imbedding constants 1.
The following two lemmas are completely analogous to Lemma 9.3.

Lemma 9.6. Let X = Lp([−1, 1]), φ ∈ X+(c), ψ ∈ X−(c), and f ∈ Ct(X(c)), where
c satisfies (9.41). Then the problem

(9.45)





∂g(t, s)

∂t
= c(s)g(t, s) + f(t, s) if (t, s) ∈ Q,

g(0, s) = φ(s) if 0 < s ≤ 1,

g(T, s) = ψ(s) if −1 ≤ s < 0

has a unique solution g ∈ C1
t (X); this solution is given, for almost all (t, s) ∈ Q, by

(9.46) g(t, s) =





∫ t

0

e(t−τ)c(s)f(τ, s) dτ + etc(s)φ(s) if 0 < s ≤ 1,

∫ t

T

e(t−τ)c(s)f(τ, s) dτ + e(t−T )c(s)ψ(s) if −1 ≤ s < 0.

Lemma 9.7. Let X = Lp([−1, 1]), φ ∈ X+, ψ ∈ X−, and f ∈ Ct(X), where c

satisfies (9.41). Then the problem (9.45) has a unique solution in C̆1
t (X); this solution

is given by (9.46).

For the following lemma, recall the definition of the operator L in (9.14) and the
function g in (9.13). The following assertions are parallel to Lemma 9.5 and Theorem
9.2, respectively; the proof is a simple consequence of the imbeddings (9.44).

Lemma 9.8. If c satisfies (9.41), and the integral operator defined by the kernel k is
regular in X = Lp([−1, 1]), then (9.14) is a bounded operator from Lp(Q) into Ct(X).

Theorem 9.8. Suppose that c satisfies (9.41), and the integral operator defined by the
kernel k is regular in X = Lp([−1, 1]). Then every solution of the problem (9.1)/(9.2)
solves the equation

(9.47) x(t, s) = Lx(t, s) + g(t, s).

Conversely, every solution x ∈ Ct(X) of (9.47) is a solution of (9.1)/(9.2), and the
partial derivative ∂x/∂t belongs to Ct(X(1

c
)).

Using weighted function spaces, Theorem 9.4 above reads now as follows.

Theorem 9.9. Suppose that c satisfies (9.41), and the integral operator defined by
the kernel k is regular in X = Lp([−1, 1]). Assume that

(9.48) 1 /∈ σ((I − A)−1B(I −D)−1C),



where the operators A,B,C, and D are given by (9.17). Then the operator I − L, with
L given by (9.14), is invertible in Ct(X). Consequently, the problem (9.1)/(9.2) has
a unique solution x ∈ Ct(X) with ∂x/∂t ∈ Ct(X(1

c
)) for any φ ∈ X+, ψ ∈ X−, and

f ∈ Ct(X).

Of course, Example 9.3 at the beginning of this subsection is covered by Theorem
9.9, but not by any existence theorem derived in the preceding subsections. In fact, for
the solution (9.42) we have

∣∣∣∣
∣∣∣∣
∂x(t, ·)

∂t

∣∣∣∣
∣∣∣∣
L1(1/c)

=

∫ 1

−1

∣∣∣∣
∂x(t, s)

∂t
s

∣∣∣∣ ds =

∫ 1

−1

e−t/s ds,

and the last integral depends continuously on t ∈ [0, 1]. Thus, we have ∂x/∂t ∈
Ct(L1(

1
c
)), but ∂x/∂t /∈ Ct(L1).

Theorem 9.9 gives the existence of a solution x ∈ Ct(X) of (9.1)/(9.2) with certain
additional properties. A parallel existence theorem may be proved in the space C1

t (X);
we do not present the details.

An application of the above results in the weighted space X(1
c
) will be given in

Subsection 19.5.



§ 10. Boundary value problems (non-stationary case)

In this section we briefly discuss a parallel theory for the non-stationary equation

(10.1)
∂x(t, s)

∂t
= c(t, s)x(t, s) +

∫ 1

−1

k(t, s, σ)x(t, σ) dσ + f(t, s)

((t, s) ∈ Q = [0, T ]× [−1, 1]), with boundary conditions

(10.2) x(0, s) = φ(s) (0 < s ≤ 1), x(T, s) = ψ(s) (−1 ≤ s < 0).

The results of this section may be found in Kalitvin [1993, 1993a], Appell-Diallo
[1995], and Zabrejko-Kalitvin [1997].

10.1. Equations with variable operators
Since we are now interested in the non-stationary equation (10.1), we have to put

(10.3) A(t)x(s) = c(t, s)x(s) +

∫ 1

−1

k(t, s, σ)x(σ) dσ

and to consider, instead of (9.3), the differential equation

(10.4)
dx

dt
= A(t)x + f(t).

We recall that the evolution operator U = U(t, τ) of (10.4) has the form

(10.5) U(t, τ)x(s) = e(t, τ, s)x(s) +

∫ 1

−1

h(t, τ, s, σ)x(σ) dσ,

where

(10.6) e(t, τ, s) = exp

{∫ t

τ

c(ξ, s) dξ

}
,

and h = h(t, τ, s, σ) is a measurable function on [0, T ] × [0, T ] × [−1, 1] × [−1, 1]. It
is therefore not surprising that the results of Subsection 9.2 carry over provided we
replace throughout the function tc(s) by the integral

∫ t

0
c(ξ, s) dξ, and the function

h(t, s, σ) by the function h(t, 0, s, σ). In particular, we may write the solution of (10.4)
with initial condition x(0) = x0 in the form

(10.7) x(t, s) =





m(t, s) +

∫ 0

−1

h(t, 0, s, σ)z(σ) dσ if 0 < s ≤ 1,

n(t, s) + e(t, 0, s)z(s) +

∫ 0

−1

h(t, 0, s, σ)z(σ) dσ if −1 ≤ s < 0,

where

m(t, s) = e(t, 0, s)φ(s) +

∫ 1

0

h(t, 0, s, σ)φ(σ) dσ

+

∫ t

0

{
e(t, τ, s)f(τ, s) +

∫ 1

−1

h(t, τ, s, σ)f(τ, σ) dσ

}
dτ



and

n(t, s) =

∫ 1

0

h(t, 0, s, σ)φ(σ) dσ

+

∫ t

0

{
e(t, τ, s)f(τ, s) +

∫ 1

−1

h(t, τ, s, σ)f(τ, σ) dσ

}
dτ.

For obtaining the functions y ∈ X+ and z ∈ X− (see Subsection 9.2) we therefore have
to solve the system

(10.8)





y(s) = m(T, s) +

∫ 0

−1

h(T, 0, s, σ)z(σ) dσ if 0 < s ≤ 1,

e(T, 0, s)z(s) +

∫ 0

−1

h(T, 0, s, σ)z(σ) dσ = ψ(s)− n(T, s) if −1 ≤ s < 0.

Moreover, putting

(10.9) p(s, σ) =
h(T, 0, s, σ)

e(T, 0, s)

and

(10.10) r(s) =
ψ(s)− n(T, s)

e(T, 0, s)

(which is parallel to (9.9)), solving the system (10.8) is equivalent to solving the
Fredholm integral equation

(10.11) z(s) +

∫ 0

−1

p(s, σ)z(σ) dσ = r(s).

In this way, we arrive at the following generalization of Lemma 9.1:

Theorem 10.1. Suppose that the functions c : Q → R and k : Q × [−1, 1] → R
are measurable, the operator A(t) is regular in the space X = Lp([−1, 1]), the operator
function (10.3) is strongly continuous, and −1 /∈ σ(P ), where

(10.12) Pz(s) =

∫ 0

−1

p(s, σ)z(σ) d(σ).

Then the problem (10.1)/(10.2) has a unique solution x ∈ C1
t (X) for any φ ∈ X+, ψ ∈

X−, and f ∈ C(X). This solution may be determined by formula (10.7).

Of course, one may also formulate a parallel result to Lemma 9.2 in case −1 ∈ σ(P ).

10.2. Reduction to a two-dimensional integral equation
As in Subsection 9.3, we may reduce the boundary value problem (10.1)/(10.2) to

the operator equation

(10.13) x(t, s) = Lx(t, s) + g(t, s),



where

(10.14) Lx(t, s) =





∫ t

0

e(t, τ, s)K̂x(τ, s) dτ if 0 < s ≤ 1,

∫ t

T

e(t, τ, s)K̂x(τ, s) dτ if −1 ≤ s < 0

with

(10.15) K̂x(t, s) =

∫ 1

−1

k(t, s, σ)x(t, σ) dσ,

and

(10.16) g(t, s) =





∫ t

0

e(t, τ, s)f(τ, s) dτ + e(t, 0, s)φ(s) if 0 < s ≤ 1,

∫ t

T

e(t, τ, s)f(τ, s) dτ + e(t, T, s)ψ(s) if −1 ≤ s < 0.

First we state the following analogue to Lemma 9.3, again for X = Lp([−1, 1]), which
may be proved by a straightforward calculation:

Lemma 10.1 Let c ∈ Ct(L∞). Then, for any φ ∈ X+, ψ ∈ X−, and f ∈ Ct(X), the
equation

∂g(t, s)

∂t
= c(t, s)g(t, s) + f(t, s) ((t, s) ∈ Q)

with boundary condition (10.2) has a unique solution g ∈ C1
t (X) which is given by

(10.16).

The following is parallel to Theorem 9.2:

Theorem 10.2 Let c ∈ Ct(L∞), and suppose that the operator function

(10.17) K(t)x(s) =

∫ 1

−1

k(t, s, σ)x(σ) dσ

is regular in X = Lp([−1, 1]) for each t ∈ [0, T ]. Assume that the operator (10.15) acts
in Ct(X). Then every solution of the problem (10.1)/(10.2) solves the operator equation
(10.13), where L is defined by (10.14) and g is defined by (10.16). Conversely, every
solution x ∈ Ct(X) of (10.13), with L given by (10.14) and g given by (10.16), belongs
to C1

t (X) and is a solution of the problem (10.1)/(10.2).
2 Suppose that x ∈ C1

t (X) solves (10.1)/(10.2). The function f̂ defined by

f̂(t, s) := K̂x(t, s) + f(t, s)

belongs then to Ct(X), by Lemma 4.2. Consequently, from Lemma 10.1 we conclude
that the unique C1

t -solution of the equation

(10.18)
∂y(t, s)

∂t
= c(t, s)y(t, s) + f̂(t, s)



is y(t, s) = Lx(t, s) + g(t, s), i.e. y = x solves (10.13).
Conversely, if x ∈ Ct(X) solves (10.13), the problem (10.18) with boundary conditions

y(0, s) = φ(s) (0 < s ≤ 1), y(T, s) = ψ(s) (−1 ≤ s < 0)

has the unique solution y(t, s) = Lx(t, s) + g(t, s), i.e. x = y solves (10.1)/(10.2). ¥

We point out that the assumption on the boundedness of the function c is essential
in Theorem 10.2; in fact, otherwise the Ct-solution x of (10.13) need not belong to
C1

t (X):

Example 10.1. Let X := L2([−1, 1]), c(t, s) := 1/2
√

t + |s|, k(t, s, σ) := s exp(−
√

t + |s|),
f(t, s) := −2s, φ(s) := exp

√
s, and ψ(s) := exp

√
1− s, i.e. we consider the problem





∂x(t, s)

∂t
=

x(t, s)

2
√

t + |s| + s

∫ 1

−1

e−
√

t+|σ|x(t, σ) dσ − 2s if (t, s) ∈ Q,

x(0, s) = e
√

s if 0 < s ≤ 1,

x(1, s) = e
√

1−s if −1 ≤ s < 0.

In this case we have

Lx(t, s) =





se
√

t+s

∫ t

0

∫ 1

−1

x(τ, σ)

e
√

τ+se
√

t+|σ|
dσ dτ if 0 < s ≤ 1,

se
√

t−s

∫ t

1

∫ 1

−1

x(τ, σ)

e
√

τ−se
√

t+|σ|
dσ dτ if −1 ≤ s < 0,

and

g(t, s) =





−2se
√

t+s

∫ t

0

dτ

e
√

τ+s
+ e

√
t+s if 0 < s ≤ 1,

−2se
√

t−s

∫ t

1

dτ

e
√

τ−s
+ e

√
t−s if −1 ≤ s < 0.

An easy calculation shows that equation (10.13) has the solution x(t, s) = exp
√

t + |s|;
this solution belongs to Ct(X), but not to C1

t (X), since ∂x(0, ·)/∂t 6∈ X.

The fact that the assertion of Theorem 10.2 fails for unbounded functions c is not
accidental as we have seen in Lemma 4.5: the strong continuity of the operator function
t 7→ C(t) implies that c ∈ L∞(Q) (even Ct(L∞)).

Introducing now as in the previous subsection

u(t, s) = x(t, s), v(t, s) = x(t,−s), ξ(t, s) = g(t, s), η(t, s) = g(t,−s)

(0 ≤ t ≤ T, 0 < s ≤ 1) as before, replacing (9.16) by

(10.19)





a(t, τ, s, σ) = e(t, τ, s)k(τ, s, σ),

b(t, τ, s, σ) = e(t, τ, s)k(τ, s,−σ),

c(t, τ, s, σ) = e(t, τ,−s)k(τ,−s, σ),

d(t, τ, s, σ) = e(t, τ,−s)k(τ,−s,−σ),



(0 ≤ t, τ ≤ T, 0 < s, σ ≤ 1), and defining the operators A,B,C, and D as in (9.17),
we arrive again at the matrix equation (9.18).

The following is parallel to Theorem 9.3:

Theorem 10.3. Let c ∈ L∞(Q), and suppose that the operator function (10.17) is
regular in X = Lp([−1, 1]). Assume that the operator (10.15) acts in Ct(X). Then the
condition (9.19) implies that the operator I − L, with L given by (10.14), is invertible
in Ct(X).

The verification of condition (9.19) amounts, in particular, to showing that 1 6∈ σ(A)
and 1 6∈ σ(D). For example, the spectral radii of A and D are zero if

|a(t, τ, s, σ)| ≤ a1(t, τ)a2(s, σ), |d(t, τ, s, σ)| ≤ d1(t, τ)d2(s, σ),

the integral operators

A1x(t) =

∫ t

0

a1(t, τ)x(τ) dτ, D1x(t) =

∫ T

t

d1(t, τ)x(τ) dτ

are compact in Lp([0, T ]), and the integral operators

A2x(s) =

∫ 1

0

a2(s, σ)x(σ) dσ, D2x(s) =

∫ 1

0

d2(s, σ)x(σ) dσ

are bounded in Lp([0, 1]).

We remark that some classes of kernels for which the crucial condition (9.19) holds
are described in Appell-Diallo [1995] and Zabrejko-Kalitvin [1997].

A special case which also occurs in applications (see e.g. Subsection 19.5) is the sign
condition

(10.20) sc(t, s) ≤ 0 ((t, s) ∈ Q);

this condition implies that the function (10.6) satisfies e(t, τ, s) ≤ 1 for t ≥ τ and
s > 0, as well as for t ≤ τ and s < 0. The definition (10.14) of the operator L shows
then that the “smallness” of the spectral radius of L only depends on the “smallness”
of the spectrial radius of the operator K̂. For example, the following holds:

Theorem 10.4. Suppose that the hypotheses of Theorem 10.2 and the sign condition
(10.20) are satisfied. Assume, moreover, that

(10.21) || |K(t1)| · · · |K(tn)| || < 1

T
(t1, . . . , tn ∈ [0, T ])

for some n, where

|Kx(t)|x(s) =

∫ 1

−1

|k(t, s, σ)|x(σ) dσ.

Then the problem (10.1)/(10.2) has a unique solution.



2 For any x ∈ C1
t (X) we have

|Lx(t, s)| ≤
∫ T

0

∫ 1

−1

|k(t, s, σ)| |x(τ, σ)| dσ dτ =

∫ T

0

|K(t)| |x(τ, s)| dτ.

By induction we get

|Lnx(t, s)| ≤
∫ T

0

· · ·
∫ T

0

|K(t1)| · · · |K(tn)| |x(tn)|(s) dtn . . . dt1

which implies

||Lnx(t, ·)|| ≤
∣∣∣∣
∣∣∣∣
∫ T

0

· · ·
∫ T

0

|K(t1)| · · · |K(tn)| |x(tn)(·)| dtn . . . dt1

∣∣∣∣
∣∣∣∣

≤
∫ T

0

· · ·
∫ T

0

|| |K(t1)| · · · |K(tn)| |x(tn)(·)| || dtn . . . dt1

≤ ||x||Ct(X)

∫ T

0

· · ·
∫ T

0

|| |K(t1)| · · · |K(tn)| || dtn . . . dt1,

hence rσ(L) ≤ ||Ln||1/n < 1. ¥

We make some remarks on Theorem 10.4. First of all, the proof shows that condition
(10.21) can be weakened to

∫ T

0

· · ·
∫ T

0

|| |K(t1)| · · · |K(tn)| || dtn . . . dt1 < 1.

In the stationary case K(t) ≡ K condition (10.21) is equivalent to the condition
rσ(|K|) < 1/T which we have imposed in Theorem 9.5.

Furthermore, we recall (see Subsection 1.1) that the sign condition (10.20) may
be achieved by introducing some new function c̃ which satisfies (10.20) (for example,
c̃(t, s) = −sc̃(t)) and then passing from x to the new unknown function

(10.22) y(t, s) := x(t, s) exp

{
−

∫ t

0

[c(ξ, s)− c̃(ξ, s)] dξ

}
.

After this substitution we get for y the equation

(10.23)
∂y(t, s)

∂t
= c̃(t, s)y(t, s) +

∫ 1

−1

k̃(t, s, σ)y(t, σ) dσ + f̃(t, s)

with boundary conditions

(10.24) y(0, s) = φ̃(s) (0 < s ≤ 1), y(T, s) = ψ̃(s) (−1 ≤ s < 0),

where

k̃(t, s, σ) = k(t, s, σ) exp

{∫ t

0

[c̃(ξ, s)− c(ξ, s) + c(ξ, σ)− c̃(ξ, σ)] dξ

}
,



f̃(t, s) = f(t, s) exp

{∫ t

0

[c̃(ξ, s)− c(ξ, s)] dξ

}
,

and

φ̃(s) = φ(s), ψ̃(s) = ψ(s) exp

{∫ T

0

[c(ξ, s)− c̃(ξ, s)] dξ

}
.

10.3. Application of K-normed spaces
The fixed point principle given in Theorem 9.6 above applies also to the non-

stationary equation (10.1). We summarize with the following

Theorem 10.5. Let c ∈ L∞(Q), and suppose that the operator function (10.17) is
regular in X = Lp([−1, 1]). Assume that the operator (10.15) acts in Ct(X), and the
estimates (9.36) hold, where the functions a, b, c and d are defined by (10.19). Finally,
suppose that one of the following four conditions is satisfied:

(a) ∆ = (α + δ)2 − 4βγ > 0 and T
√

∆ < log α+δ+
√

∆
α+δ−√∆

;

(b) (α + δ)2 = 4βγ and T (α + δ) < 2;
(c) ∆ < 0, α + δ 6= 0, and T

√−∆ < 2 arctan
√−∆
α+δ

;

(d) ∆ < 0, α + δ = 0, and T
√−∆ < π.

Then the operator equation (10.13) has a unique solution x ∈ Ct(X) for any g ∈
Ct(X).

We do not give the proof of this theorem since it is identical with that of Theorem
9.7. Instead, we illustrate this theorem with another example.

Example 10.2. Consider the equation

(10.25)
∂x(t, s)

∂t
= 4tx(t, s)− 6ts

∫ 1

−1

σx(t, σ) dσ

with boundary condition (10.2). Here we have

Lx(t, s) =





−6se2t2
∫ t

0

∫ 1

−1

e−2τ2

τσx(τ, σ) dσ dτ if 0 < s ≤ 1,

−6se2t2
∫ t

T

∫ 1

−1

e−2τ2

τσx(τ, σ) dσ dτ if −1 ≤ s < 0,

and

g(t, s) =





e2t2φ(s) if 0 < s ≤ 1,

e2(t2−T 2)ψ(s) if −1 ≤ s < 0.

A straightforward calculation shows that the operator equation (10.13) has the unique
solution

x(t, s) =





−6A(1 + T 2)s(e2t2 − 1)

2T 2 + e−2T 2 + 1
+ e2t2φ(s) if 0 < s ≤ 1,

−6A(1 + T 2)s(e2t2 − 1)

2T 2 + e−2T 2 + 1
+ e2(t2−T 2)ψ(s) if −1 ≤ s < 0,



where we have put

A :=
1

2

[∫ 1

0

sφ(s) ds + e−2T 2

∫ 0

−1

sψ(s) ds

]
.

Since the functions defined in (10.19) are here

a(t, τ, s, σ) = d(t, τ, s, σ) = −6sτσe2(t2−τ2)

and
b(t, τ, s, σ) = c(t, τ, s, σ) = 6sτσe2(t2−τ2),

the estimates (9.36) hold for α = β = γ = δ = 6Te2T 2 . Thus, by condition (b) of
Theorem 10.5 we know that there is a unique solution of (10.13) (and hence also of
(10.25), since the function c is bounded) if 36T 2e4T 2

< 1. Of course, this condition is
far from being necessary.





Chapter III

Partial Integral Operators





§ 11. General properties

In this section we shall be concerned with general properties of so-called partial
integral operators. For simplicity, we shall restrict ourselves throughout to spaces of
functions of two variables. The operators we shall study in such spaces are of the form

(11.1) P = C + L + M + N,

where

(11.2) Cx(t, s) = c(t, s)x(t, s),

(11.3) Lx(t, s) =

∫

T

l(t, s, τ)x(τ, s) dµ(τ),

(11.4) Mx(t, s) =

∫

S

m(t, s, σ)x(t, σ) dν(σ),

and

(11.5) Nx(t, s) =

∫

T×S

n(t, s, τ, σ)x(τ, σ)d(µ× ν)(τ, σ).

Here T and S are arbitrary nonempty sets equipped with σ-algebras A(T) and A(S),
and separable measures µ and ν on A(T) and A(S), respectively; by µ×ν we mean the
product measure on the σ-algebra A(T)⊗ A(S). The coefficient c = c(t, s), as well as
the kernels l = l(t, s, τ),m = m(t, s, σ), and n = n(t, s, τ, σ) are measurable functions,
and the integrals (11.3) - (11.5) are meant in the Lebesgue-Radon sense. The whole
operator (11.1) is a partial integral operator in its most general form.

The main results of this paragraph have been obtained in Kaltivin-Zabrejko
[1991], see also Kalitvin [1983, 1986a, 1987].

11.1. Continuity properties
In the sequel we use the following notation. By S = S(T×S) we denote the space

of all (classes of) measurable real functions on T × S, and by X and Y ideal spaces of
functions over T × S. (For the definition and properties of ideal spaces, see Subsection
4.1.)

Theorem 11.1. Suppose that P is a partial integral operator which acts from X
into Y. Then P is continuous.

2 Together with (11.1), consider the operator

(11.6) ]P [ = ]C[ + ]L[ + ]M [ + ]N [,

where

(11.7) ]C[x(t, s) = |c(t, s)|x(t, s),



(11.8) ]L[x(t, s) =

∫

T

|l(t, s, τ)|x(τ, s) dµ(τ),

(11.9) ]M [x(t, s) =

∫

S

|m(t, s, σ)|x(t, σ) dν(σ),

and

(11.10) ]N [x(t, s) =

∫

T×S

|n(t, s, τ, σ)|x(τ, σ)d(µ× ν)(τ, σ).

Let x ∈ X. By hypothesis, the function y = Px belongs to Y. This implies, in
particular, that the functions τ 7→ l(t, s, τ)x(τ, s), σ 7→ m(t, s, σ)x(t, σ) and (τ, σ) 7→
n(t, s, τ, σ)x(τ, σ) are integrable, for almost all (t, s) ∈ T × S, on T, S, and T × S,
respectively. By well-known properties of the Lebesgue-Radon integral, the same is
true for the functions τ 7→ |l(t, s, τ)||x(τ, s)|, σ 7→ |m(t, s, σ)||x(t, σ)| and (τ, σ) 7→
|n(t, s, τ, σ)||x(τ, σ)|; thus, we may define ]P [x and have ]P [x ∈ S, by Fubini’s theorem.
In other words, the operator (11.6) acts from X into S.

We claim that the operator P is closed. Suppose that (xn)n converges (in X) to
x∗ ∈ X, and (Pxn)n converges (in Y ) to y∗ ∈ Y ; we have to show that Px∗ = y∗.
Choose a sequence nk of natural numbers such that

∞∑

k=1

||xnk
− x∗|| < ∞.

Without loss of generality we may then assume that xnk
(t, s) → x∗(t, s) almost everywhere

on T × S, and the function z defined by

z(t, s) =
∞∑

k=1

|xnk
(t, s)− x∗(t, s)|

belongs to X. Consequently, we have convergence

l(t, s, ·)xnk
(·, s) → l(t, s, ·)x∗(·, s) (k →∞),

m(t, s, ·)xnk
(t, ·) → m(t, s, ·)x∗(t, ·) (k →∞),

and
n(t, s, ·, ·)xnk

(·, ·) → n(t, s, ·, ·)x∗(·, ·) (k →∞)

for almost all (t, s) ∈ T ×S. Moreover, these sequences are majorized by the integrable
functions |l(t, s, ·)|z(·, s), |m(t, s, ·)|z(t, ·), and |n(t, s, ·, ·)|z(·, ·), respectively. By Lebesgue’s
dominated convergence theorem, we have Lxnk

(t, s) → Lx∗(t, s),Mxnk
(t, s) → Mx∗(t, s),

and Nxnk
(t, s) → Nx∗(t, s), for almost all (t, s) ∈ T × S, and hence also Pxnk

(t, s) →
Px∗(t, s) almost everywhere on T × S. But, by hypothesis, the sequence (Pxnk

)k

converges in Y to y∗, and thus Px∗ = y∗ as claimed.
We have shown that the operator P is closed between X and Y. The assertion follows

now from Banach’s closed graph theorem. ¥



Theorem 11.1 is an extension of Banach’s well-known theorem on the continuity of
integral operators (see Banach [1932]) to partial integral operators.

It is clear that the operator P maps X into Y if all the operators C, L,M, and N
given by (11.2), (11.3), (11.4), and (11.5), respectively, do so. Interestingly, the converse
is not true, at least if one of the sets T or S contains a countable number of atoms:

Example 11.1. Let S = T = N with µ = ν being the counting measure, and take
X = Y = l2(N×N) (the space of all square-summable sequences with double index).
If we take

c(t, s) := −t (t ∈ N)

l(t, s, τ) = m(t, s, σ) ≡ 0,

and

n(t, s, τ, σ) :=

{
t if t = τ and s = σ,

0 otherwise,

the operator (11.1) is simply the zero operator. On the other hand, the operator (11.2)
with c(t, s) = −t certainly does not act in the space l2.

The acting problem for the components of the operator (11.1) is related to that of
the uniqueness of the representation of the operator P in the form (11.1). We point out
that this representation is unique if the measures µ and ν are continuous (atom-free)
on S(T) and S(S), respectively; this follows from regularity theorems which we shall
give in the next subsection. Such regularity theorems allow us also to conclude the
action of all the operators (11.2) - (11.5) from the action of the single operator (11.1)
between X and Y.

11.2. Regularity properties
As in Subsection 4.1, the notation x ≤ y for x, y ∈ S(T×S) means that x(t, s) ≤

y(t, s) almost everywhere on T × S.

Recall that a linear operator P : X → Y is called regular if P may be written as
a difference of two positive linear operators between X and Y (i.e. operators which
preserve inequalities almost everywhere). In this case there exists a positive operator
P̃ : X → Y such that

|Px| ≤ P̃ |x| (x ∈ X).

The classical Kantorovich theorem (see e.g. Kantorovich [1956] or Vulikh [1961,
1977]) states that a linear operator is regular if and only if it preserves order-boundedness.
Moreover, among all positiv majorants P̃ of P there exists a minimal one (in the sense
of the induced ordering on the space of linear operators); this minimal positive majorant
is usually called the module of P and denoted by |P | (see Subsection 3.1).

Theorem 11.2. Suppose that the measures µ and ν are continuous, and let P :
X → Y be a partial integral operator. Then P is regular if and only if the operator ]P [
given by (11.6) also maps X into Y. In this case,

(11.11) |P | = ]P [.



2 The sufficiency follows from the obvious inequality

(11.12) |Px| ≤ ]P [ |x| (x ∈ X),

which implies that ]P [ is a positive majorant of P, and, hence |P | ≤ ]P [. To prove the
necessity, let P : X → Y be regular. For any nonnegative function x ∈ X, we then get
(see again Vulikh [1961])

|P |x = sup {|Pz| : |z| ≤ x} ∈ Y.

Since X and Y are K-spaces of countable type (Kantorovich-Akilov [1977]), we
find a countable set M which is dense (in measure) in the conic interval [−x, x] = {z :
z ∈ X, |z| ≤ x} and such that

|P |x = sup {|Pz| : z ∈ M}.
By the continuity of the measures µ and ν, we can choose sequences of sets Tn ⊆ T
and Sn ⊆ S such that

T =
∞⋃

n=1

Tn, S =
∞⋃

n=1

Sn, µ(Tn) → 0, ν(Sn) → 0,

and every point t ∈ T and s ∈ S belongs to infinitely many subsets Tn and Sn,
respectively. Let

Un = T × Sn, Vn = Tn × S, ∆n = Un ∪ Vn, ∇n = Un ∩ Vn,

and denote by M∗ the set of all functions

zn = P∇nx sign c + P∆′nu + PU ′n∩Vnv + PUn∩V ′nw (n ∈ N),

where u, v, w ∈ M , PD is the operator (3.19) for D ⊆ T × S, and D′ denotes the
complement (T × S) \D. Since M ⊆ M∗ ⊆ [−x, x], we have

|P |x = sup {|Pz| : z ∈ M∗};
moreover, since M∗ is countable, we also have

(11.13) |P |x(t, s) = sup {|Pz(t, s)| : z ∈ M∗}
for almost all (t, s) ∈ T × S. Fix (t, s) ∈ T × S with (11.13), and choose sequences
(nk)k and (mk)k such that t ∈ Tnk

and s ∈ Smk
for all k. Moreover, let uk, vk,

and wk be functions in M such that uk(τ, σ) → sign l(t, s, τ)x(τ, σ), vk(τ, σ) →
sign m(t, s, σ)x(τ, σ), and wk(τ, σ) → sign n(t, s, τ, σ)x(τ, σ) in measure. Finally, put

zk = P∇̃k
x sign c + P∆̃′k

uk + PŨ ′k∩Ṽk
vk + PŨk∩Ṽ ′k

wk,

where

Ũk = T × Smk
, Ṽk = Tnk

× S, ∆̃k = Ũk ∪ Ṽk, ∇̃k = Ũk ∩ Ṽk.



By Lebesgue’s dominated convergence theorem, we conclude that

lim
k→∞

|Pzk
(t, s)| = |c(t, s)|x(t, s) +

∫

T

|l(t, s, τ)|x(τ, s) dµ(τ)

+

∫

S

|m(t, s, σ)|x(t, σ) dν(σ) +

∫

T×S

|n(t, s, τ, σ))|x(τ, σ) d(µ× ν)(τ, σ) =]P [x(t, s).

On the other hand, from zk ∈ M∗ (k = 1, 2, 3, . . .) it follows that

]P [x(t, s) = lim
k→∞

|Pzk
(t, s)| = sup {|Pz| : z ∈ M∗}.

This implies, together with (11.13), that ]P [x(t, s) ≤ |P |x(t, s) and hence ]P [x ≤ |P |x.
We have shown that the operator ]P [ maps all nonnegative functions x ∈ X into Y.
But every function in X may be written as a difference of two nonnegative functions,
and, thus, ]P [ acts from X into Y as claimed.

Equality (11.11) follows from the just established inequality ]P [ ≤ |P | and from the
inequality (11.12) which is always true. ¥

The hypothesis on the continuity of the measures µ and ν is essential not just for
the proof but also for the statement of Theorem 11.2. Nevertheless, one may modify
Theorem 11.2 in such a way that its statement remains true also for discrete (purely
atomic) measures and even for arbitrary measures. Denote by Td and Sd the “discrete
part”, and by Tc and Sc the “continuous part”, respectively, of the sets T and S. We
say that the representation (11.1) of the operator P is normal if c(t, s) = 0 for (t, s) ∈
Td × Sd, l(t, s, τ) = 0 for s ∈ Sd, and m(t, s, σ) = 0 for t ∈ Td. It is not hard to see
that one can always find a normal representation for a partial integral operator, just
by using “δ-type functions” defined by

δ(t, τ) =

{
µ(T )−1 if t = τ,

0 if t 6= τ,

and

δ(s, σ) =

{
ν(S)−1 if s = σ,

0 if s 6= σ.

In fact, replacing the functions c(t, s), l(t, s, τ),m(t, s, σ), and n(t, s, τ, σ) in (11.1) by
the functions

c(t, s) = PTc×Scc(t, s),

l(t, s, τ) = δ(t, τ)PTd×Scc(t, s) + PT×Scl(t, s, τ),

m(t, s, σ) = δ(s, σ)PTc×Sd
c(t, s) + PTc×Sm(t, s, σ),

and
n(t, s, τ, σ) = δ(t, τ)δ(s, σ)PTd×Sd

c(t, s)

+δ(s, σ)PT×Sd
l(t, s, τ) + δ(t, τ)PTd×Sm(t, s, σ) + n(t, s, τ, σ),

respectively, one gets a normal representation for P. For instance, in Example 11.1 we
could take

δ(t, τ) =

{
1 if t = τ,

0 if t 6= τ.



We formulate an analogue of Theorem 11.2 in this general case; the modification of the
proof is straightforward.

Theorem 11.3. Let P : X → Y be a partial integral operator with normal representation
(11.1). Then P is regular if and only if the operator ]P [ given by (11.6) also maps X
into Y. In this case, equality (11.11) holds.

11.3. The associate operator
In this subsection we are interested in finding an explicit representation of the

associate operator P ′ : Y ′ → X ′ to the partial integral operator (11.1) which is supposed
to act from X into Y. First let us define an operator P# by

(11.14)

P#y(t, s) = c(t, s)y(t, s) +

∫

T

l#(t, s, τ)y(τ, s) dµ(τ)

+

∫

S

m#(t, s, σ)y(t, σ) dν(σ) +

∫

T×S

n#(t, s, τ, σ)y(τ, σ) d(µ× ν)(τ, σ)

where

l#(t, s, τ) = l(τ, s, t), m#(t, s, σ) = m(t, σ, s), n#(t, s, τ, σ) = n(τ, σ, t, s).

The following theorem may be regarded as analogue of Lemma 3.3.

Theorem 11.4. Let P be a partial integral operator which acts between two ideal
spaces X and Y. Then the associate operator P ′ of P is given by

(11.15) P ′y = P#y

for any y ∈ Y ′ with P#y ∈ S. In particular, if the operator (11.1) is regular, then
(11.15) holds for all y ∈ Y ′.

2 As was shown in the proof of Theorem 11.1, the operator ]P [ defined by (11.6)
acts from X into S and is continuous. Consequently, the image N of the unit ball
||x||X ≤ 1 of X under ]P [ is a bounded subset of S, and, hence, so is the set

(11.16) Ñ =
⋃ {{v : −]P [x ≤ v ≤ ]P [x} : ||x||X ≤ 1

}

(closure in S). Denote by Ỹ the ideal space whose unit ball coincides with the set
(11.16); such a space may be easily constructed. By construction, the operator ]P [ acts
from X into Ỹ and is continuous.



Let x ∈ X and y ∈ Ỹ ′. By Fubini’s theorem, we then have
∫

T×S

c(t, s)x(t, s)y(t, s) d(µ× ν)(t, s)

+

∫

T×S

[∫

T

l(t, s, τ)x(τ, s)dµ(τ)

]
y(t, s) d(µ× ν)(t, s)

+

∫

T×S

[∫

S

m(t, s, σ)x(t, σ)dν(σ)

]
y(t, s) d(µ× ν)(t, s)

+

∫

T×S

[∫

T×S

n(t, s, τ, σ)x(τ, σ) d(µ× ν)(τ, σ)

]
y(t, s) d(µ× ν)(t, s)

=

∫

T×S

c(t, s)x(t, s)y(t, s) d(µ× ν)(t, s)

+

∫

T×S

x(τ, s)

[∫

T

l(t, s, τ)y(t, s) dµ(t)

]
d(µ× ν)(τ, s)

+

∫

T×S

x(t, σ)

[∫

S

m(t, s, σ)y(t, s) dν(s)

]
d(µ× ν)(t, σ)

+

∫

T×S

x(τ, σ)

[∫

T×S

n(t, s, τ, σ)y(t, s) d(µ× ν)(t, s)

]
d(µ× ν)(τ, σ).

This shows that

(11.17) 〈Px, y〉 = 〈x, P#y〉 (x ∈ X, y ∈ Y ′),

and thus the operator P# coincides with the associate operator P ′ of P if we consider
P as an operator from X into Ỹ .

Now let v be a fixed unit in Ỹ ′. For any y ∈ Y ′, we define yn (n = 1, 2, 3, ...) by

yn(t, s) :=

{
y(t, s) if |y(t, s)| ≤ nv(t, s),

nv(t, s) sign y(t, s) if |y(t, s)| > nv(t, s).

By Fubini’s theorem we get then

(11.18) 〈Px, yn〉 = 〈x, P#yn〉 (n = 1, 2, . . .).

Since the limit, as n → ∞, of the left-hand side of (11.18) exists for any x ∈ X, the
sequence (P#yn)n is X-weakly Cauchy in X ′. But the space X ′ is X-weakly complete
(see Zabrejko [1966, 1968]), and hence P#yn → P ′y for some y ∈ Y ′. Since this
function y obviously satisfies

〈Px, y〉 = 〈x, P ′y〉 (x ∈ X, y ∈ Y ′),

we have shown that the associate operator P ′ of P also exists if we consider P as an
operator from X into Y.

Now let y ∈ Y ′ and P#y ∈ S. Then ]P#[ |y| ∈ S and, by Lebesgue’s theorem, the
sequence (P#yn)n converges (in S) to P#y. But, by what has been proved before, the



sequence (P#yn)n converges as well X-weakly to P ′y. We conclude that P ′y = P#y,
and so we are done. ¥

11.4. Algebras of partial integral operators
Given two ideal spaces X and Y, denote by L(X,Y ) the space of all bounded linear

operators and by Lr(X,Y ) the space of all regular bounded linear operators between
X and Y. Similarly, by Lp(X,Y) and Lr

p(X,Y ) (where the subscript p stands for
“partial integral operator”) we denote the space of all operators and regular operators,
respectively, of the form (11.1). Theorems 11.1 and 11.2 state that Lp(X, Y) ⊆ L(X,Y)
and Lr

p(X, Y ) ⊆ Lr(X,Y ). If L(X,Y) and Lr(X, Y ) are equipped with the usual
operator norm, the subspaces Lp(X,Y) and Lr

p(X,Y) are not closed. However, if we
consider Lr(X, Y ) with the norm

(11.19) ||P ||Lr(X,Y ) := || |P | ||L(X,Y ),

where |P | is the module of P as in Subsection 11.2, then Lr(X, Y ) becomes a Banach
space in the norm (11.19), and Lr

p(X, Y ) is closed in Lr(X, Y ). In order to state more
precise results, some auxiliary definitions are in order. These definitions are the same
as in § 3 and § 4, but now for functions of two variables.

Recall that, given two ideal spaces X and Y over T × S, by Y/X we denote the
multiplicator space of all functions c such that cx ∈ Y for all x ∈ X. This is an ideal
space with norm

(11.20) ||c||Y/X = sup {||cx||Y : ||x||X ≤ 1}.

Further, by Rl(X,Y ),Rm(X, Y ) and Rn(X,Y ) we denote the sets of all measurable
functions l = l(t, s, τ) on T × S × T, m = m(t, s, σ) on T × S × S, and n = n(t, s, τ, σ)
on T ×S × T ×S, respectively, such that l(t, s, τ) = 0 for s ∈ Sd and m(t, s, σ) = 0 for
t ∈ Td. All these three sets are ideal spaces equipped with the norms

(11.21) ||l||Rl(X,Y ) = sup
||x||X≤1

∣∣∣∣
∣∣∣∣
∫

T

|l(·, ·, τ)x(τ, ·)| dµ(τ)

∣∣∣∣
∣∣∣∣
Y

,

(11.22) ||m||Rm(X,Y ) = sup
||x||X≤1

∣∣∣∣
∣∣∣∣
∫

S

|m(·, ·, σ)x(·, σ)| dν(σ)

∣∣∣∣
∣∣∣∣
Y

,

and

(11.23) ||n||Rn(X,Y ) = sup
||x||X≤1

∣∣∣∣
∣∣∣∣
∫

T×S

|n(·, ·, τ, σ)x(τ, σ)| d(µ× ν)(τ, σ)

∣∣∣∣
∣∣∣∣
Y

,

respectively. Of course, these definitions are formulated just in such a way that the
kernel norms (11.21), (11.22) and (11.23) coincide with the operator norms of the
corresponding (regular) integral operators, i.e.

||l||Rl(X,Y ) = ||L||Lr(X,Y ), ||m||Rm(X,Y ) = ||M ||Lr(X,Y ), ||n||Rn(X,Y ) = ||N ||Lr(X,Y ).



Consider now the direct sum

(11.24) R(X ,Y) = Rc(X ,Y) ⊕ Rl(X ,Y) ⊕ Rm(X ,Y) ⊕ R\(X ,Y),

where Rc(X ,Y) is the subspace of Y/X consisting of all functions c = c(t, s) such that
c(t, s) = 0 for t ∈ Td or s ∈ Sd. The space (11.24) will be equipped with the norm

||(c, l, m, n)||R(X ,Y) = ||c||Rc(X ,Y) + ||l||Rl(X ,Y) + ||m||Rm(X ,Y) + ||n||Rm(X ,Y).

Theorem 11.5. Let X and Y be two ideal spaces. Then Lr
p(X, Y) is a closed subspace

of ÃLr(X, Y ) which is isomorphic to the space R(X ,Y). More precisely, the two-sided
estimate

(11.25) ||P ||ÃLr
(X,Y )

≤ ||(c, l, m, n)||R(X ,Y) ≤ 4||P ||ÃLr
(X,Y )

holds, if P is a regular operator of the form (11.1).
2 The statement is an immediate consequence of the completeness of the space

R(X ,Y) and of Theorems 11.2 and 11.3. ¥

In view of applications, the following theorem on the superposition of partial integral
operators is useful, which follows by a standard reasoning from Fubini’s theorem.

Theorem 11.6. Let X,Y and Z be three ideal spaces, and let

(11.26)

Pjx(t, s) = cj(t, s)x(t, s) +

∫

T

lj(t, s, τ)x(τ, s) dµ(τ)

+

∫

S

mj(t, s, σ)x(t, σ) dν(σ) +

∫

T×S

nj(t, s, τ, σ)x(τ, σ) d(µ× ν)(τ, σ)

(j = 1, 2) be two partial integral operators such that P1 ∈ ÃLr(X,Y ) and P2 ∈ ÃLr(Y, Z).
Then the linear operator P = P2P1 is also a partial integral operator with multiplier

c(t, s) = c2(t, s)c1(t, s)

and kernels

l(t, s, τ) = c2(t, s)l1(t, s, τ) + l2(t, s, τ)c1(τ, s) +

∫

T

l2(t, s, ξ)l1(ξ, s, τ) dµ(ξ),

m(t, s, σ) = c2(t, s)m1(t, s, σ) + m2(t, s, σ)c1(t, σ) +

∫

S

m2(t, s, η)m1(t, η, σ) dν(η),

and

n(t, s, τ, σ) = c2(t, s)n1(t, s, τ, σ) + n2(t, s, τ, σ)c1(τ, σ) + l2(t, s, τ)m1(τ, s, σ)

+m2(t, s, σ)l1(t, σ, τ) +

∫

T

l2(t, s, ξ)n1(ξ, s, τ, σ) dµ(ξ) +

∫

S

m2(t, s, η)n1(t, η, τ, σ) dν(η)

+

∫

T

n2(t, s, ξ, σ)l1(ξ, σ, τ) dµ(ξ) +

∫

S

n2(t, s, τ, η)m1(τ, η, σ) dν(η)

+

∫

T×S

n2(t, s, ξ, η)n1(ξ, η, τ, σ)d(µ× ν)(ξ, η).



Theorem 11.6 allows us to give some category-type inclusions between the classes
introduced so far, which we state as

Theorem 11.7. Let X, Y, and Z be three ideal spaces. Then the following inclusions
hold:

(a) Rc(X ,Y) ◦ Rc(Y ,Z) ⊆ Rc(X ,Z),

(b) Rc(X ,Y) ◦ Rl(Y ,Z) ⊆ Rl(X ,Z), Rl(X ,Y) ◦ Rc(Y ,Z) ⊆ Rl(X ,Z),

(c) Rc(X ,Y) ◦ Rm(Y ,Z) ⊆ Rm(X ,Z), Rm(X ,Y) ◦ Rc(Y ,Z) ⊆ Rm(X ,Z),

(d) Rl(X ,Y) ◦ Rm(Y ,Z) ⊆ R\(X ,Z), Rm(X ,Y) ◦ Rl(Y ,Z) ⊆ R\(X ,Z),

(e) R\(X ,Y) ◦ R\(Y ,Z) ⊆ R\(X ,Z), R\(X ,Y) ◦ R\(Y ,Z) ⊆ R\(X ,Z).

In particular, the classes Rc,Rl,Rm and R\ are subalgebras of the algebra R, and
the classes R\ and Rl ⊕Rm ⊕R\ are ideals in R.

The basic Theorem 11.5 is not only of theoretical interest. It implies, in fact, that
showing that a partial integral operator (11.1) belongs to ÃLr(X,Y ) reduces to proving
the four relations

(11.27) c ∈ Rc(X ,Y), l ∈ Rl(X ,Y), m ∈ Rm(X ,Y), \ ∈ R\(X ,Y).

The verification of the first relation in (11.27) reduces to a simple application of results
on multiplicator spaces, while that of the last relation may be carried out by means of
the theory of Zaanen spaces of kernel functions for linear integral (see e.g. Zabrejko
[1966, 1968] and Zabrejko-Koshelev-Krasnosel’skij-Mikhlin-Rakovshchik-
Stetsenko [1968]). Both procedures have been studied extensively for general spaces,
as well as for special (e.g., Lebesgue and Orlicz) spaces. The problem of verifying the
second and third relation in (11.27), however, is harder and has not been given much
attention yet in books.

In general, it seems to be difficult to give a fairly explicit description of the kernel
classes Rl,Rm, and R\. Such a description, apparently, depends heavily on specific
properties of the spaces X and Y, and the problems are due to the lack of symmetry
in the variables s and t. Some of the most important special cases, in which more
information may be obtained, will be considered in the next sections.



§ 12. Operators in spaces with mixed norm

In this section we introduce and study so-called ideal spaces with mixed norm (of
functions of two variables). These spaces give the natural setting for investigating
partial integral operators. The most important examples are, as usual, Lebesgue spaces
with mixed norm which we used (at least implicitly) already in Subsection 3.3, and
Orlicz spaces with mixed norm which we will discuss in Subsection 12.3 below.

The results of Subsections 12.1 and 12.2 have been obtained inKalitvin-Zabrejko
[1991], the main results of Subsection 12.3 may be found inAppell-Kalitvin-Zabrejko
[1998], and the results of Subsections 12.4 and 12.5 are taken from Frolova-Kalitvin-
Zabrejko [1998]. We also mention the papers Kalitvin-Milovidov [1981] and
Povolotskij-Kalitvin [1986] on interpolation of partial integral operators in spaces
with mixed norm.

12.1. Ideal spaces with mixed norm
Let U be an almost perfect ideal space over a domain T with measure µ, and V

an almost perfect ideal space over a domain S with measure ν. The space with mixed
norm [U → V ] consists, by definition, of all measurable functions x : T × S → R for
which the norm

(12.1) ||x||[U→V ] = ||s 7→ ||x(·, s)||U ||V
is finite. Similarly, the space with mixed norm [U ← V ] is defined by the norm

(12.2) ||x||[U←V ] = ||t 7→ ||x(t, ·)||V ||U .

Both [U → V ] and [U ← V ] are ideal spaces. If they are regular they are also examples
of tensor products of U and V ; in fact, for any u ∈ U and v ∈ V the function w defined
by w(t, s) = u(t)v(s) belongs to both [U → V ] and [U ← V ] and satisfies

(12.3) ||w||[U→V ] = ||w||[U←V ] = ||u||U ||v||V .

For example, the spaces U(p, q) and V (p, q) introduced in (3.22) and (3.23) are nothing
else than the spaces with mixed norm [Lq ← Lp] and [Lp → Lq], respectively. For
further reference, we collect some properties of Lebesgue spaces with mixed norm in
the following

Lemma 12.1. For 1 ≤ p, p1, p2, q, q1, q2 ≤ ∞, the following holds:
(a) ||xy||[Lp→Lq ] ≤ ||x||[Lp1→Lq1 ]||y||[Lp2→Lq2 ] for 1

p
= 1

p1
+ 1

p2
and 1

q
= 1

q1
+ 1

q2
;

(b) ||xy||[Lp←Lq ] ≤ ||x||[Lp1←Lq1 ]||y||[Lp2←Lq2 ] for 1
p

= 1
p1

+ 1
p2

and 1
q

= 1
q1

+ 1
q2
;

(c) ||x||[Lp→Lq ] ≤ ||x||[Lp←Lq ] for p ≤ q;
(d) ||x||[Lp←Lq ] ≤ ||x||[Lp→Lq ] for p ≥ q;
(e) [Lp1 → Lq1 ]

′ = [Lp2 → Lq2 ] and [Lp1 ← Lq1 ]
′ = [Lp2 ← Lq2 ] for 1

p1
+ 1

p2
=

1
q1

+ 1
q2

= 1, where X ′ denotes the associate space of X.



2 The estimates (a) and (b) are proved simply by applying the classical Hölder
inequality with respect to both variables. To prove (c) it suffices to apply the Minkowski
inequality ∣∣∣∣

∣∣∣∣
∫

T

u(t, ·) dµ(t)

∣∣∣∣
∣∣∣∣
Lr

≤
∫

T

||u(t, ·)||Lr dµ(t)

for r = q/p to the function u(t, s) := |x(t, s)|p; of course, (d) is proved similarly.
The estimate

||y||[Lp2→Lq2 ] ≤ sup

{∫

S

∫

T

|x(t, s)y(t, s)| dµ(t) dν(s) : ||x||[Lp1→Lq1 ] ≤ 1

}

follows from (a) for p = q = 1. The reverse inequality may be proved by choosing

x(t, s) := sign y(t, s)|y(·, s)|p2−1||y(·, s)||q2−p2

Lp2
||y||1−q2

[Lp2→Lq2 ]

and observing that

||y||[Lp2→Lq2 ] =

∫

S

∫

T

|x(t, s)y(t, s)| dµ(t) dν(s)

and ||x||[Lp1→Lq1 ] = 1. ¥

Observe that, in case of bounded domains S and T , Lemma 12.1 (c) and (d) imply
the elementary though useful relations

Lmax{p,q} ⊆ [Lp → Lq] ⊆ Lmin{p,q}

and
Lmax{p,q} ⊆ [Lp ← Lq] ⊆ Lmin{p,q}.

Moreover, Lemma 12.1 (e) carries over to more general spaces; in fact, the equalities

[U → V ]′ = [U ′ → V ′], [U ← V ]′ = [U ′ ← V ′]

are true for all almost perfact ideal spaces U and V . Some more results on Lebesgue
spaces with mixed norm may be found, for example, in Benedek-Panzone [1961], on
more general spaces with mixed norm in Bukhvalov [1983], see also Bukhvalov-
Korotkov-Kusraev-Kutateladze-Makarov [1992].

Let us return to the partial integral operators

(12.4) Lx(t, s) =

∫

T

l(t, s, τ)x(τ, s)dµ(τ)

and

(12.5) Mx(t, s) =

∫

S

m(t, s, σ)x(t, σ)dν(σ).



In what follows, we shall describe three approaches to action conditions for these
operators in spaces with mixed norm. For t ∈ T and s ∈ S, consider the families L(s)
and M(t) of linear integral operators defined by

(12.6) L(s)u(t) =

∫

T

l(t, s, τ)u(τ)dµ(τ) (s ∈ S)

and

(12.7) M(t)v(s) =

∫

S

m(t, s, σ)v(σ)dν(σ) (t ∈ T ).

In the following Theorems 12.1-12.5 we assume for simplicity that both Ui and Vi

(i = 1, 2) are perfect ideal spaces (see Subsection 4.1). We point out, however, that
these theorems are also true under more general assumptions on Ui and Vi (i = 1, 2).
For example, Theorem 12.1 is true for the operator (12.4) if both U1 and U2 are almost
perfect ideal spaces. We recall that both Lebesgue and Orlicz spaces are perfect ideal
spaces.

Theorem 12.1. Let U1 and U2 be two ideal spaces over T, and V1 and V2 two ideal
spaces over S. Suppose that the linear integral operator (12.6) maps U1 into U2, for
each s ∈ S, and that the map s 7→ ||L(s)||ÃL(U1,U2)

belongs to V2/V1. Then the partial
integral operator (12.4) acts between the spaces X = [U1 → V1] and Y = [U2 → V2] and
satisfies

(12.8) ||L||ÃL(X,Y )
≤ ||s 7→ ||L(s)||ÃL(U1,U2)

||V2/V1 .

Similarly, if the linear integral operator (12.7) maps V1 into V2, for each t ∈ T, and
the map t 7→ ||M(t)||ÃL(V1,V2)

belongs to U2/U1, the partial integral operator (12.5)acts
between the spaces X = [U1 ← V1] and Y = [U2 ← V2] and satisfies

(12.9) ||M ||ÃL(X,Y )
≤ ||t 7→ ||M(t)||ÃL(V1,V2)

||U2/U1 .

2 Without loss of generality, we prove only the first statement. Given x ∈ X =
[U1 → V1], for almost all s ∈ S we have

||Lx(·, s)||U2 ≤ ||L(s)||ÃL(U1,U2)
||x(·, s)||U1 ,

hence, by the definition of the multiplicator space V2/V1,

||Lx||Y = ||s 7→ ||Lx(·, s)U2||V2 ≤ ||s 7→ ||L(s)||ÃL(U1,U2)
||x(·, s)||U1||V2

≤ ||s 7→ ||L(s)||ÃL(U1,U2)
||V2/V1||x||X .

This shows that the operator (12.4) acts between X and Y and satisfies (12.8). ¥

Interestingly, in the case V2/V1 = L∞ the conditions of Theorem 12.1 are also
necessary for the operator (12.4) to act between X = [U1 → V1] and Y = [U2 →
V2]. In fact, considering the operator (12.4) on the “separated” functions x(t, s) =



u(t)v(s), where u ∈ U1 and v ∈ V1, we conclude that, by the obvious relation Lx(t, s) =
v(s)L(s)u(t),

(12.10) sup
||u||U1

≤1

||s 7→ ||v(s)L(s)u||U2||V2 ≤ ||L||ÃL(X,Y )
||v||V2/V1 .

In case V2/V1 = L∞ this means exactly that

(12.11) ||s 7→ ||L(s)||ÃL(U1,U2)
||V2/V1 ≤ ||L||ÃL(X,Y )

,

i.e. equality holds in (12.8). Analogous statements hold, of course, for the operator
(12.5) in case U2/U1 = L∞. For example, the equalities

||L||L([Lp1→Lq ],[Lp2→Lq ]) = ||s 7→ ||L(s)||L(Lp1 ,Lp2 )||L∞
and

||M ||L([Lp←Lq1 ],[Lp←Lq2 ]) = ||t 7→ ||M(t)||L(Lq1 ,Lq2)||L∞
hold.

Generally speaking, the estimates (12.10) and (12.11) are not equivalent. Nevertheless,
(12.10) implies that

(12.12) sup
||u||U1

≤1

||s 7→ ||L(s)u||U2||V2/V1 < ∞,

which thus is necessary for the operator (12.4) to act between X = [U1 → V1] and
Y = [U2 → V2]. The analogous condition for the operator (12.5) reads

(12.13) sup
||v||V1

≤1

||t 7→ ||M(t)v||V2||U2/U1 < ∞.

Observe that we did not suppose in Theorem 12.1 that the operators (12.4) and (12.5)
be regular. Applying this theorem to the kernels |l(t, s, τ)| and |m(t, s, σ)|, rather than
to l(t, s, τ) and m(t, s, σ), we get a refinement of Theorem 12.1.

Let W1 and W2 be two ideal spaces over some set Ω with measure λ. We denote by
Z(W1,W2) the space of all Zaanen kernels z = z(ξ, η), defining regular linear integral
operators from W1 into W2, with the norm

(12.14) ||z||Z(W∞,W∈) = sup
||w||W1

≤1

∣∣∣∣
∣∣∣∣
∫

Ω

|z(·, η)w(η)|dλ(η)

∣∣∣∣
∣∣∣∣
W2

.

By definition of the norm of a linear operator, the norm ||z||Z(W∞,W∈) of the kernel z
coincides then with the operator norm ||Z||Lr(W1,W2) (see (3.10)) of the integral operator

Zw(ξ) =

∫

Ω

z(ξ, η)w(η) dλ(η)

generated by z.

Theorem 12.2. Let U1 and U2 be two ideal spaces over T, and V1 and V2 two ideal
spaces over S. Suppose that l(·, s, ·) ∈ Z(U∞,U∈) for almost all s ∈ S, and that the



map s 7→ ||l(·, s, ·)||Z(U∞,U∈) belongs to V2/V1. Then the partial integral operator (12.4)
acts between the spaces X = [U1 → V1] and Y = [U2 → V2], is regular, and satisfies

(12.15) ||l||Rl(X ,Y) ≤ ||s 7→ ||l(·, s, ·)||Z(U∞,U∈)||V2/V1 .

Similarly, if m(t, ·, ·) ∈ Z(V∞,V∈) for almost all t ∈ T, and the map t 7→ ||m(t, ·, ·)||Z(V∞,V∈)

belongs to U2/U1, then the partial integral operator (12.5) acts between the spaces
X = [U1 ← V1] and Y = [U2 ← V2], is regular, and satisfies

(12.16) ||m||Rm(X ,Y) ≤ ||t 7→ ||m(t, ·, ·)||Z(V∞,V∈)||U2/U1 .

Consider now the two integral operators

(12.17) L̃u(t) =

∫

T

l̃(t, τ)u(τ)dµ(τ)

and

(12.18) M̃v(s) =

∫

S

m̃(s, σ)v(σ)dν(σ)

generated by the kernels l̃(t, τ) = ||l(t, ·, τ)||V2/V1 and m̃(s, σ) = ||m(·, s, σ)||U2/U1 ,
respectively.

Theorem 12.3. Let U1 and U2 be two ideal spaces over T, and V1 and V2 two
ideal spaces over S. Suppose that the linear integral operator (12.17) maps U1 into U2.
Then the partial integral operator (12.4) acts between the spaces X = [U1 ← V1] and
Y = [U2 ← V2], is regular, and satisfies

(12.19) ||l||Rl(X ,Y) ≤ ||l̃||Z(U∞,U∈) = ||(t, τ) 7→ ||l(t, ·, τ)||V2/V1||Z(U∞,U∈).

Similarly, if the linear integral operator (12.18)maps V1 into V2, then the partial integral
operator (12.5) acts between the spaces X = [U1 → V1] and Y = [U2 → V2] is regular,
and satisfies

(12.20) ||m||Rm(X ,Y) ≤ ||m̃||Z(V∞,V∈) = ||(s, σ) 7→ ||m(·, s, σ)||U2/U1||Z(V∞,V∈).

2 We prove again only the first statement. Obviously, for x ∈ X, we have

||Lx(t, ·)||V2 =

∣∣∣∣
∣∣∣∣
∫

T

l(t, ·, τ)x(τ, ·)dµ(τ)

∣∣∣∣
∣∣∣∣
V2

≤
∫

T

l̃(t, τ)||x(τ, ·)||V1dµ(τ) = L̃u(t),

where u(t) = ||x(t, ·)||V1 . Consequently,

||Lx||Y =

∣∣∣∣∣

∣∣∣∣∣t 7→
∣∣∣∣
∣∣∣∣
∫

T

l(t, ·, τ)x(τ, ·)dµ(τ)

∣∣∣∣
∣∣∣∣
V2

∣∣∣∣∣

∣∣∣∣∣
U2

≤ ||L̃u||U2 ≤ ||L̃||ÃL(U1,U2)
||u||U1 = ||L̃||ÃL(U1,U2)

||x||X .



This shows that the operator (12.4) acts between X and Y and satisfies (12.19). ¥

We conclude this subsection with two more acting conditions for partial integral
operators in spaces with mixed norm; these conditions build on multiplicator spaces of
functions of two variables.

Theorem 12.4. Let U1 and U2 be two ideal spaces over T, and V1 and V2 two
ideal spaces over S. Suppose that the function (s, τ) 7→ ||l(·, s, τ)||U2 belongs to the
multiplicator space [L1 → V2]/[U1 ← V1]. Then the partial integral operator (12.4) acts
between the spaces X = [U1 ← V1] and Y = [U2 → V2], is regular, and satisfies

(12.21) ||l||Rl(X ,Y) ≤ ||(s, τ) 7→ ||l(·, s, τ)||U2||[L1→V2]/[U1←V1].

Similarly, if the function (t, σ) 7→ ||m(t, ·, σ)||V2 belongs to the multiplicator space [U2 ←
L1]/[U1 → V1], then the partial integral operator (12.5) acts between the spaces X =
[U1 → V1] and Y = [U2 ← V2], is regular, and satisfies

(12.22) ||m||Rm(X ,Y) ≤ ||(t, σ) 7→ ||m(t, ·, σ)||V2||[U2←L1]/[U1→V1].

2 Obviously,
∣∣∣∣
∣∣∣∣
∫

T

l(·, s, τ)x(τ, s)dµ(τ)

∣∣∣∣
∣∣∣∣
U2

≤
∫

T

||l(·, s, τ)||U2|x(τ, s)|dµ(τ);

consequently,

||Lx||Y =

∣∣∣∣∣

∣∣∣∣∣t 7→
∣∣∣∣
∣∣∣∣
∫

T

l(·, s, τ)x(τ, s)dµ(τ)

∣∣∣∣
∣∣∣∣
U2

∣∣∣∣∣

∣∣∣∣∣
V2

≤ ||(s, τ) 7→ ||l(·, s, τ)||U2||[L1→V2]/[U1←V1]||x||[U1←V1].

This proves the first statement. The second statement is proved analogously. ¥

Theorem 12.5. Let U1 and U2 be two ideal spaces over T, and V1 and V2 two
ideal spaces over S. Suppose that the function (t, s) 7→ ||l(t, s, ·)||U ′1 belongs to the
multiplicator space [L1 → V ′

1 ]/[U
′
2 ← V ′

2 ]. Then the partial integral operator (12.4) acts
between the spaces X = [U1 → V1] and Y = [U2 ← V2] is regular and satisfies

(12.23) ||l||Rl(X ,Y) ≤ ||(t, s) 7→ ||l(t, s, ·)||U ′1||[L1←V ′1 ]/[U ′2←V ′2 ].

Similarly, if the function (t, s) 7→ ||m(t, s, ·)||V ′1 belongs to the multiplicator space
[L1 ← U ′

1]/[U
′
2 → V ′

2 ], then the partial integral operator (12.5) acts between the spaces
X = [U1 ← V1] and Y = [U2 → V2] is regular and satisfies

(12.24) ||m||Rm(X ,Y) ≤ ||(t, s) 7→ ||m(t, s, ·)||V ′1 ||[L1←U ′1]/[U ′2→V ′2 ].



2 The proof is completely analogous to that of Theorem 12.4; one has just to pass
to the corresponding associate operators. ¥

All sufficient conditions of Theorems 12.1 - 12.5 are different for the partial integral
operator (12.4) and the partial integral operator (12.5) and refer to different kernel
spaces with mixed norm. In this way, the above theorems contain eight statements
which guarantee the acting (and, except for Theorem 12.1, also the regularity) of partial
integral operators between four possible combinations of spaces with mixed norm.

12.2. Lebesgue spaces with mixed norm
In Subsection 11.5 we had to show that certain functions of two variables, constructed

by means of the kernels l = l(t, s, τ) and m = m(t, s, σ), belong to certain ideal spaces,
constructed by means of the spaces U1, U2, V1 and V2. Since these ideal spaces are
rather complicated, however, the natural problem arises to replace them by simpler
and more tractable ones. One possibility to do so is to introduce ideal spaces of
functions defined either on T × S × T, or on T × S × S, or on some permutation
of these Cartesian products. Denote by θ = (θ1, θ2, θ3) an arbitrary permutation of the
arguments (t, s, τ) ∈ T × S × T, or (t, s, σ) ∈ T × S × S. Given three ideal spaces W1,
W2, and W3, by [W1,W2,W3; θ] we denote the ideal space of all functions w of three
variables for which the norm

||w||[W1,W2,W3;θ] := ||θ3 7→ ||θ2 7→ ||θ1 7→ w(θ1, θ2, θ3)||W1||W2||W3

is defined and finite. Using classical results on linear integral operators, from Theorems
12.2 - 12.5 we get the following

Theorem 12.6. Let U1 and U2 be two ideal spaces over T, and V1 and V2 two ideal
spaces over S. Suppose that l ∈ [U2, V2/V1, U

′
1; θ] for some θ = (θ1, θ2, θ3). Then the

partial integral operator (12.4) acts between X and Y, is regular, and satisfies

(12.25) ||l||Rl(X ,Y) ≤ ||l||[U2,V2/V1,U ′1;θ].

Here the spaces X and Y have to be chosen according to the formula




X = [U1 ← V1], Y = [U2 ← V2] if θ = (s, t, τ) or θ = (s, τ, t)

X = [U1 → V1], Y = [U2 → V2] if θ = (t, τ, s) or θ = (τ, t, s),

X = [U1 ← V1], Y = [U2 → V2] if θ = (t, s, τ),

X = [U1 → V1], Y = [U2 ← V2] if θ = (τ, s, t).

Similarly, if m ∈ [U2/U1, V2, V
′
1 ; θ] for some θ = (θ1, θ2, θ3), then the partial integral

operator (12.5) acts between X and Y, is regular and satisfies

(12.26) ||m||Rm(X ,Y) ≤ ||m||[U2/U1,V2,V ′1 ;θ].



Here the spaces X and Y have to be chosen according to the formula




X = [U1 ← V1], Y = [U2 ← V2] if θ = (s, σ, t) or θ = (σ, s, t),

X = [U1 → V1], Y = [U2 → V2] if θ = (t, s, σ) or θ = (t, σ, s),

X = [U1 ← V1], Y = [U2 → V2] if θ = (σ, t, s),

X = [U1 → V1], Y = [U2 ← V2] if θ = (s, t, σ).

Of course, the formulation of Theorem 12.6 is very clumsy. To illustrate its applicability,
let us consider Lebesgue spaces again.

Theorem 12.7. Let p1, p2, q1, q2 ∈ [1,∞]. Suppose that q1 ≥ q2, with ν(S) < ∞ in
case q1 > q2, and

l ∈ [Lp2 , Lq1q2/(q1−q2), Lp1/(p1−1); θ].

Then the partial integral operator (12.4) acts between the spaces X and Y , is regular,
and satisfies

(12.27) ||l||Rl(X ,Y) ≤ ||l||[Lp2 ,Lq1q2/(q1−q2),Lp1/(p1−1);θ],

provided one of the conditions of Table 1 below holds. Similarly, suppose that p1 ≥ p2,
with µ(T ) < ∞ in case p1 > p2, and

m ∈ [Lp1p2/(p1−p2), Lq2 , Lq1/(q1−1); θ].

Then the partial integral operator (12.5) acts between the spaces X and Y, is regular,
and satisfies

(12.28) ||m||Rm(X ,Y) ≤ ||m||[Lp1p2/(p1−p2),Lq2 ,Lq1/(q1−1);θ],

provided one of the conditions of Table 2 below holds.

X = [Lp1 → Lq1 ] [Lp1 → Lq1 ] [Lp1 ← Lq1 ] [Lp1 ← Lq1 ]
Y = [Lp2 → Lq2 ] [Lp2 ← Lq2 ] [Lp2 → Lq2 ] [Lp2 ← Lq2 ]

(t, s, τ) p1 ≥ q1 p1 ≥ q1, p2 ≥ q2 p2 ≥ q2

(t, τ, s) p2 ≥ q2 p1 ≤ q1 p1 ≤ q1, p2 ≥ q2

(s, t, τ) p1 ≥ q1, p2 ≤ q2 p1 ≥ q1 p2 ≤ q2

(s, τ, t) p1 ≥ q1, p2 ≤ q2 p1 ≥ q1 p2 ≤ q2

(τ, s, t) p2 ≤ q2 p1 ≤ q1, p2 ≤ q2 p1 ≤ q1

(τ, t, s) p2 ≥ q2 p1 ≤ q1 p1 ≤ q1, p2 ≥ q2

Table 1



X = [Lp1 → Lq1 ] [Lp1 → Lq1 ] [Lp1 ← Lq1 ] [Lp1 ← Lq1 ]
Y = [Lp2 → Lq2 ] [Lp2 ← Lq2 ] [Lp2 → Lq2 ] [Lp2 ← Lq2 ]

(t, s, σ) p2 ≥ q2 p1 ≤ q1 p1 ≤ q1, p2 ≥ q2

(t, σ, s) p2 ≥ q2 p1 ≤ q1 p1 ≤ q1, p2 ≥ q2

(s, t, σ) p2 ≤ q2 p1 ≤ q1, p2 ≤ q2 p1 ≤ q1

(s, σ, t) p1 ≥ q1, p2 ≤ q2 p1 ≥ q1 p2 ≤ q2

(σ, t, s) p1 ≥ q1 p1 ≥ q1, p2 ≥ q2 p2 ≥ q2

(σ, s, t) p1 ≥ q1, p2 ≤ q2 p1 ≥ q1 p2 ≤ q2

Table 2

The most interesting and important case in the preceding theorem is when the
operators (12.4) and (12.5) are considered in the single Lebesgue space Lp = Lp(T×S).
Since [Lp → Lp] = [Lp ← Lp] = Lp, Theorem 12.7 reads in this case as follows:

Theorem 12.8. Let 1 ≤ p ≤ ∞. Suppose that l ∈ [Lp, L∞, Lp/(p−1); θ
′] for some

θ′ = (θ′1, θ
′
2, θ

′
3), and m ∈ [L∞, Lp, Lp/(p−1); θ

′′] for some θ′′ = (θ′′1 , θ
′′
2 , θ

′′
3). Then the

partial integral operators (12.4) and (12.5) are regular in the space Lp and satisfy

(12.29) ||l||Rl(L√,L√) ≤ ||l||[Lp,L∞,Lp/(p−1);θ
′]

and

(12.30) ||m||Rm(L√,L√) ≤ ||m||[L∞,Lp,Lp/(p−1);θ
′′].

Apart from the acting and regularity conditions for the partial integral operators
(12.4) and (12.5), many other statements may be formulated. For instance, one may
obtain further statements by means of interpolation theory (applied to either classical
or partial integral operators, see Kalitvin-Milovidov [1981] and Povolotskij-
Kalitvin [1983, 1985]), of Kantorovich type theorems, or of other methods.

We point out that Theorem 12.1 and its partial converse considered above imply
the following useful criterion: the partial integral operator (12.4) (respectively, (12.5))
acts in Lp if and only if all operators of the family (12.6) (respectively, (12.7)) act in
Lp for each s ∈ S (respectively, t ∈ T ) and have uniformly bounded norms.

The statements of Theorems 12.7 and 12.8, referring to the Lebesgue type spaces
[Lp → Lq] and [Lp ← Lq], carry over as well to the Orlicz type spaces [LM → LN ] and
[LM ← LN ], as we shall show in the following subsection.

The following theorem which is taken from Kalitvin [1995a] gives an effective
acting criterion for the operator (11.1) in L∞ = L∞(T × S) and in L1 = L1(T × S).

Theorem 12.9. Let D = T × S, and define two functions α, β : D → R by

(12.31)

α(t, s) = |c(t, s)|+
∫

T

|l(t, s, τ)| dτ +

∫

S

|m(t, s, σ)| dσ

+

∫

T

∫

S

|n(t, s, τ, σ)| dτ dσ



and

(12.32)

β(t, s) = |c(t, s)|+
∫

T

|l(τ, s, t)| dτ +

∫

S

|m(t, σ, s)| dσ

+

∫

T

∫

S

|n(τ, σ, t, s)| dτ dσ,

respectively. Then the operator (11.1) acts in L∞(D) if and only if α ∈ L∞(D), and
in L1(D) if and only if β ∈ L1(D). In this case we have ‖P‖ÃL(L∞)

= ||α||L∞ and
‖P‖L(L1) = ||β||L1 .

2 We consider the case of the space L∞. Since each continuous linear operator
in L∞ is regular, by Theorems 11.2 and 11.3 it suffices to show that the norm of the
operator (11.1) coincides with ||α||L∞ . Let [P ] := sup

{|Px(t, s)| : ‖x‖ ≤ 1
}

be the
abstract norm of the operator (11.1) in L∞. Then [P ] =

[|P |], where |P | denotes the
module of P (see Subsection 3.1). By Theorems 11.2 and 11.3, this operator coincides
with the operator (11.6). Therefore,

‖P‖L∞ =
∥∥[P ]

∥∥
L∞

=
∥∥|P |

∥∥
L∞

=
∥∥|P |e

∥∥
L∞

,

where e(t, s) ≡ 1.
This proves the assertion for the space L∞. In case of the space L1 the proof follows

from Theorem 11.4 and equality (12.32). ¥

12.3. Orlicz spaces with mixed norm
We give now some parallel results for Orlicz spaces which we already introduced in

Subsection 4.1. Recall that, given a Young function M : R → [0,∞), the Orlicz space
LM = LM(Ω) is defined by one of the (equivalent) norms (4.3) or (4.4). To state the
theorems of this subsection, some further notions and results on Orlicz spaces are in
order. For simplicity, we only consider Orlicz spaces over bounded domains Ω in this
subsection.

Given two Young functions M and N , we write M ¹ N if there exist k > 0 and
u0 ≥ 0 such that

M(u) ≤ N(ku) (u ≥ u0).

Moreover, we write M ≺ N if

lim
u→∞

M(u)

N(ku)
= 0

for every k > 0. Of course, in case M(u) = |u|p and N(u) = |u|q (1 < p, q < ∞) we
have M ¹ N if and only if p ≤ q, and M ≺ N if and only if p < q. In general, one can
show that M ¹ N is equivalent to the fact that LN is continuously imbedded in LM ,
and M ≺ N is equivalent to the fact that LN is absolutely continuously imbedded in
LM (i.e., the unit ball of LN is an absolutely bounded subset of LM). Moreover, the
inclusions L∞ ⊆ LM ⊆ L1 are always true.

Let U = LM(T ) and V = LN(S) be two Orlicz spaces. We are interested in the
Orlicz spaces with mixed norm [U → V ] and [U ← V ] defined by the formulas (12.1)
and (12.2), respectively. These spaces are perfect ideal spaces. They are regular if and



only if the Young functions M and N satisfy a ∆2-condition. If M2, N2 ¹ M1, N1 the
inclusions

[LM1 → LN1 ] ⊆ [LM2 → LN2 ], [LM1 ← LN1 ] ⊆ [LM2 ← LN2 ]

are obvious. Moreover, the inclusions

LM(T × S) ⊆ [L1 → LM ], [LM ← L1] ⊆ L1(T × S)

follow from the Jensen integral inequality

M

(
1

µ(Ω)

∫

Ω

x(ω) dµ(ω)

)
≤ 1

µ(Ω)

∫

Ω

M(x(ω)) dµ(ω)

and the definition of the norm in LM . In fact, for x ∈ LM and k > 0 sufficiently large
we have

∫

S

M

[
1

k

∫

T

|x(t, s)| dt

]
ds =

∫

S

M

[
1

µ(T )

∫

T

µ(T )|x(t, s)|
k

dt

]
ds

≤ 1

µ(T )

∫

S

∫

T

M

[
µ(T )|x(t, s)|

k

]
dt ds < ∞.

Consequently, x ∈ [L1 → LM ], and hence the left inclusion is proved. The right inclusion
is proved analogously.

Lemma 12.2 Let Mi and Ni (i = 1, 2) be Young functions satisfying

(12.33) N2(u)M2(vw) ≤ a + N1(k1uv)M1(k2w) (v ≥ v0),

where a, k1, k2, v0 are positive constants, and let LMi
= LMi

(T ) and LNi
= LNi

(S).
Then

[LM1 ← LN1 ] ⊆ [LM2 → LN2 ].

2 Put X := [LM1 ← LN1 ] and [LM2 → LN2 ]. We make all calculations in the norm
(4.3). By virtue of (12.33) we can find a constant c such that ||z||LM1

≤ 1/k2 implies

(12.34)

∫

T

M2(v0z(t)) dt ≤ c.

Fix some positive function u0 in the space [LM1 ← LN1 ]∩ [LM2 → LN2 ], and denote by
Eu0 the linear space of all x ∈ L1(T × S) with finite norm

‖x‖Eu0
= inf {λ : |x(t, s)| ≤ λu0(t, s)}.

Now, for x ∈ Eu0 with ‖x‖X ≤ (k1k2)
−1 and all λ > 1 we have

1 ≤ 1

λ

∫

T

M2

[
λ

x(t, s)

‖x(·, s)‖LM2

]
dt.

Since ||x(t, ·)||LN1
≤ (k1k2)

−1, from (12.34) we get
∫

T

M2(k1v0‖x(t, ·)‖LN1
) dt ≤ c.



Consequently, our hypothesis (12.33) implies that
∫

S

N2

[
1

λ
‖x(·, s)‖LM2

]
ds ≤ 1

λ

∫

S

∫

T

N2

[
1

λ
‖x(·, s)‖LM2

]
M2

[
λ

x(t, s)

‖x(·, s)‖LM2

]
dt ds

≤ 1

λ

∫

S

∫

T

N2

[
1

λ
‖x(·, s)‖LM2

]
M2

{
max

[
v0,

λx(t, s)

k1‖x(·, s)‖LM2
‖x(t, ·)‖LN1

]
k1‖x(t, ·)‖LN1

}
dt ds

≤ 1

λ

∫

S

∫

T

N2

[
1

λ
‖x(·, s)‖LM2

]
M2(v0k1‖x(t, ·)‖LN1

)dt ds +
a

λ
µ(T )ν(S)

+
1

λ

∫

S

∫

T

N1

[
x(t, s)

‖x(t, ·)‖LN1

]
M1(k1k2‖x(t, ·)‖LN1

) dt ds

≤ c

λ

∫

S

N2

[
1

λ
‖x(·, s)‖LM2

]
ds +

1

λ

(
aµ(T )ν(S) + 1

)
.

Putting now in the last inequality λ := aµ(T )ν(S) + c + 1, we obtain
∫

S

N2

[ ‖x(·, s)‖LM2

aµ(T )ν(S) + c + 1

]
ds ≤ 1,

hence
‖x‖Y ≤ aµ(T )ν(S) + c + 1

by the definition of the norm (4.3). Since the last inequality holds for all functions
x ∈ Eu0 with ‖x‖X ≤ (k1k2)

−1, we conclude that

‖x‖Y ≤ k1k2(aµ(T )ν(S) + c + 1)‖x‖X

for any x ∈ Eu0 . Furthermore, for arbitrary n ∈ N we have then

‖min {|x|, nu0}‖Y ≤ k1k2(aµ(T )ν(S) + c + 1)‖x‖X

for x ∈ X. Finally, since the space Y is perfect we see that

‖x‖Y ≤ k1k2(aµ(T )ν(S) + c + 1)‖x‖X

for all x ∈ X as claimed. ¥

Lemma 12.2 generalizes a classical statement on the inclusion [Lp → Lq] ⊆ [Lp ←
Lq] (p ≥ q) to the case of Orlicz spaces.

From Lemma 12.2 it follows, in particular, that [LM → LM ] is always isomorphic
to [LM ← LM ]. As was shown in Rutitskij [1962], LM(T × S) is isomorphic to
[LM → LM ] if and only if the inequalities

(12.35) M(u)M(v) ≤ a1 + b1M(k1uv), M(k2uv) ≤ a2 + b2M(u)M(v)

hold for the some constants ai, bi, ki > 0 (i = 1, 2).
Let us consider now some acting conditions for the operators (12.4) and (12.5) in

Orlicz spaces with mixed norm. As in the case of Lebesgue spaces, the study of partial
integral operators in these spaces is more convenient than in ordinary Orlicz spaces.



In the following Theorems 12.10, 12.12, and 12.15 we suppose that Mi and Ni are
given Young functions, Ui = LMi

(T ), and Vi = LNi
(S) (i = 1, 2). First of all, from

Theorem 12.1 we get the following

Theorem 12.10. Let

V :=





L∞(S) if N2 ¹ N1 but N2 6≺ N1,

LR(S) if N2 ≺ N1,

where the Young function R in the last case is given by

R(u) = sup {N2(uv)−N1(v) : 0 < v < ∞}.

Suppose that the operator (12.6) acts between the spaces U1 and U2 for each s ∈ S, and
the function s 7→ ‖L(s)‖ÃL(U1,U2)

belongs to V . Then the operator (12.4) acts between
the spaces X = [U1 → V1] and Y = [U2 → V2].

Similary, let

U :=





L∞(T ) if M2 ¹ M1 but M2 6≺ M1,

LR(S) if M2 ≺ M1,

where the Young function R in the last case is given by

R(u) = sup {M2(uv)−M1(v) : 0 < v < ∞}.

Suppose that the operator (12.7) acts between the spaces V1 and V2 for each t ∈ T , and
the function t 7→ ‖M(t)‖ÃL(V1,V2)

belongs to U . Then the operator (12.5) acts between
the spaces X = [U1 ← V1] and Y = [U2 ← V2].

We recall (see Subsection 12.1) that the conditions ‖L(·)‖ÃL(U1,U2)
∈ V and ‖M(·)‖ÃL(V1,V2)

∈
U are necessary for the operators (12.4) and (12.5), respectively, to act in the indicated
spaces.

If the hypotheses of Theorem 12.10 are satisfied, then the following estimates are
direct consequences of (12.8) and (12.9):

(12.36) ‖L‖ÃL(X,Y )
≤ ‖s → ‖L(s)‖ÃL(U1,U2)

‖L∞
(
V = L∞(S)

)
,

‖L‖ÃL(X,Y )
≤ a‖s → ‖L(s)‖ÃL(U1,U2)

‖LR

(
V = LR(S)

)
,

(12.37) ‖M‖ÃL(X,Y )
≤ ‖t → ‖M(t)‖ÃL(V1,V2)

‖L∞
(
U = L∞(T )

)
,

‖M‖ÃL(X,Y )
≤ b‖t → ‖M(t)‖ÃL(V1,V2)

‖LR

(
U = LR(T )

)
;

here a and b are the imbedding constants of the inclusions V ⊆ V2/V1 and U ⊆ U2/U2,
respectively. In particular, the estimate (12.36) holds if N1 = N2, and the estimate
(12.37) holds if M1 = M2. Moreover, the following theorem is true.

Theorem 12.11. Suppose that the operator (12.6) acts in LM(T ) for each s ∈ S
and ‖L(·)‖ÃL(LM )

∈ L∞, while the operator (12.7) acts in LM(S) for each t ∈ T and



‖M(·)‖ÃL(LM )
∈ L∞. Then the operators (12.4) and (12.5) act in each of the spaces

X = [LM → LM ] and Y = [LM ← LM ]. Moreover, the estimates

(12.38) ‖L‖ÃL(X)
≤ ‖s 7→ ‖L(s)‖ÃL(LM )

‖L∞ ‖M‖L(Y ) ≤ ‖t 7→ ‖M(t)‖ÃL(LM )
‖L∞

are true. If, in addition, the Young function M satisfies the inequalities (12.35), then
the operators (12.4) and (12.5) act in the Orlicz space LM(T × S).

2 For the proof it suffices to remark that X is isomorphic to Y and, under the
additional hypothesis (12.35), X is isomorphic to LM(T × S). The assertion follows
then from Theorem 12.10. ¥

We suppose now that Mi = Ni (i = 1, 2) and M2 ¹ M1. Let V = L∞(S) if M2 6≺ M1,
and V = LR(S) otherwise, where R is defined as in Theorem 12.10. Similarly, we define
U with S replaced by T . The following theorem is a natural generalization of Theorem
12.11.

Theorem 12.12. Suppose that the operator (12.6) acts between LM1(T ) and LM2(T )
for each s ∈ S and ‖L(·)‖ ∈ V , while the operator (12.7) acts between LM1(S)
and LM2(S) for each t ∈ T and ‖M(·)‖ ∈ U . Then the operators (12.4) and (12.5)
act between the spaces X ∈ {[LM1 → LM1 ], [LM1 ← LM1 ]} and Y ∈ {[LM2 →
LM2 ], [LM2 ← LM2 ]}. If, in addition, the Young functions M1 and M2 satisfy the
inequalities (12.35), then the operators (12.4) and (12.5) act between the Orlicz spaces
LM1(T × S) and LM2(T × S).

We remark that the norms of the operators (12.4) and (12.5) may be estimated by
the formulas (12.36) and (12.37).

A crucial hypothesis in the Theorems 12.10 - 12.12 is the acting of the linear integral
operators (12.6) and (12.7) between suitable Orlicz spaces. Some simple and effectively
verifiable acting conditions for such operators between Orlicz spaces are well known
(see e.g. Krasnoselskij-Rutitskij [1958] or Rao-Ren [1991]). More general acting
conditions may be found in Zabrejko [1968].

The Theorems 12.10 and 12.11 do not contain regularity conditions for the operators
(12.4) and (12.5). Such conditions follow from Theorems 12.2 - 12.5 if in these theorems
we choose Ui = LMi

(T ) and Vi = LNi
(S) (i = 1, 2). The simplest conditions we can

obtain are those achived by the general Theorem 12.6. In fact, according to Lemma
12.2 the inclusions [LMi

← LNi
] ⊆ [LMi

→ LNi
] and [LMi

→ LNi
] ⊆ [LMi

← LNi
] are

true if the conditions

(Ai) Ni(u)Mi(vω) ≤ ai + Ni(biuv)Mi(ciω) (v ≥ vi)

and

(Bi) Mi(u)Ni(vω) ≤ ai + Mi(biuv)Ni(ciω) (v ≥ vi),

are satisfied, where ai, bi, ci, vi, ai, bi, ci, and vi are positive constants (i = 1, 2). Applying
Theorem 12.6 to our choice of Ui and Vi (i = 1, 2) and using the explicit formulas for the
multiplicator spaces LM2/LM1 and LN2/LN1 , we arrive at the following results which is
parallel to Theorem 12.7:



Theorem 12.13. Suppose that N2 ¹ N1 and

(12.39) l ∈ [LM2 , V, LM∗
1
; θ],

where

V =

{
L∞(S) if N2 6≺ N1,

LR(S) otherwise.

Here the Young function R in the last case is given by

R(u) = sup {N2(uv)−N1(v) : 0 < v < ∞}.
Then the partial integral operator (12.4) acts between the spaces X and Y according to
Table 3 below and is regular.

Similarly, suppose that M2 ¹ M1 and

(12.40) m ∈ [U,LN2 , LN∗
1
; θ],

where

U =

{
L∞(T ) if M2 6≺ M1,

LR(T ) otherwise.

Here the Young function R in the last case is given by

R(u) = sup {M2(uv)−M1(v) : 0 < v < ∞}.
Then the partial integral operator (12.5) acts between the spaces X and Y according to
Table 4 below and is regular.

X = [LM1 → LN1 ] [LM1 → LN1 ] [LM1 ← LN1 ] [LM1 ← LN1 ]
Y = [LM2 → LN2 ] [LM2 ← LN2 ] [LM2 → LN2 ] [LM2 ← LN2 ]

(t, s, τ) B1 B1, B2 B2

(t, τ, s) B2 A1 A1, B2

(s, t, τ) B1, A2 B1 A2

(s, τ, t) B1, A2 B1 A2

(τ, s, t) A2 A1, A2 A1

(τ, t, s) B2 A1 A1, B2

Table 3

X = [LM1 → LN1 ] [LM1 → LN1 ] [LM1 ← LN1 ] [LM1 ← LN1 ]
Y = [LM2 → LN2 ] [LM2 ← LN2 ] [LM2 → LN2 ] [LM2 ← LN2 ]

(t, s, σ) B2 A1 A1, B2

(t, σ, s) B2 A1 A1, B2

(s, t, σ) A2 A1, A2 A1

(s, σ, t) B1, A2 B1 A2

(σ, t, s) B1 B1, B2 B2

(σ, s, t) B1, A2 B1 A2

Table 4



We point out that the inclusions (12.39) and (12.40) are usually checked by majorant
techniques. For example, (12.39) is certainly satisfied if

|l(t, s, τ)| ≤
n∑

i=1

ai(t)bi(s)ci(τ),

where ai ∈ LM2(T ), bi ∈ V , and ci ∈ LM ′
1
. Finally, since [LM → LM ] is isomorphic to

[LM ← LM ] from Theorem 12.13 we get the following

Theorem 12.14. Suppose that l ∈ [LM , L∞, LM∗ ; θ′] for some θ′ = (θ′1, θ
′
2, θ

′
3) and

m ∈ [L∞, LM , LM∗ ; θ′′] for some θ′′ = (θ′′1 , θ
′′
2 , θ

′′
3). Then the partial integral operators

(12.4) and (12.5) are regular in the spaces [LM → LM ] and [LM ← LM ]. If, in addition,
the Young function M satisfies the inequality (12.35), then the operators (12.4) and
(12.5) are regular in the Orlicz space LM(T × S).

12.4. Operator functions with values in ÃLp(L∞) and ÃLp(L1)

Let J be a bounded or unbounded interval in R. We suppose now that the functions
c, l, m, and n in (11.2) - (11.5) depend on a parameter ϕ ∈ J . This means that we
replace the operator (11.1) by the operator function

(12.41) P (ϕ) = C(ϕ) + L(ϕ) + M(ϕ) + N(ϕ),

with

(12.42) C(ϕ)x(t, s) = c(ϕ, t, s)x(t, s),

(12.43) L(ϕ)x(t, s) =

∫ b

a

l(ϕ, t, s, τ)x(τ, s) dτ,

(12.44) M(ϕ)x(t, s) =

∫ d

c

m(ϕ, t, s, σ)x(t, σ) dσ,

and

(12.45) N(ϕ)x(t, s) =

∫ b

a

∫ d

c

n(ϕ, t, s, τ, σ)x(τ, σ) dσ dτ.

We recall that an operator function ϕ 7→ P (ϕ) with values in the space ÃLp(X) is
called strongly continuous at ϕ0 if lim

ϕ→ϕ0

‖P (ϕ)x − P (ϕ0)x‖X = 0 for any x ∈ X, and

norm-continuous at ϕ0 if lim
ϕ→ϕ0

‖P (ϕ)− P (ϕ0)‖ÃL(X)
= 0.

The operator functions (12.42) - (12.45) defines a family of operators in the space
ÃLp(X) operators, depending on the parameter ϕ. Each such operator is uniquely defined
by the corresponding function c(ϕ, ·, ·), l(ϕ, ·, ·, ·), m(ϕ, ·, ·, ·), and n(ϕ, ·, ·, ·, ·). Therefore
it is natural to expect that the norm continuity or strong continuity of the operator
functions (12.42) - (12.45) is equivalent (in some sense to be made precise) to the
continuous dependence of the functions c, l, m, and n on ϕ. However, as was shown



in Krasnosel’skij-Krejn [1955], this is not true even for simple operators arising
in nonlinear mechanics (see also Zabrejko-Kolesov-Krasnosel’skij [1969]). The
Examples 13.2, 13.3, and 13.4 of the following section show, in particular, that the
norm continuity or strong continuity of the operator function (12.41) is not guaranteed
by the continuous dependence of the functions c, l, m, and n on ϕ.

In view of such examples, it is of interest to find conditions of the functions c,
l, m, and n, possibly both necessary and sufficient, for the strong continuity or norm
continuity of the operator function (12.41). This is still an open problem. The theorems
we are going to present below are of somewhat different nature, although they contain
conditions for the norm continuity or strong continuity of the operator function (12.41).

If one can calculate (or estimate) the norm of the operator P (ϕ) in some Banach
space X for each ϕ ∈ J , then finding conditions for the norm-continuity of the operator
function (12.41) in ÃL(X) reduces to calculating the norm of P (ϕ)−P (ϕ0). Conditions
for the strong continuity of the operator function (12.41) may be obtained by means
of the Banach-Steinhaus theorem. To this end, one has to find conditions for the
convergence P (ϕ)x → P (ϕ0)x, as ϕ → ϕ0, on some set of functions x whose linear
hull is dense in X. As a matter of fact, different choices of functions x lead then to
different conditions of strong continuity.

Usually these schemes are easily realized for particular functional spaces. The cases
X = C([a, b] × [c, d]) and X = Lp([a, b] × [c, d]) (1 ≤ p ≤ ∞) are considered below.
Analogous results hold for ideal spaces with mixed norm and, in particular, for the
Orlicz spaces with mixed norm considered in the last subsection.

Let D = [a, b]× [c, d] and let

(12.46)

γ(ϕ, t, s) = |c(ϕ, t, s)|+
∫ b

a

|l(ϕ, t, s, τ)| dτ +

∫ d

c

|m(ϕ, t, s, σ)| dσ

+

∫ b

a

∫ d

c

|n(ϕ, t, s, τ, σ)| dσ dτ.

Criteria for the strong continuity of the operator function (12.41) in ÃL(L∞) and in
ÃL(L1) are contained in the following two theorems.

Theorem 12.15. The operator function (12.41) is strongly continuous in the space
ÃL(L∞) if and only if the function (12.46) is essentially bounded on J × D for each
bounded interval J ⊂ R, the vector function ϕ 7→ c(ϕ, ·, ·) is continuous as a function
with values in L∞(D), and the vector functions

ϕ 7→
∫ u

a

l(ϕ, ·, ·, τ) dτ, ϕ 7→
∫ v

c

m(ϕ, ·, ·, σ) dσ, ϕ 7→
∫ u

a

∫ v

c

n(ϕ, ·, ·, τ, σ) dσ dτ

are continuous for each u ∈ [a, b], v ∈ [c, d], and (u, v) ∈ D, respectively, as functions
with values in L∞(D).

Theorem 12.16. The operator function (12.41) is strongly continuous in the space
ÃL(L1) if and only if the following conditions are satisfied:



(a) The function

ϕ 7→ |c(ϕ, t, s)|+
∫ b

a

|l(ϕ, τ, s, t)| dτ +

∫ d

c

|m(ϕ, t, σ, s)| dσ+

∫ b

a

∫ d

c

|n(ϕ, τ, σ, t, s)| dτ dσ

is bounded, for almost all (t, s), on each bounded interval J ⊂ R.
(b) The vector function ϕ 7→ c(ϕ, ·, ·) is continuous as a function with values in

L∞(D).
(c) The the vector functions

ϕ 7→
∫ u

a

l(ϕ, ·, ·, τ) dτ, ϕ 7→
∫ v

c

m(ϕ, ·, ·, σ) dσ, ϕ 7→
∫ u

a

∫ v

c

n(ϕ, ·, ·, τ, σ) dσ dτ

are continuous for each u ∈ [a, b], v ∈ [c, d], and (u, v) ∈ D, respectively, as functions
with values in L1(D).

2 For the proof of Theorem 12.15 and Theorem 12.16 it suffices to remark that the
strong continuity of the operator function (12.41) in these spaces is equivalent to the
strong continuity of the operator functions (12.42) - (12.45). Now, as dense set in X
we choose the linear hull of functions κ(u, t)κ(v, s), where a ≤ u ≤ b, c ≤ v ≤ d,

κ(u, t) =

{
1 if a ≤ t ≤ u,

0 if u < t ≤ b,
κ(v, s) =

{
1 if c ≤ s ≤ v,

0 if v < s ≤ d.

Applying now Theorem 12.15 we get the required conclusions. ¥

Let U = L1([a, b]), V = L1([c, d]), and Lp = Lp(D) (1 ≤ p ≤ ∞). As above, we
denote by [Lp ← U ], [Lp ← V ], and [Lp ← L1] the spaces with mixed norms

||x||[Lp←U ] = ‖(t, s) 7→ ‖x(t, s, ·)‖U‖Lp ,

||y||[Lp←V ] = ‖(t, s) 7→ ‖y(t, s, ·)‖V ‖Lp ,

and
||z||[Lp←L1] = ‖(t, s) 7→ ‖z(t, s, ·, ·)‖L1‖Lp .

The following criterion for the norm continuity of the operator function (12.41) in
ÃL(L∞) and ÃL(L1) follows from Theorem 12.5.

Theorem 12.17. The operator function (12.41) is norm continuous in ÃL(L∞) (in
ÃL(L1), respectively), if and only if the functions ϕ 7→ c(ϕ, ·, ·), ϕ 7→ l(ϕ, ·, ·, ·), ϕ 7→
m(ϕ, ·, ·, ·), and ϕ 7→ n(ϕ, ·, ·, ·, ·) (ϕ 7→ c(ϕ, ·, ·), ϕ 7→ l(ϕ, ·, ·, ·), ϕ 7→ m(ϕ, ·, ·, ·), and
ϕ 7→ n(ϕ, ·, ·, ·, ·), respectively), are continuous as vector functions with the values in
L∞, [L∞ ← U ], [L∞ ← V ], and [L∞ ← L1], respectively.

12.5. Operator functions with values in ÃLp(Lp)

Unfortunately, necessary and sufficient conditions for the strong continuity or norm
continuity of the operator function (12.41) with values in ÃLp(Lp) for 1 < p < ∞ are
unknown. However, if we replace ÃLp(Lp) by the space ÃLr

p(Lp) of regular operators (11.1),
one can give some conditions.



Recall that the setsRl(L√), Rm(L√), andR\(L√) are defined by the norms (11.21),

(11.22), and (11.23), respectively, for X = Y = Lp. All these sets are ideal Banach
spaces. The regularity of the operator (11.1) in Lp is equivalent to the four inclusions
c ∈ L∞, l ∈ Rl(L√), m ∈ Rm(L√) and n ∈ R\(L√). Checking the last three inclusions

is difficult because of the complexity of spaces Rl(L√), Rm(L√), and R\(L√).

We will say that the operator function (12.41) with values in ÃLr
p(Lp) is absolutely

strongly continuous at ϕ0 if |P (ϕ)− P (ϕ0)|x → 0 for ϕ → ϕ0 and for any x ∈ Lp, and
absolutely norm continuous at ϕ0 if ‖ |P (ϕ)− P (ϕ0)| ‖ → 0 for ϕ → ϕ0).

Of course, the strong continuity (norm continuity) of the operator function (12.41)
in ÃLp(Lp) follows from its absolute strong continuity (absolute norm continuity). The
converse is not true for 1 < p < ∞. Since |P (ϕ) − P (ϕ0)| = ]P (ϕ) − P (ϕ0)[ for
the operator function (12.41) with values in ÃLr

p(Lp), its absolute strong continuity
(absolute norm continuity) is equivalent to the absolute strong continuity (absolute
norm continuity) of the operator functions (12.43) - (12.46).

The following criterion for the absolute strong continuity of the operator function
(12.41) with values in ÃL(Lp) follows from the last statement and the of Banach-
Steinhaus theorem.

Theorem 12.18. Let 1 < p < ∞. The operator function (12.41) with values
in ÃLp(Lp) is absolutely strongly continuous if and only if the following conditions are
satisfied:

(a) the function ϕ 7→ c(ϕ, ·, ·) takes values in L∞(D), is bounded on each bounded
subset of J as function with values in L∞(D), and is continuous as function with values
in L1(D);

(b) the functions ϕ 7→ l(ϕ, ·, ·, ·), ϕ 7→ m(ϕ, ·, ·, ·), and ϕ 7→ n(ϕ, ·, ·, ·, ·) take values
in Rl(L√), Rm(L√), and R\(L√), respectively, and are bounded on each bounded subset
of J ;

(c) for all y ∈ [a, b] and z ∈ [c, d], the functions ϕ 7→ l(ϕ, ·, ·, ·)χ[a,y](τ), ϕ 7→
m(ϕ, ·, ·, ·)χ[c,z](σ), and ϕ 7→ n(ϕ, ·, ·, ·, ·)χ[a,y]×[c,z](τ, σ) are continuous from J into
[Lp ← X], [Lp ← Y ], and [Lp ← L1], respectively.

We remark that, under the conditions of Theorem 12.18, the operator function
(12.41) takes its values in ÃLp(Lp) and is strongly continuous. The same is true if we
replace the condition (c) in Theorem 12.18 by the condition

(c) for all y ∈ [a, b] and z ∈ [c, d], the functions

ϕ 7→
∫ y

a

l(ϕ, ·, ·, τ) dτ, ϕ 7→
∫ z

c

m(ϕ, ·, ·, σ) dσ, ϕ 7→
∫ y

a

∫ z

c

n(ϕ, ·, ·, τ, σ) dτ dσ

are continuous from J into Lp.
Simple sufficient conditions for the norm continuity of the operator function (12.41)

with values in ÃLr
p(Lp) are contained in the following theorem.

Theorem 12.19. Let 1 < p < ∞ and p−1 + q−1 = 1. The operator function (12.41)
is norm continuous in ÃLr

p(Lp) if the following conditions are satisfied:



(a) the function ϕ 7→ c(ϕ, ·, ·) is continuous as function with values in L∞(D);
(b) the function ϕ 7→ l(ϕ, ·, ·, ·) is continuous as function with values in one of the

spaces with mixed norm [L∞ ← [Lp ← Lq]] or [L∞ ← [Lq ← Lp]], where the norm in
Lp([a, b]), Lq([a, b]), and L∞([c, d]) is calculated in the variables t, τ , and s, respectively;

(c) the function ϕ 7→ m(ϕ, ·, ·, ·) is continuous as function with values in one of the
spaces with mixed norm [L∞ ← [Lp ← Lq]] or [L∞ ← [Lq ← Lp]], where the norm in
Lp([c, d]), Lq([c, d]), and L∞([a, b]) is calculated in the variables s, σ, and t, respectively;

(d) the function ϕ 7→ n(ϕ, ·, ·, ·, ·) is continuous as function with values in [Lp ← Lq]
or [Lq ← Lp], where the norm in Lp(D) and Lq(D)) is calculated in the variables (t, s)
and (τ, σ), respectively.

2 The proof follows simply by applying the Hölder inequality and the generalized
Minkowski inequality. ¥



§ 13. Partial integral operators in the space C

In this section we give acting and boundedness conditions for partial integral operators
on the space C = C([a, b] × [c, d]) which are both necessary and sufficient. Moreover,
we discuss some algebras and ideals of such operators, considered as subspaces of
the algebra L(C) of all bounded linear operators on C. We also study conditions for
the strong or norm continuity of operator functions whose values are partial integral
operators acting in C.

These problems are related to the solvability of the equation

(13.1) x(t, s) = Px(t, s) + f(t, s),

where f : [a, b]× [c, d] → R is a given function and the operator P is a sum

(13.2) P = C + L + M + N

of the four operators

(13.3) Cx(t, s) = c(t, s)x(t, s),

(13.4) Lx(t, s) =

∫ b

a

l(t, s, τ)x(τ, s) dτ,

(13.5) Mx(t, s) =

∫ d

c

m(t, s, σ)x(t, σ) dσ,

and

(13.6) Nx(t, s) =

∫ b

a

∫ d

c

n(t, s, τ, σ)x(τ, σ) dτ dσ.

The operators (13.4) and (13.5) are partial integral operators, while (13.6) is an ordinary
integral operator acting on functions over [a, b] × [c, d]. As we have seen in § 11, the
properties of the partial integral operator (13.2) heavily depend on the spaces in which
it is studied, and may be very different from those of an ordinary integral operator.

Simple acting and boundedness conditions for the operator (13.2) have been obtained
inKalitvin-Jankelevich [1993] for scalar functions and inKalitvin-Jankelevich
[1994] for vector functions. Our purpose here is two-fold: First, we give acting and
boundedness conditions for the operator (13.2) in the space C(D) (D = [a, b] × [c, d])
which are both necessary and sufficient, as well as some formulas for calculating or
estimating its norm. Second, we discuss some algebras and ideals of operators of the
form (13.2), considered as subspaces of the algebra L(C) of bounded linear operators on
C = C(D). Here we follow the recent article Appell-Frolova-Kalitvin-Zabrejko
[1996]. The main results of Subsection 13.4 are taken from Frolova-Kalitvin-Zabrejko
[1997] and Kalitvin-Frolova [1995]. Other criteria for the boundedness of the
operator (13.2) may be found in Frolova [1995, 1996], for its compactness and weak
compactness in Kalitvin [1996b].



13.1. Weakly continuous functions
A crucial role in the investigation of partial integral operators in spaces of continuous

functions is played by the classical Radon theorem (Glivenko [1936], Radon [1919])
which states that any bounded linear operator A on the space C(D) admits a representation
as a Stieltjes integral

Af(t, s) =

∫

D

f(τ, σ) dg(t, s, τ, σ)

involving a function g : D ×D → R such that g(t, s, ·, ·) is of bounded variation and
g(·, ·, τ, σ) is weakly continuous.

Recall that the function g(·, ·, τ, σ) is called weakly continuous on D = [a, b]× [c, d]
if, for any sequence (tn, sn) ∈ D with (tn, sn) → (t, s) and any continuous function
f : D → R, the relation

lim
n→∞

∫

D

f(τ, σ) dτ,σg(tn, sn, τ, σ) =

∫

D

f(τ, σ) dτ,σg(t, s, τ, σ)

holds. By the classical Riesz theorem, the weak continuity of g(·, ·, τ, σ) is equivalent
to the pointwise convergence of the sequence of bounded linear functionals

γn(f) =

∫

D

f(τ, σ) dτ,σgn(τ, σ) (gn(τ, σ) := g(tn, sn, τ, σ))

to the bounded linear functional

γ(f) =

∫

D

f(τ, σ) dτ,σg(τ, σ) (g(τ, σ) := g(t, s, τ, σ)).

For the pointwise convergence γn → γ in turn it is necessary and sufficient that the
sequence (||γn||)n be bounded and γn(f) → γ(f) for f ∈ F , with F being an arbitrary
subset of C(D) whose linear hull is dense in C(D).

Let ĝn = ĝn(τ, σ) and ĝ = ĝ(τ, σ) be functions of bounded variation corresponding
to the functionals γn and γ, respectively, i.e. VarD ĝn = ||γn|| and VarD ĝ = ||γ||. Then
the boundedness of the sequence (||γn||)n is of course equivalent to the fact that all
functions ĝn (n = 1, 2, 3, ...) have uniformly bounded variation. A suitable choice for
the set F ⊂ C(D) is as follows: Since the set of all linear combinations of x(t) ≡ 1 and
all functions

xξ(t) =

{
ξ − t if a ≤ t ≤ ξ ≤ b,

0 if a ≤ ξ < t ≤ b,
xη(s) =

{
η − s if c ≤ s ≤ η ≤ d,

0 if c ≤ η < s ≤ d,

is dense in C([a, b]) and C([c, d]) respectivelly, we may put

F := {1} ∪ {xξ : a ≤ ξ ≤ b} ∪ {xη : c ≤ η ≤ d} ∪ {xξ ⊗ xη : a ≤ ξ ≤ b, c ≤ η ≤ d}.
It is then not hard to verify the relations

(13.7)

∫

D

1 dg(t, s) = g(b, d)− g(a, d)− g(b, c) + g(a, c) =: Γ,

(13.8)

∫

D

xξ(t) dg(t, s) =

∫ ξ

a

[g(t, d)− g(t, c)] dt + [g(a, c)− g(a, d)](ξ − a) =: Γξ,



(13.9)

∫

D

xη(s) dg(t, s) =

∫ η

c

[g(b, s)− g(a, s)] ds + [g(a, c)− g(b, c)](η − c) =: Γη,

and

(13.10)

∫

D

xξ(t)xη(s) dg(t, s) =

∫ ξ

a

∫ η

c

g(t, s) dt ds− (η − c)

∫ ξ

a

g(t, c) dt

−(ξ − a)

∫ η

c

g(a, s) ds + g(a, c)(ξ − a)(η − c) =: Γξ,η.

Consequently, the convergence γn(1) → γ(1), γn(xξ) → γ(xξ), γn(xη) → γ(xη), and
γn(xξ ⊗ xη) → γ(xξ ⊗ xη) means precisely that

(13.11) gn(b, d)− gn(a, d)− gn(b, c) + gn(a, c) → Γ,

(13.12)

∫ ξ

a

[gn(t, d)− gn(t, c)] dt + [gn(a, c)− gn(a, d)](ξ − a) → Γξ,

(13.13)

∫ η

c

[gn(b, s)− gn(a, s)] ds + [gn(a, c)− gn(b, c)](η − c) → Γη,

and

(13.14)

∫ ξ

a

∫ η

c

gn(t, s) dt ds− (η − c)

∫ ξ

a

gn(t, c) dt

−(ξ − a)

∫ η

c

gn(a, s) ds + gn(a, c)(ξ − a)(η − c) → Γξ,η

as n →∞, for all ξ ∈ [a, b] and η ∈ [c, d]. In this way, we have proved the following

Lemma 13.1. The function g(t, s, ·, ·) is of bounded variation for each (t, s) ∈ D,
and the function g(·, ·, τ, σ) is weakly continuous for each (τ, σ) ∈ D if and only if

sup {VarD g(t, s, ·, ·) : (t, s) ∈ D} < ∞

and the relations (13.11) - (13.14) hold.

13.2. Acting and boundedness conditions
Now we are going to derive an acting condition (both necessary and sufficient) for

the operator (13.2) in the space C(D) which also ensures its boundedness. To this end,
we put

(13.15)

g(t, s, τ, σ) := c(t, s)κ(t, s, τ, σ) +

∫ τ

a

l(t, s, τ̃) dτ̃ κ(s, σ)

+

∫ σ

c

m(t, s, σ̃) dσ̃ κ(t, τ) +

∫ τ

a

∫ σ

c

n(t, s, τ̃ , σ̃) dσ̃ dτ̃ ,



where

κ(t, τ) :=

{
1 if τ ≥ t > a or τ > t = a,

0 if τ < t ≤ b or τ = t = a,

κ(s, σ) :=

{
1 if σ ≥ s > c or σ > s = c,

0 if σ < s ≤ d or σ = s = c,

and

κ(t, s, τ, σ) :=

{
1 if τ ≥ t > a and σ ≥ s > c, or τ > t = a and σ > s = c,

0 if τ < t ≤ b, σ < s ≤ d, τ = t = a, or σ = s = c.

Obviously, g(t, s, a, d) = g(t, s, b, c) = g(t, s, a, c) ≡ 0 and

g(t, s, b, d) = c(t, s) +

∫ b

a

l(t, s, τ) dτ +

∫ d

c

m(t, s, σ) dσ +

∫ b

a

∫ d

c

n(t, s, τ, σ) dσ dτ.

Putting now (13.15) into (13.7) - (13.10) we obtain

(13.16) Γ(t, s) = c(t, s) +

∫ b

a

l(t, s, τ) dτ +

∫ d

c

m(t, s, σ) dσ +

∫ b

a

∫ d

c

n(t, s, τ, σ) dσ dτ,

(13.17)

Γξ(t, s) =

∫ ξ

a

{[c(t, s) +

∫ d

c

m(t, s, σ) dσ]κ(t, τ)

+(ξ − τ)[l(t, s, τ) +

∫ d

c

n(t, s, τ, σ) dσ]} dτ,

(13.18)

Γη(t, s) =

∫ η

c

{[c(t, s) +

∫ b

a

l(t, s, τ) dτ ]κ(s, σ)

+(η − σ)[m(t, s, σ) +

∫ b

a

n(t, s, τ, σ) dτ ]} dσ,

and

(13.19)
Γξ,η(t, s) =

∫ ξ

a

∫ η

c

[c(t, s)κ(t, s, τ, σ) + (ξ − τ)l(t, s, τ)κ(s, σ)

+(η − σ)m(t, s, σ)κ(t, τ) + (ξ − τ)(η − σ)n(t, s, τ, σ)] dσ dτ.

Finally, we put
(13.20)

Γ(t, s) = |c(t, s)|+
∫ b

a

|l(t, s, τ)| dτ +

∫ d

c

|m(t, s, σ)| dσ +

∫ b

a

∫ d

c

|n(t, s, τ, σ)| dσ dτ.

Theorem 13.1. The linear operator (13.2) acts in the space C(D) if and only if the
functions (13.16) - (13.19) are continuous on D for all fixed (ξ, η), and the function



(13.20) is bounded on D. In this case the operator (13.2) is automatically bounded on
C(D), and its norm is given by

(13.21) ||P ||L(C) = sup {Γ(t, s) : (t, s) ∈ D}.

2 Suppose first that the operator (13.2) acts in C(D). It is known that this operator
is then automatically bounded (Kalitvin-Jankelevich [1994]) and, by Radon’s
theorem, admits a representation

(13.22) Px(t, s) =

∫ b

a

∫ d

c

x(τ, σ) dg(t, s, τ, σ),

where the function g is given by (13.15) and has the property that g(t, s, ·, ·) is of
bounded variation and g(·, ·, τ, σ) is weakly continuous. The weak continuity of g(·, ·, τ, σ)
is equivalent, as we have seen, to the continuity of the functions (13.16) - (13.19). On
the other hand, the boundedness of the function (13.20) follows from the fact that
g(t, s, ·, ·) is of bounded variation; we claim that

(13.23) VarD g(t, s, ·, ·) = Γ(t, s).

To prove (13.23), let (t, s) be a fixed interior point of D, choose points u ∈ (a, t),
v ∈ (t, b), p ∈ (c, s), and q ∈ (s, d), and split the rectangle D = [a, b]× [c, d] into the 9
parts D1 := [a, u]× [c, p], D2 := [a, u]× [p, q], D3 := [a, u]× [q, d], D4 := [u, v]× [q, d],
D5 := [u, v] × [p, q], D6 := [u, v] × [c, p], D7 := [v, b] × [q, d], D8 := [v, b] × [p, q], and
D9 := [v, b] × [c, p]. Then the total variation of g(t, s, ·, ·) on D is equal to the sum
of the variations of g(t, s, ·, ·) on Dj (j = 1, . . . , 9). Now, calculating the variation of
g(t, s, ·, ·) on Dj (j = 1, . . . , 9) for u, v → t and p, q → s we get for the total variation
the formula
(13.24)

VarD g(t, s, ·, ·) = lim
u,v→t
p,q→s

9∑
j=1

VarDj
g(t, s, ·, ·)

=

∫ t

a

∫ s

c

|n(t, s, τ, σ)| dσ dτ +

∫ t

a

|l(t, s, τ)| dτ +

∫ t

a

∫ d

s

|n(t, s, τ, σ)| dσ dτ

+

∫ d

s

|m(t, s, σ)| dσ + |c(t, s)|+
∫ s

c

|m(t, s, σ)| dσ +

∫ b

t

∫ d

s

|n(t, s, τ, σ)| dσ dτ

+

∫ b

t

|l(t, s, τ)| dτ +

∫ b

t

∫ s

c

|n(t, s, τ, σ)| dσ dτ,

which proves (13.23). To see in turn that (13.24) is true consider, for example, the
“center rectangle” D5 = [u, v]× [p, q]. On this rectangle we have

g(t, s, τ, σ) := c(t, s)κ(t, s, τ, σ) +

∫ τ

u

l(t, s, τ̃) dτ̃ κ(s, σ)

+

∫ σ

p

m(t, s, σ̃) dσ̃ κ(t, τ) +

∫ τ

u

∫ σ

p

n(t, s, τ̃ , σ̃) dσ̃ dτ̃ .

Given ε > 0, choose a partition Π of D5 such that the corresponding variation of
g(t, s, ·, ·) with respect to Π is less than ε. By the absolute continuity of the integral



and the definition of the functions κ, we get |VarΠ g(t, s, ·, ·)− |c(t, s)|| < ε, and hence
|VarD5 g(t, s, ·, ·) − |c(t, s)|| < 2ε for u, v → t and p, q → s. The other eight equalities
in (13.24) are proved similarly.

Conversely, suppose now that the functions (13.16) - (13.19) are continuous on D
for all fixed (ξ, η), and the function (13.20) is bounded on D. This immediately implies
that g(t, s, ·, ·) is of bounded variation and g(·, ·, τ, σ) is weakly continuous. By Radon’s
theorem, the operator (13.2) is bounded on C(D).

Finally, let us prove the formula (13.21) for the norm of the operator (13.2). We
have

(13.25) ||P ||L(C) = sup {||Px(t, s)||C∗ : (t, s) ∈ D},
where Px(t, s) is considered, for fixed (t, s) ∈ D, as a bounded linear functional on
C(D). Therefore it suffices to prove that VarD g(t, s, ·, ·) = ||Px(t, s)||C∗ for fixed (t, s) ∈
D. Given an arbitrary functional f ∈ C∗, let

g(τ, σ) :=

{
f(xτ,σ) if a < τ ≤ b and c < σ ≤ d,

0 if τ = a or σ = c,

where

xτ,σ(u, v) :=

{
1 for a ≤ u ≤ τ and c ≤ v ≤ σ,

0 for τ < u ≤ b or σ < v ≤ d.

By the Riesz representation theorem for bounded linear functionals on C(D) we have

f(x) =

∫

D

x(τ, σ) dg(τ, σ),

where g is of bounded variation with VarD g = ||f ||C∗ . In particular, the function g
corresponding to the functional f = Px(t, s) ∈ C∗ has the form

(13.26)

gt,s(τ, σ) := c(t, s)κ̃(t, s, τ, σ) +

∫ τ

a

l(t, s, τ̃) dτ̃ κ̃(s, σ)

+

∫ σ

c

m(t, s, σ̃) dσ̃ κ̃(t, τ) +

∫ τ

a

∫ σ

c

n(t, s, τ̃ , σ̃) dσ̃ dτ̃ ,

where

κ̃(t, τ) :=

{
1 if a ≤ t ≤ τ ≤ b,

0 if a ≤ τ < t ≤ b,

κ̃(s, σ) :=

{
1 if c ≤ s ≤ σ ≤ d,

0 if c ≤ σ < s ≤ d,

and

κ̃(t, s, τ, σ) :=

{
1 if a ≤ t ≤ τ ≤ b and c ≤ s ≤ σ ≤ d,

0 if a ≤ τ < t ≤ b or c ≤ σ < s ≤ d.

A comparison of (13.15) and (13.26) shows that the functions g(t, s, ·, ·) and gt,s have
the same total variation on D. Altogether we get

||Px(t, s)||C∗ = VarD gt,s = VarD g(t, s, ·, ·) = Γ(t, s)



which together with (13.25) completes the proof. ¥

We remark that the Radon representation of a bounded linear operator on C(D)
and, in particular, an arbitrary partial integral operator on C(D), is in general not
unique. However, the representation (13.2) of the sum of operators (13.3) - (13.6) is
unique.

Since the functions (13.16) - (13.19) are rather messy, to verify their continuity may
be very hard in practice. It is therefore of practical interest to have easier acting (and
boundedness) conditions for the operator (13.2) in the space C(D) at hand, even if
these conditions are only sufficient.

Here is one such condition. Let us call the kernel functions l, m and n in (13.4) -
(13.6) continuous in the whole if

lim
|t1−t2|→0
|s1−s2|→0

∫ b

a

|l(t1, s1, τ)− l(t2, s2, τ)| dτ = 0,

lim
|t1−t2|→0
|s1−s2|→0

∫ d

c

|m(t1, s1, σ)−m(t2, s2, σ)| dσ = 0,

and

lim
|t1−t2|→0
|s1−s2|→0

∫ b

a

∫ d

c

|n(t1, s1, τ, σ)− n(t2, s2, τ, σ)| dσ dτ = 0.

Theorem 13.2. Suppose that the function c is continuous, the kernel functions l,
m and n are continuous in the whole, and

∆ := sup
(t,s)∈D

[ ||l(t, s, ·)||+ ||m(t, s, ·)||+ ||n(t, s, ·, ·)|| ] < ∞,

where all norms are taken in the corresponding L1 space. Then the linear operator
(13.2) is bounded in the space C(D), and its norm is given by

(13.27) ||P ||L(C) = sup
(t,s)∈D

[ |c(t, s)|+ ||l(t, s, ·)||+ ||m(t, s, ·)||+ ||n(t, s, ·, ·)|| ].

Of course, all hypotheses of Theorem 13.2 are satisfied if the functions c, l, m and
n are jointly continuous, but not vice versa. The hypotheses of Theorem 13.2 are also
satisfied if ||l(t, s, ·)||Lp ≤ Al < ∞, ||m(t, s, ·)||Lq ≤ Am < ∞, ||n(t, s, ·, ·)||Lr ≤ An < ∞
(1 < p, q, r < ∞), the function c is continuous, and the kernel functions l, m and
n are discontinuous only along finitely many surfaces with parameter representation
τ = τ(t, s) and σ = σ(t, s) (Kalitvin-Jankelevich [1994]).

13.3. Algebras of partial integral operators
In what follows, by Lp(C) we denote the subspace of all operators of the form (13.2)

in the space L(C). Theorem 13.1 proved above allows us not only to characterize the



operators which belong to Lp(C), but also to describe structural properties of the
subspace Lp(C). We begin with the following

Theorem 13.3. The subspace Lp(C) is closed in the algebra L(C).
2 Let (Pn)n be a sequence of operators Pn ∈ Lp(C), i.e.

(13.28)

Pnx(t, s) = cn(t, s)x(t, s) +

∫ b

a

ln(t, s, τ)x(τ, s) dτ

+

∫ d

c

mn(t, s, σ)x(t, σ) dσ +

∫ b

a

∫ d

c

nn(t, s, τ, σ)x(τ, σ) dσ dτ,

which converges (in L(C)) to some operator P̆ ∈ L(C). Then the sequence (Pn)n is
Cauchy and fulfills, by Theorem 13.1, the relation

lim
i,j→∞

sup
(t,s)∈D

[
|ci(t, s)− cj(t, s)|+

∫ b

a

|li(t, s, τ)− lj(t, s, τ)| dτ

+

∫ d

c

|mi(t, s, σ)−mj(t, s, σ)| dσ +

∫ b

a

∫ d

c

|ni(t, s, τ, σ)− nj(t, s, τ, σ)| dσ dτ

]
= 0.

This is of course equivalent to the four relations

(13.29) lim
i,j→∞

sup
(t,s)∈D

|ci(t, s)− cj(t, s)| = 0,

(13.30) lim
i,j→∞

sup
(t,s)∈D

∫ b

a

|li(t, s, τ)− lj(t, s, τ)| dτ = 0,

(13.31) lim
i,j→∞

sup
(t,s)∈D

∫ d

c

|mi(t, s, σ)−mj(t, s, σ)| dσ = 0,

and

(13.32) lim
i,j→∞

sup
(t,s)∈D

∫ b

a

∫ d

c

|ni(t, s, τ, σ)− nj(t, s, τ, σ)| dσ dτ = 0.

By (13.29), the sequence (cn)n is Cauchy in the space of all bounded functions on D
(with the sup norm), and hence

lim
n→∞

sup
(t,s)∈D

|cn(t, s)− c(t, s)| = 0

for some bounded function c on D. The relation (13.30) in turn shows that the sequence
(ln)n is Cauchy in the complete space with mixed norm [L1 → L∞] (see e. g. Benedek-
Panzone [1961]), and hence

lim
n→∞

||ln − l̃||[L1→L∞] = 0



for some measurable function l̃ ∈ [L1 → L∞]; more precisely, this means that there is
a nullset D0 ⊂ D such that

lim
n→∞

sup
(t,s)∈D\D0

∫ b

a

|ln(t, s, τ)− l̃(t, s, τ)| dτ = 0.

But for fixed (t, s) ∈ D0 the sequence (ln(t, s, ·))n is Cauchy in the space L1 = L1([a, b]),
and hence ||ln(t, s, ·) − l̂(t, s, ·)||L1 → 0 for some function l̂(t, s, ·) ∈ L1, as n → ∞,
uniformly in (t, s) ∈ D0, by (13.30). Consequently,

lim
n→∞

sup
(t,s)∈D

∫ b

a

|ln(t, s, τ)− l(t, s, τ)| dτ = 0,

where

l(t, s, τ) :=

{
l̃(t, s, τ) if (t, s) ∈ D \D0,

l̂(t, s, τ) if (t, s) ∈ D0.

Likewise, one may construct functions m and n as limits of the sequences (mn)n and
(nn)n, respectively. Now we put

(13.33)

Px(t, s) := c(t, s)x(t, s) +

∫ b

a

l(t, s, τ)x(τ, s) dτ

+

∫ d

c

m(t, s, σ)x(t, σ) dσ +

∫ b

a

∫ d

c

n(t, s, τ, σ)x(τ, σ) dσ dτ

and show that P ∈ Lp(C) and P = P̆ . First of all, by the construction of the functions
c, l, m and n, and the obvious estimate

|Pnx(t, s)− Px(t, s)| ≤ |cn(t, s)− c(t, s)| |x(t, s)|

+

∫ b

a

|ln(t, s, τ)− l(t, s, τ)| |x(τ, s)| dτ +

∫ d

c

|mn(t, s, σ)−m(t, s, σ)| |x(t, σ)| dσ

+

∫ b

a

∫ d

c

|nn(t, s, τ, σ)− n(t, s, τ, σ)| |x(τ, σ)| dσ dτ

(x ∈ C(D)) we see that P ∈ Lp(C). Moreover, we have

||Pn − P ||L(C) ≤ sup
(t,s)∈D

[
|cn(t, s)− c(t, s)|+

∫ b

a

|ln(t, s, τ)− l(t, s, τ)| dτ

+

∫ d

c

|mn(t, s, σ)−m(t, s, σ)| dσ +

∫ b

a

∫ d

c

|nn(t, s, τ, σ)− n(t, s, τ, σ)| dσ dτ

]
.

We conclude that Pn → P in the norm of L(C), and hence P = P̆ . ¥

The space L(C) is an algebra with respect to the usual composition of operators.
Therefore the natural question arises: Is the subspace Lp(C) a subalgebra in L(C), or
even an ideal?



The answer to the second question is of course negative: To see this, it suffices to
compose, for example, an operator P ∈ Lp(C) with the operator which associates to
each x ∈ C(D) the constant function y(t, s) ≡ x(a, c). The answer to the first question,
however, is positive:

Theorem 13.4. The subspace Lp(C) is a subalgebra of the algebra L(C). More
precisely, if Pi ∈ Lp(C) is given by

Pix(t, s) = ci(t, s)x(t, s) +

∫ b

a

li(t, s, τ)x(τ, s) dτ

+

∫ d

c

mi(t, s, σ)x(t, σ) dσ +

∫ b

a

∫ d

c

ni(t, s, τ, σ)x(τ, σ) dσ dτ,

(i = 1, 2), then the operator P = P2P1 is given by (13.33) where

c(t, s) := c2(t, s)c1(t, s),

l(t, s, τ) := c2(t, s)l1(t, s, τ) + l2(t, s, τ)c1(τ, s) +

∫ b

a

l2(t, s, ξ)l1(ξ, s, τ) dξ,

m(t, s, σ) := c2(t, s)m1(t, s, σ) + m2(t, s, σ)c1(t, σ) +

∫ d

c

m2(t, s, η)m1(t, η, σ) dη,

and

n(t, s, τ, σ) := c2(t, s)n1(t, s, τ, σ) + n2(t, s, τ, σ)c1(τ, σ)

+l2(t, s, τ)m1(τ, s, σ) + m2(t, s, σ)l1(t, σ, τ) +

∫ b

a

l2(t, s, ξ)n1(ξ, s, τ, σ) dξ

+

∫ d

c

m2(t, s, η)n1(t, η, τ, σ) dη +

∫ b

a

n2(t, s, ξ, σ)l1(ξ, σ, τ) dξ

+

∫ d

c

n2(t, s, τ, η)m1(τ, η, σ) dη +

∫ b

a

∫ d

c

n2(t, s, ξ, η)n1(ξ, η, τ, σ) dη dξ.

2 The proof of Theorem 13.4 is a straightforward consequence of Theorem 13.1
and Fubini’s theorem. ¥

By construction, every operator P ∈ Lp(C) is a sum of four operators, namely the
multiplication operator (13.3), the partial integral operators (13.4) and (13.5), and the
ordinary integral operator (13.6). It is natural to expect that, if such an operator P
acts in the space C(D), also all its components (13.3) - (13.6) act in the space C(D).
Surprisingly, this is not true, as is shown by the following

Example 13.1. Consider the decomposition of the square D := [0, 1] × [0, 1] into
the four subsquares D1 := [0, 1

2
]× [0, 1

2
], D2 := (1

2
, 1]× [0, 1

2
], D3 := [0, 1

2
]× (1

2
, 1], and



D4 := (1
2
, 1]× (1

2
, 1], and define P : C(D) → C(D) by

Px(t, s) :=





x(t, s) if (t, s) ∈ D1,

2

2t− 1

∫ t

1/2

x(τ, s) dτ if (t, s) ∈ D2,

2

2s− 1

∫ s

1/2

x(t, σ) dσ if (t, s) ∈ D3,

4

(2t− 1)(2s− 1)

∫ t

1/2

∫ s

1/2

x(τ, σ) dσ dτ if (t, s) ∈ D4.

A straightforward calculation shows that P ∈ Lp(C) with

c(t, s) =

{
1 if (t, s) ∈ D1,

0 if (t, s) ∈ D2 ∪D3 ∪D4,

l(t, s, τ) =





0 if (t, s) ∈ D1 ∪D3 ∪D4,

2

2t− 1
if 1

2
< τ ≤ t ≤ 1 and 0 ≤ s ≤ 1

2
,

0 if 1
2
≤ t < τ ≤ 1 and 0 ≤ s ≤ 1

2
,

m(t, s, σ) =





0 if (t, s) ∈ D1 ∪D2 ∪D4,

2

2s− 1
if 1

2
< σ ≤ s ≤ 1 and 0 ≤ t ≤ 1

2
,

0 if 1
2
≤ s < σ ≤ 1 and 0 ≤ t ≤ 1

2
,

and

n(t, s, τ, σ) =





0 if (t, s) ∈ D1 ∪D2 ∪D3,

4

(2t− 1)(2s− 1)
if 1

2
< τ ≤ t ≤ 1 and 1

2
< σ ≤ s ≤ 1,

0 otherwise.

But neither of the single operators (13.3) - (13.6) generated by these functions acts in
the space C(D). ¥

In view of this counterexample, it is of interest to characterize the operators P ∈
Lp(C) with the additional property that all their components belong to L(C) as well.
Let us denote by Lc(C), Ll(C), Lm(C), and Ln(C) the sets of all operators of the form
(13.3), (13.4), (13.5), and (13.6), respectively, acting in the space C(D). Thus we are
interested in describing the direct sum LΣ(C) := Lc(C)⊕ Ll(C)⊕ Lm(C)⊕ Ln(C) as
a subspace of Lp(C).

Theorem 13.5. The subspace LΣ(C) is closed in the space Lp(C).
2 Suppose that the sequence (13.28) of operators Pn ∈ LΣ(C) converges in the

norm of L(C) to some operator P̆ ∈ Lp(C). Then the equalities (13.29) - (13.32) hold,



by Theorem 13.1. Construct the functions c, l, m and n through the functions cn,
ln, mn and nn in the same way as in the proof of Theorem 13.3. We claim that the
corresponding operator (13.33) actually belongs to LΣ(C) and coincides with P̆ .

First of all, the continuity of the functions cn implies that of the limit function c, and
thus the corresponding operator (13.3) acts in the space C(D). Moreover, for x ∈ C(D)
and fixed (t0, s0) ∈ D we have

∣∣∣∣
∫ b

a

l(t, s, τ)x(τ, s) dτ −
∫ b

a

l(t0, s0, τ)x(τ, s0) dτ

∣∣∣∣

≤
∫ b

a

|l(t, s, τ)− ln(t, s, τ)| |x(τ, s)| dτ +

∫ b

a

|ln(t0, s0, τ)− l(t0, s0, τ)| |x(τ, s0)| dτ

+

∣∣∣∣
∫ b

a

[ln(t, s, τ)− ln(t0, s0, τ)]x(τ, s0) dτ

∣∣∣∣ +

∫ b

a

|ln(t, s, τ)| |x(τ, s)− x(τ, s0)| dτ.

Every term in the right-hand side of this estimate tends to zero as (t, s) → (t0, s0).
In fact, for the first two terms this follows from (13.30) and the boundedness of the
function x, for the third term from the continuity of the function t 7→ Lnx(t, s0), and
for the fourth term from the continuity of the function x and formula (13.21) for the
norm of P . We conclude that Lx ∈ C(D), hence L ∈ Ll(C).

The relations M ∈ Lm(C) and N ∈ Ln(C) are proved by exactly the same reasoning.
It follows that P ∈ LΣ(C), and so we are done. ¥

Theorem 13.6. The subspace Ln(C) is an ideal in both the space LΣ(C) and the
space Lp(C), and the subspace LΣ(C) is a subalgebra in the algebra Lp(C).

2 Let Ñ be an integral operator of the form (13.6) generated by some kernel
function ñ = ñ(t, s, τ, σ), and let P be a partial integral operator of the form (13.33)
which belongs to LΣ(C). By Fubini’s theorem we have then

ÑPx(t, s) =

∫ b

a

∫ d

c

[
c(τ, σ)ñ(t, s, τ, σ) +

∫ b

a

l(ξ, σ, τ)ñ(t, s, ξ, σ) dξ

+

∫ d

c

m(τ, η, σ)ñ(t, s, τ, η) dη +

∫ b

a

∫ d

c

ñ(t, s, ξ, η)n(ξ, η, τ, σ) dη dξ

]
x(τ, σ) dσ dτ,

as well as

PÑx(t, s) =

∫ b

a

∫ d

c

[
c(t, s)ñ(t, s, τ, σ) +

∫ b

a

l(t, s, ξ)ñ(ξ, s, τ, σ) dξ

+

∫ d

c

m(t, s, η)ñ(t, η, τ, σ) dη +

∫ b

a

∫ d

c

n(t, s, ξ, η)ñ(ξ, η, τ, σ) dη dξ

]
x(τ, σ) dσ dτ.

This shows that both ÑP and PÑ belong to Ln(C). The second assertion follows from
the fact that LΣ(C) is stable under composition and and closed in Lp(C). ¥

We remark that the space Ln(C) is not an ideal in the whole algebra L(C).

13.4. Operator functions with values in Lp(C)



Let again D = [a, b]× [c, d], and let J be a bounded or unbounded interval in R. In
this subsection we study the strong and norm continuity of the operator function

(13.34)

P (ϕ)x(t, s) = c(ϕ, t, s)x(t, s) +

∫ b

a

l(ϕ, t, s, τ)x(τ, s) dτ

+

∫ d

c

m(ϕ, t, s, σ)x(t, σ) dσ +

∫ b

a

∫ d

c

n(ϕ, t, s, τ, σ)x(τ, σ) dσ dτ ;

here c : J×D → R, l : J×D×[a, b] → R, m : J×D×[c, d] → R, and n : J×D×D → R
are jointly measurable functions, and the integrals are meant in the Lebesgue sense.

For each fixed ϕ ∈ J , the formula (13.34) defines a partial integral operator of the
form (13.2). We consider the operator function (13.34) with values in the space Lp(X)
of partial integral operators which act in the space X = C(D).

The following three examples show that the norm continuity or strong continuity
of the operator function (13.34) is not equivalent to the continuous dependence of
the functions c(ϕ, ·, ·), l(ϕ, ·, ·, ·), m(ϕ, ·, ·, ·), n(ϕ, ·, ·, ·, ·) on the parameter ϕ. In these
examples we assume throughout that J = [a, b] = [c, d] = [0, 1] and c(ϕ, t, s) =
m(ϕ, t, s, σ) = n(ϕ, t, s, τ, σ) ≡ 0; thus, we work only with the kernel function l =
l(ϕ, t, s, τ).

Example 13.2. Let

l(ϕ, t, s, τ) =





sin
ϕ√
τ

if 0 ≤ ϕ, t, s ≤ 1 and 0 < τ ≤ 1,

0 if τ = 0.

The function l is discontinuous at the point (0, 0, 0, 0), but P (ϕ) is a norm continuous
operator function with values in Lp(C). In fact, for each ϕ ∈ [0, 1] the operator P (ϕ)
acts in the space C(D). From this and Theorem 13.1 we have

‖P (ϕ)− P (ϕ0)‖ =

∫ 1

0

| sin ϕ√
τ
− sin

ϕ0√
τ
| dτ ≤ 2|ϕ− ϕ0|,

which means that ‖P (ϕ)− P (ϕ0)‖ → 0 for ϕ → ϕ0.

Observe that in Example 13.2 the function l(·, t, s, τ) is continuous at 0 for each
(t, s, τ) ∈ [0, 1] × [0, 1] × [0, 1]. In the following example, the function l(·, t, s, τ) is
discontinuous at 0 for each (t, s, τ) ∈ [0, 1] × [0, 1] × [0, 1]; nevertheless, P (ϕ) is a
strongly continuous operator function with values in Lp(C).

Example 13.3. Let

l(ϕ, t, s, τ) =





sin
τ

ϕ
if 0 < ϕ ≤ 1 and 0 ≤ t, s, τ ≤ 1,

0 if ϕ = 0.

It is obvious that the operator function P (·) takes values in Lp(C) and is strongly
continuous at every point ϕ0 6= 0. We show that P (·) is also strongly continuous at 0.
For continuous functions of the form x(t, s) = u(t)v(s) we have

‖[P (ϕ)− P (0)]x‖C = max
0≤s≤1

|v(s)

∫ 1

0

sin
τ

ϕ
u(τ) dτ | = ‖v‖C ‖

∫ 1

0

sin
τ

ϕ
u(τ) dτ‖C → 0



as ϕ → 0. Since ‖P (ϕ)‖ ≤ 1 and the linear hull of the functions of the form x(t, s) =
u(t)v(s) is dense in C(D), we conclude that P (ϕ)x → P (0)x for any x ∈ C(D), and
hence P (·) is strongly continuous. We remark that in this example the operator function
P (·) is not norm continuous.

Example 13.4. Let l(ϕ, t, s, τ) = δ(ϕ)δ(τ) + l0(ϕ, t, s, τ), where l0 is a jointly
continuous on [0, 1] × [0, 1] × [0, 1] × [0, 1] and δ is the Dirichlet function (i.e., the
characteristic function of [0, 1]∩Q). Obviously, the function l(·, t, s, τ) is discontinuous
everywhere on [0,1] for each t, s, τ . On the other hand, P (·) takes values in Lp(C) and
is norm continuous at any point ϕ ∈ [0, 1].

Before stating conditions for the strong continuity or norm continuity of the operator
function (13.34), we have to introduce some notation. Let

(13.35)

B(ϕ, t, s) = c(ϕ, t, s) +

∫ b

a

l(ϕ, t, s, τ) dτ +

∫ d

c

m(ϕ, t, s, σ) dσ

+

∫ b

a

∫ d

c

n(ϕ, t, s, τ, σ) dσ dτ,

(13.36)

Bξ(ϕ, t, s) =

∫ ξ

a

[ (
c(ϕ, t, s) +

∫ d

c

m(ϕ, t, s, σ) dσ
)
κ(t, τ)

+(ξ − τ)
(
l(ϕ, t, s, τ) +

∫ d

c

n(ϕ, t, s, τ, σ) dσ
) ]

dτ,

(13.37)

Bη(ϕ, t, s) =

∫ η

c

[ (
c(ϕ, t, s) +

∫ b

a

l(ϕ, t, s, τ) dτ
)
κ(s, σ)

+(η − σ)
(
m(ϕ, t, s, σ) +

∫ b

a

n(ϕ, t, s, τ, σ) dτ
) ]

dσ,

and

(13.38)
Bξη(ϕ, t, s) =

∫ ξ

a

∫ η

c

[
c(ϕ, t, s)κ(t, s, τ, σ) + (ξ − τ)l(ϕ, t, s, τ)κ(s, σ)

+(η − σ)m(ϕ, t, s, σ)κ(t, τ) + (ξ − τ)(η − σ)n(ϕ, t, s, τ, σ) dσ dτ
]
.

Moreover, we put

(13.39)

γ(ϕ, t, s) = |c(ϕ, t, s)|+
∫ b

a

|l(ϕ, t, s, τ)| dτ +

∫ d

c

|m(ϕ, t, s, σ)| dσ

+

∫ b

a

∫ d

c

|n(ϕ, t, s, τ, σ)| dσ dτ,

where

κ(t, τ) :=

{
1 if τ ≥ t > a or τ > t = a,

0 if τ < t ≤ b or τ = t = a,



κ(s, σ) :=

{
1 if σ ≥ s > c or σ > s = c,

0 if σ < s ≤ d or σ = s = c,

and

κ(t, s, τ, σ) :=

{
1 if τ ≥ t > a and σ ≥ s > c or τ > t = a and σ > s = c,

0 if τ < t ≤ b, σ < s ≤ d, τ = t = a, or σ = s = c.

With the use of Theorem 13.1 one may then prove the following

Theorem 13.7. The operator function (13.34) is strongly continuous in the space
L(C) if and only if the functions (13.35) - (13.38) are continuous, and the function
(13.39) is bounded on each bounded subset of its domain of definition.

2 Suppose that the operator function P (·) is strongly continuous in L(C). Put

xξ(t) =





ξ − t if a ≤ t ≤ ξ ≤ b,

0 if a ≤ ξ < t ≤ c

and

xη(s) =





η − s if c ≤ s ≤ η ≤ d,

0 if c ≤ η < s ≤ d

Then the equalities

B(ϕ, t, s) = P (ϕ)1(t, s), Bξ(ϕ, t, s) = P (ϕ)xξ(t)1(s),

Bη(ϕ, t, s) = P (ϕ)1(t)xη(s), Bξη(ϕ, t, s) = P (ϕ)xξ(t)xη(s)

and the Banach-Steinhaus theorem imply the continuity of the functions (13.35) -
(13.38) and the boundedness of the function (13.39) on each bounded subset of its
domain of definition.

To prove the converse it suffices to show that the operator function ϕ 7→ P (ϕ)x is
continuous on J for x in some dense subset M ⊂ C. As set M we choose the linear
hull of the constant functions, the functions xξ and xη as above, and their products.
In fact, the continuity of ϕ 7→ P (ϕ)x for these function is a direct consequence of
our assumption on the functions (13.35) - (13.38), and the assertion follows from the
linearity of P (ϕ). ¥

Since C(D) ⊂ L∞(D), another criterion for the strong continuity of the operator
function (13.34) in C(D) follows from Theorems 12.9 and 13.7:

Theorem 13.8. Suppose that the operator function (13.34) takes its values in Lp(C).
Then it is strongly continuous if and only if the function (13.39) is bounded on J ×D
for the each bounded interval J ⊂ R, the function ϕ 7→ c(ϕ, ·, ·) is continuous as a
function with values in C(D), and the functions

ϕ 7→
∫ u

a

l(ϕ, ·, ·, τ) dτ, ϕ 7→
∫ v

c

m(ϕ, ·, ·, σ) dσ, ϕ 7→
∫ u

a

∫ v

c

n(ϕ, ·, ·, τ, σ) dσ dτ



are continuous for each u ∈ [a, b], v ∈ [c, d], and (u, v) ∈ D, respectively, as functions
with values in C(D).

The following theorem gives a criterion for the norm continuity of the operator
function (13.34).

Theorem 13.9. Suppose that the values of the operator function (13.34) belong to
Lp(C). Then (13.34) is norm continuous in L(C) at ϕ0 ∈ J if and only if the function
c(·, t, s) continuous at ϕ0, uniformly with respect to (t, s) ∈ D, and the functions l, m, n
have the following properties:

(13.40) lim
ϕ→ϕ0

sup
(t,s)∈D

µ({τ : |l(ϕ, t, s, τ)− l(ϕ0, t, s, τ)| > θ}) = 0,

(13.41) lim
ϕ→ϕ0

µ(A)→0

sup
(t,s)∈D

∫

A

|l(ϕ, t, s, τ)− l(ϕ0, t, s, τ)| dτ = 0,

(13.42) lim
ϕ→ϕ0

sup
(t,s)∈D

µ({σ : |m(ϕ, t, s, σ)−m(ϕ0, t, s, σ)| > θ}) = 0,

(13.43) lim
ϕ→ϕ0

µ(B)→0

sup
(t,s)∈D

∫

B

|m(ϕ, t, s, σ)−m(ϕ0, t, s, σ)| dσ = 0,

(13.44) lim
ϕ→ϕ0

sup
(t,s)∈D

µ({(τ, σ) : |n(ϕ, t, s, τ, σ)− n(ϕ0, t, s, τ, σ)| > θ}) = 0,

(13.45) lim
ϕ→ϕ0

µ(A),µ(B)→0

sup
(t,s)∈D

∫

A

∫

B

|n(ϕ, t, s, τ, σ)− n(ϕ0, t, s, τ, σ)| dσ dτ = 0.

2 Let P (·) be norm continuous in Lp(C) at ϕ0 ∈ J . Then we have, by Theorem
13.1,

(13.46) lim
ϕ→ϕ0

sup
(t,s)∈D

|c(ϕ, t, s)− c(ϕ0, t, s)| = 0,

(13.47) lim
ϕ→ϕ0

sup
(t,s)∈D

∫ b

a

|l(ϕ, t, s, τ)− l(ϕ0, t, s, τ)| dτ = 0,

(13.48) lim
ϕ→ϕ0

sup
(t,s)∈D

∫ d

c

|m(ϕ, t, s, σ)−m(ϕ0, t, s, σ)| dσ = 0,

and

(13.49) lim
ϕ→ϕ0

sup
(t,s)∈D

∫ b

a

∫ d

c

|n(ϕ, t, s, τ, σ)− n(ϕ0, t, s, τ, σ)| dσ dτ = 0.



Thus, the statement of the theorem for the function c follows from the equality (13.46).
Further, the equality (13.47) and the estimates

θ µ
(
({τ : |l(ϕ, t, s, τ)− l(ϕ0, t, s, τ)| ≥ θ})) ≤

∫ b

a

|l(ϕ, t, s, τ)− l(ϕ0, t, s, τ)| dτ

and ∫

A

|l(ϕ, t, s, τ)− l(ϕ0, t, s, τ)| dτ ≤
∫ b

a

|l(ϕ, t, s, τ)− l(ϕ0, t, s, τ)| dτ

imply (13.40) and (13.41). The equalities (13.42) - (13.45) are proved analogously.
Conversely, suppose that P (ϕ) ∈ Lp(C) for each ϕ ∈ J , the function c(·, t, s) is

continuous at ϕ0, uniformly with respect (t, s) ∈ D, and the equalities (13.40) - (13.45)
are satisfied. By Theorem 13.1 it suffices again to show that the equalities (13.46) -
(13.49) hold.

Equality (13.46) is evident; let us show (13.47). Choose ε > 0, θ = ε/2(b − a), and
consider the unequality

∫ b

a

|l(ϕ, t, s, τ)− l(ϕ0, t, s, τ)| dτ ≤ θ(b− a) +

∫

A

|l(ϕ, t, s, τ)− l(ϕ0, t, s, τ)| dτ,

where A = {τ : |l(ϕ, t, s, τ)− l(ϕ0, t, s, τ)| ≥ θ}. By (13.40), the relation

lim
ϕ→ϕ0

sup
(t,s)∈D

µ (A) = 0

is correct, and hence, by (13.41),

lim
ϕ→ϕ0

sup
(t,s)∈D

∫

A

|l(ϕ, t, s, τ)− l(ϕ0, t, s, τ)| dτ = 0.

Consequently,

sup
(t,s)∈D

∫ b

a

|l(ϕ, t, s, τ)− l(ϕ0, t, s, τ)| dτ ≤ ε

2(b− a)
(b− a) +

ε

2
= ε

for ϕ sufficiently close to ϕ0. Since ε > 0 is arbitrary, the equality (13.47) is proved.
The equalities (13.48) - (13.49) are proved similarly. ¥

The hypotheses of Theorem 13.9 are of course satisfied if c, l, m, and n are jointly
continuous. Other classes of functions c, l, m, n for which the hypotheses of Theorem
13.9 are satisfied will be given in the following Theorem 13.10.

Let us say that the functions l, m and n are L1-continuous at (ϕ0, t0, s0) if

(13.50) lim
r→0

∫ b

a

|l(ϕ, t, s, τ)− l(ϕ0, t0, s0, τ)| dτ = 0,

(13.51) lim
r→0

∫ d

c

|m(ϕ, t, s, σ)−m(ϕ0, t0, s0, σ)| dσ = 0,



and

(13.52) lim
r→0

∫ b

a

∫ d

c

|n(ϕ, t, s, τ, σ)− n(ϕ0, t0, s0, τ, σ)| dσ dτ = 0,

where r = |ϕ−ϕ0|+ |t− t0|+ |s− s0|. Moreover, let us call these functions L1-bounded
at ϕ ∈ J if

(13.53) sup
(t,s)∈D

∫ b

a

|l(ϕ, t, s, τ)| dτ = L(ϕ) < ∞,

(13.54) sup
(t,s)∈D

∫ d

c

|m(ϕ, t, s, σ)| dσ = M(ϕ) < ∞,

and

(13.55) sup
(t,s)∈D

∫ b

a

∫ d

c

|n(ϕ, t, s, τ, σ)| dσ dτ = N(ϕ) < ∞.

Theorem 13.10. Suppose that the function c is jointly continuous, and the functions
l(ϕ, ·, ·, ·), m(ϕ, ·, ·, ·), and n(ϕ, ·, ·, ·, ·) are L1-continuous and L1-bounded for each ϕ.
Then the operator function P (·) is norm continuous in the space L(C).

2 First of all, the continuity of the function c and the L1-continuity and L1-
boundedness of the functions l, m and n at ϕ are obviously sufficient for the operator
P (ϕ) to act in C(D). Given ϕ0 ∈ J , we show that lim

ϕ→ϕ0

‖P (ϕ)− P (ϕ0)‖ = 0. We have

(13.56)

‖P (ϕ)− P (ϕ0)‖ = sup
‖x‖≤1

‖[P (ϕ)− P (ϕ0)
]
x‖

= sup
‖x‖≤1

max
(t,s)∈D

∣∣[P (ϕ)− P (ϕ0)]x(t, s)
∣∣

≤ max
(t,s)∈D

|c(ϕ, t, s)− c(ϕ0, t, s)|+ max
(t,s)∈D

∫ b

a

|l(ϕ, t, s, τ)− l(ϕ0, t, s, τ)| dτ

+ max
(t,s)∈D

∫ d

c

|m(ϕ, t, s, σ)−m(ϕ0, t, s, σ)| dσ

+ max
(t,s)∈D

∫ b

a

∫ d

c

|n(ϕ, t, s, τ, σ)− n(ϕ0, t, s, τ, σ)| dσ dτ.

Since the function c(·, t, s) is continuous at ϕ0 and the functions l, m and n are L1-
continuous, for each ε > 0 we can find a δ > 0 such that

|c(ϕ, t, s)− c(ϕ0, t, s)| < ε

4
,

∫ b

a

|l(ϕ, t, s, τ)− l(ϕ0, t, s, τ)| dτ <
ε

4
,

∫ d

c

|m(ϕ, t, s, σ)−m(ϕ0, t, s, σ)| dσ <
ε

4
,



and ∫ b

a

∫ d

c

|n(ϕ, t, s, τ, σ)− n(ϕ0, t, s, τ, σ)| dσ dτ <
ε

4
for |ϕ− ϕ0| < δ.

Combining these inequalities and using (13.56) we get ‖P (ϕ)−P (ϕ0)‖ < ε for |ϕ−ϕ0| <
δ which proves the assertion. ¥

The hypotheses of Theorem 13.10 and, in particular, the L1-continuity of the kernels
l, m and n hold if l, m and n are jointly continuous. However, as was shown in
Frolova-Kalitvin-Zabrejko [1997] and Kalitvin-Frolova [1995], the kernel
functions l, m and n are still L1-continuous if they are discontinuous only along
finitely many surfaces with continuous parameter representations τ = τ(ϕ, t, s) and
σ = σ(ϕ, t, s).

We point out that many partial integral equations which arise in applications have
to be considered, for physical reasons, neither in ideal spaces nor in spaces of continuous
functions. Therefore, partial integral equations in other spaces are of particular interest,
as those studied in Kalitvin-Jankelevich [1994], Kalitvin-Demanova [1995],
Kalitvin-Kolesnikova [1995], or Kalitvin-Nasonov [1996].



§ 14. Spectral properties

In this section we study some spectral properties of the partial integral operator
(11.1). Unfortunately, very few is known on the spectrum of this operator in the general
case. For special classes of partial integral operators, however, some information is
available. We illustrate this in the present section for the operator

(14.1) Kx(t, s) =

∫

T

l(t, τ)x(τ, s) dµ(τ) +

∫

S

m(s, σ)x(t, σ) dν(σ).

This operator is general enough to cover various classes of equations arising in applications,
and, on the other hand, special enough to admit a precise description of its spectral
properties.

14.1. The essential spectrum of a bounded linear operator
Let us recall some notions from the general spectral theory of bounded linear

operators. Given such an operator A in a complex Banach space X, we denote, as
usual, by ρ(A) the resolvent set, by σ(A) the spectrum, and by rσ(A) the spectral
radius of A. Important subsets of σ(A) are the point spectrum

σp(A) = {λ : λ ∈ C, (A− λI)x = 0 for some x with ‖x‖X = 1}
(consisting of all eigenvalues of A), the limit spectrum

σl(A) = {λ : λ ∈ C, (A− λI)xn → 0 for some sequence (xn)n with ||xn||X = 1},
and the defect spectrum

σd(A) = {λ : λ ∈ C, (A− λI)∗x∗n → 0 for some sequence (x∗n)n with ||x∗n||X∗ = 1}
of A. Thus, λ 6∈ σl(A) means that

(14.2) ||Ax− λx|| ≥ c||x|| (x ∈ X)

for some c > 0. Moreover, by σ+(A) and σ−(A) we denote the sets of all λ ∈ C such that
the dimension n+(A− λI) of the nullspace of A− λI and the codimension n−(A− λI)
of the range of A − λI, respectively, are infinite or the range of A − λI is not closed.
Finally, ind (A− λI) = n+(A− λI)− n−(A− λI) is the index of A, and κ(A, λ) is the
algebraic multiplicity of an eigenvalue λ ∈ σp(A).

We recall that there are various definitions of the essential spectrum of A. The most
important ones are the sets

σek(A) = σ+(A) ∩ σ−(A),

σew(A) = σ+(A) ∪ σ−(A),

and
σes(A) = σew(A) ∪ {λ : λ ∈ σ(A), 0 6= ind (A− λI) < ∞};

they are called the essential spectrum of A in the sense of Kato [1966], Wolf [1959],
and Schechter [1965], respectively. Moreover, a point λ ∈ σ(A) belongs to the



essential spectrum σeb(A) in the sense of Browder [1960] if either the range of A−λI
is not closed, or λ is an accumulation point of σ(A), or λ is an eigenvalue of A of infinite
multiplicity. Thus, λ 6∈ σew(A) means that A− λI is Fredholm, λ 6∈ σes(A) means that
A−λI is Fredholm of index zero, and λ 6∈ σeb(A) means that λ is an isolated eigenvalue
of finite multiplicity.

All sets mentioned above are closed subsets of σ(A), hence compact. For further
reference, we recall some relations between these subsets (see e.g. Kato [1966], Krejn
[1971] or Ishinose [1978, 1978a]).

Lemma 14.1. The following inclusions are true, where ∂M denotes the boundary
of a set M ⊂ C:

(a) σek(A) ⊆ σew(A) ⊆ σes(A) ⊆ σeb(A);
(b) σek(A) ∪ σp(A) = σl(A);

(c) ∂σeb(A) ⊆ ∂σes(A) ⊆ ∂σew(A) ⊆ ∂σ+(A), ∂σ−(A) ⊆ ∂σek(A);

(d) ∂σ(A) = [σ(A) \ σeb(A)] ∪ ∂σeb(A) ⊆ ∂σl(A).
Moreover, the equalities

σ+(A∗) = {λ : λ ∈ σ−(A)}, σ−(A∗) = {λ : λ ∈ σ+(A)},
and

σek(A
∗) = {λ : λ ∈ σek(A)}, σes(A

∗) = {λ : λ ∈ σes(A)}, σew(A∗) = {λ : λ ∈ σew(A)}
hold.

It is not hard to see that σ(A) = σl(A)∪Sr(A), where Sr(A) = {λ : λ ∈ σ(A), ‖(A−
λI)x‖ ≥ c‖x‖, x ∈ X, c > 0} is an open set. We also mention the following perturbation
result (Kato [1966], Krejn [1971]): if λ 6∈ σa(A) (a ∈ {es, ew, +,−}) and B is
a compact linear operator in X or an operator with sufficiently small norm, then
λ 6∈ σa(A + B).

In the case of a compact operator A we have σa(A) = {0} (a ∈ {+,−, ew, es, eb})
and σl(A) = σd(A) = σ(A). Spectral mapping results like σ(A2) = σ(A)2 and σa(A

2) =
σa(A)2, where a ∈ {+,−, l, ew, eb, p} may be found in Ichinose [1978].

14.2. Application to partial integral operators in L2

Since the operator (14.1) contains the special kernels l = l(t, τ) and m = m(s, σ), it
is natural to study also the corresponding ordinary integral operators

(14.3) L̃u(t) =

∫

T

l(t, τ)u(τ) dµ(τ)

and

(14.4) M̃v(s) =

∫

S

m(s, σ)v(σ) dν(σ),

and to try to get information on the spectrum of the operator (14.1) in terms of the
spectrum of these operators. In fact, one may write the operator (14.1) in the form

(14.5) K = L̃⊗I + I⊗M̃,



where A⊗B denotes the closure of the operator A⊗B which acts on all linear combinations
of the functions (u⊗ v)(t, s) = u(t)v(s), i.e.

(L̃⊗ I)

(
n∑

i=1

ui ⊗ vi

)
=

n∑
i=1

L̃ui ⊗ vi, (I ⊗ M̃)

(
n∑

i=1

ui ⊗ vi

)
=

n∑
i=1

ui ⊗ M̃vi.

By (14.5), the space in which we study the operator K should therefore be chosen
as completion of a tensor product of two function spaces which are “natural” for the
operators L̃ and M̃ . For example, this could be the Lebesgue space Lp(T × S) for
1 ≤ p < ∞ or, more generally, a separable ideal space over T × S with mixed norm.

The basic facts which will be proved in this subsection are due to Kalitvin [1984,
1985, 1985a, 1986a, 1988a, 1988b]. For Lp(T×S) (1 ≤ p < ∞) and for spaces with mixed
norms which are are quasi-uniform crossnorms they follow from results by Ishinose
[1978, 1978a], while the case of general mixed norms was considered in Kalitvin [1986,
1986a]. Recall that a crossnorm || · || on a tensor product X⊗Y is called quasi-uniform
if, for any two operators A ∈ L(X) and B ∈ L(Y ), one has

||(A⊗B)

(
n∑

i=1

ui ⊗ vi

)
|| ≤ c||A||L(X)||B||L(Y )||

n∑
i=1

ui ⊗ vi||

for some c ≥ 1; if one may choose c = 1 in this estimate, the crossnorm is called
uniform.

Some properties of the operator (14.1) in case of degenerate or Jordan kernels have
been studied in Vitova [1975, 1976, 1977, 1984], and in case of symmetric kernels in
Likhtarnikov [1974, 1975] and Likhtarnikov-Vitova [1975]. If the sets S and T
are compact and the kernels l and m in (14.1) are jointly continuous, the results of
Ishinose [1978] may be used to get analogous results for K in the space C(T × S).

In this subsection we suppose throughout that the operator (14.3) acts in the space
L2(T ), and the operator (14.4) acts in the space L2(S). By Theorem 12.1, the operator
(14.1) acts then in the space L2(T × S) which may be represented as completion of
the tensor product L2(T ) ⊗ L2(S). On the dense subset L2(T ) ⊗ L2(S) ⊂ L2(T × S)
the operator K is given by (14.5). This allows us to describe the spectrum of K in
L2(T × S) by means of the spectra of the operators L̃ and M̃ in L2(T ) and L2(S),
respectively.

The papers Ishinose [1978, 1978a] contain a detailed account of spectral properties
of tensor products of closed linear operators with respect to crossnorms with certain
additional properties. Since these properties are satisfied in our case here, we may apply
the results of Ishinose [1978, 1978a] to derive a number of theorems on the spectrum
of the operator (14.1). Let us state three such theorems without proof. Throughout
this subsection, we use the abbreviations

(14.6)
ak(α) := n+((L̃− αI)k), bk(β) := n+((M̃ − βI)k),

ck(α) := n−((L̃− αI)k), dk(β) := n−((M̃ − βI)k),

where n+(A) and n−(A) are as above, and α, β ∈ C are fixed.



Theorem 14.1. The equalities

(14.7) σ(K) = σ(L̃) + σ(M̃)

and

(14.8) σeb(K) = [σeb(L̃) + σ(M̃)] ∪ [σ(L̃) + σeb(M̃)]

hold, and for any λ 6∈ σeb(K) we have

κ(K, λ) =
∑

α+β=λ
α∈A,β∈B

κ(L̃, α)κ(M̃, β),

where A = σ(L̃) \ σeb(L̃) and B = σ(M̃) \ σeb(M̃). Moreover, the equality

(14.9) σew(K) = [σew(L̃) + σ(M̃)] ∪ [σ(L̃) + σew(M̃)]

holds, and for any λ 6∈ σew(K) we have

(14.10)

ind (K − λI) =
∑

α+β=λ
α∈A,β∈B′

ind (M̃ − βI)
∞∑

k=1

[ak(α)− ak−1(α)]

+
∑

α+β=λ
α∈A′,β∈B

ind (L̃− αI)
∞∑

k=1

[bk(β)− bk−1(β)],

where A′ = σ(L̃) \ σew(L̃) and B′ = σ(M̃) \ σew(M̃). Finally, the equality

(14.11) σes(K) = σew(K) ∪ {λ : λ ∈ C, λ 6∈ σew(K), 0 6= ind (K− λI) < ∞}

holds.

Theorem 14.2. The equalities

(14.12) σl(K) = σl(L̃) + σl(M̃)

and

(14.13) σ+(K) = [σ+(L̃) + σl(M̃)] ∪ [σl(L̃) + σ+(M̃)]

hold, and for any λ 6∈ σ+(K) we have

(14.14) n+(K − λI) =
∑

α+β=λ

α∈σl(L̃),β∈σl(M̃)

∞∑

k=1

[ak(α)− ak−1(α)][bk(β)− bk−1(β)].

Theorem 14.3. The equalities

(14.15) σd(K) = σd(L̃) + σd(M̃)



and

(14.16) σ−(K) = [σ−(L̃) + σd(M̃)] ∪ [σd(L̃) + σ−(M̃)]

hold, and for any λ 6∈ σ−(K) we have

(14.17) n−(K − λI) =
∑

α+β=λ

α∈σd(L̃),β∈σd(M̃)

∞∑

k=1

[ck(α)− ck−1(α)][dk(β)− dk−1(β)].

The preceding three theorems give a precise description of the essential spectra
σeb(K) and σew(K). Since the essential spectrum in Kato’s sense σek(K) is given by
σek(K) = σ+(K) ∩ σ−(K), it may be “calculated” from the right-hand sides of (14.13)
and (14.16).

We illustrate the above theorems by means of four typical examples which often
arise in applications.

Example 14.1. Suppose that the operator (14.3) is compact in L2(T ), and the
operator (14.4) is compact in L2(S). Then their spectra have the form

σ(L̃) = {0, α1, α2, . . . , αn, . . .}, σ(M̃) = {0, β1, β2, . . . , βn, . . .}.

We have then

σ(L̃) = σl(L̃) = σd(L̃), σ(M̃) = σl(M̃) = σd(M̃),

σ+(L̃) = σ−(L̃) = σek(L̃) = σew(L̃) = σes(L̃) = σeb(L̃) = {0},
and

σ+(M̃) = σ−(M̃) = σek(M̃) = σew(M̃) = σes(M̃) = σeb(M̃) = {0}.
From Theorems 14.1 - 14.3 we conclude that

σ+(K) = σ−(K) = σek(K) = σew(K) = σes(K) = σeb(K) = σ(L̃) ∪ σ(M̃).

Obviously, K − λI is Fredholm (of index zero) if and only if λ is a point of resolvent
set or λ is an isolated eigenvalue of finite multiplicity, i.e. λ = α + β with α ∈ σ(L̃)
and β ∈ σ(M̃), or λ = α + β with λ 6= 0, γ, δ for α, γ ∈ σ(L̃) and β, δ ∈ σ(M̃).

Example 14.2. Suppose that the operator (14.3) is self-adjoint in L2(T ), and the
operator (14.4) is self-adjoint in L2(S). For a self-adjoint bounded linear operator in
a Hilbert space, all types of essential spectra coincide. Consequently, Theorems 14.1
- 14.3 imply that K has the essential spectrum [σeb(L̃) + σ(M̃)] ∪ [σ(L̃) + σeb(M̃)].
Moreover, K − λI is Fredholm (of index zero) if and only if either λ 6= α + β for
α ∈ σ(L̃) and β ∈ σ(M̃), or λ satisfies

(14.18) λ ∈ {[σ(L̃)\σeb(L̃)]+ [σ(M̃)\σeb(M̃)]}\{[σ(L̃)+σeb(M̃)]∪ [σeb(L̃)+σ(M̃)]}.

Let us take a closer look to the description of the eigenvalues of the operator K in this
example. Equality (14.8) implies that a number λ ∈ σ(K) is an isolated eigenvalue of



finite multiplicity if and only if λ satisfies (14.18). In particular, if one of the operators
L̃ or M̃ is zero, then K has no eigenvalues of finite multiplicity at all.

It is clear that σp(L̃) + σp(M̃) ⊆ σp(K). On the other hand, from equality (14.7)
and our assumption σ(L̃) = σp(L̃), σ(M̃) = σp(M̃) it follows that

(14.19) σp(K) = σp(L̃) + σp(M̃).

Example 14.3. Suppose that both operators (14.3) and (14.4) have degenerate
kernels l = l(t, τ) and m = m(s, σ), respectively. In this case both L̃ and M̃ have a
pure point spectrum, and hence also K has a pure point spectrum which is given by
(14.19).

The following example is essentially due to Ichinose [1978a]:

Example 14.4. Let S = T = [0, 1] and let {e1, e2, . . . , en, . . .} be an orthonormal
basis in L2([0, 1]). Suppose that

l(t, τ) = −
∞∑

k=2

ek−1(t)ek(τ)

(k − 1)2
, m(s, σ) =

∞∑

k=1

ek+1(s)ek(σ)

k2(k + 1)
.

Then both operators L̃ and M̃ are compact in L2([0, 1]), and the formulas

L̃e1 = 0, L̃e2 = −e1, . . . , L̃en = − 1

(n− 1)2
en−1, . . .

and
M̃e1 =

1

2
e2, M̃e2 =

1

12
e3, . . . , M̃en =

1

n2(n + 1)
en+1, . . .

hold. It is easy to see that σ(L̃) = σp(L̃) = σ(M̃) = {0} and σp(M̃) = ∅. Thus, for the
operator K we have σ(K) = σ(L̃)+σ(M̃) = {0}, by (14.7). To find the point spectrum
of K, consider the function

x =
∞∑

n=1

en ⊗ en

n!
∈ L2([0, 1]× [0, 1])

which is not zero. We claim that x is an eigenfunction of K corresponding to the
eigenvalue λ = 0. In fact, by (14.5) we have

Kx = K

( ∞∑
n=1

en ⊗ en

n!

)
=

∞∑
n=1

en

n!
⊗ M̃en +

∞∑
n=1

L̃en ⊗ en

n!

=
∞∑

n=1

en ⊗ en+1

n!n2(n + 1)
−

∞∑
n=2

en−1 ⊗ en

n!(n− 1)2
=

∞∑
n=1

en ⊗ en+1

(n + 1)!n2
−

∞∑
n=1

en ⊗ en+1

(n + 1)!n2
= 0.

This shows that σp(K) = {0}, i.e. the equality (14.19) fails in this example.

In view of this example, the problem arises to find general classes of operators K
for which the equality (14.19) is true. One such class is described in the following



Theorem 14.4. Suppose that the operator (14.3) is bounded in L2(T ), the operator
(14.4) is bounded in L2(S), and the eigenfunctions of either L̃ or M̃ form an unconditional
basis in the corresponding L2 space. Then the equality (14.19) holds.

2 Since always σp(K) ⊇ σp(L̃)+σp(M̃), we only have to prove the reverse inclusion.
Let σp(L̃) = {α1, α2, . . . , αn, . . .} and suppose, for definiteness, that the corresponding
eigenfunctions {φ1, φ2, . . . , φn, . . .} form an unconditional basis in L2(T ). Moreover, let
{ψ1, ψ2, . . . , ψn, . . .} be an arbitrary orthonormal basis in L2(S). By Lorch’s theorem
(Gokhberg-Krejn [1965]) there exists an isomorphism J : L2(T ) → L2(T ) such that
the set {Jφ1, Jφ2, . . . , Jφn, . . .} is an orthonormal basis in L2(T ). This implies that
J⊗I : L2(T × S) → L2(T × S) is an isomorphism which maps the set {φn ⊗ ψm :
m,n = 1, 2, . . .} onto the set {Jφn ⊗ ψm : m,n = 1, 2, . . .}. Again by Lorch’s theorem,
{φn ⊗ ψm : m,n = 1, 2, . . .} is then an unconditional basis in L2(T × S).

Now fix λ ∈ σp(K). The equation

(14.20) (L̃⊗I + I⊗M̃)x = λx

has then a nontrivial solution

(14.21) x0(t, s) =
∞∑

m,n=1

cmnφn(t)ψm(s).

Putting (14.21) into (14.20) and observing that {φn ⊗ ψm : m,n = 1, 2, . . .} is an
unconditional basis we obtain

∞∑
n=1

φn ⊗
[
(λ− αn)

∞∑
m=1

cmnψm − M̃

( ∞∑
m=1

cmnψm

)]
= 0,

hence

(14.22) (λ− αn)
∞∑

m=1

cmnψm − M̃

( ∞∑
m=1

cmnψm

)
= 0 (n = 1, 2, . . .).

Since the function x0 is not zero, we have cm0n0 6= 0 for at least one pair (m0, n0). But
this means that the equation

(λ− αn0)
∞∑

m=1

cmn0ψm − M̃

( ∞∑
m=1

cmn0ψm

)
= 0

has a nontrivial solution, i.e. the number β = λ − αn0 is an eigenvalue of M̃ . We
conclude that λ = αn0 + β ∈ σp(L̃) + σp(M̃) as claimed. ¥ Obviously, the assertion
of Theorem 14.4 is true if the operator L̃ is compact and self-adjoint in L2(T ). On the
other hand, Example 14.3 shows that the conditions of Theorem 14.4 are not necessary
for the equality (14.19) to be true.

Let us now show how to find the eigenfunctions of the operator K under the
hypotheses of Theorem 14.4. If equation (14.20) has a nontrivial solution x, we have
λ = α + β with appropriate α ∈ σp(L̃) and β ∈ σp(M̃), by Theorem 14.4. Without



loss of generality we may assume that α and β are unique in this representation. Let
P (α) = {n : αn = α}; the system (14.22) may then be written in the form

(14.23)





β

∞∑
m=1

cmnψm − M̃

( ∞∑
m=1

cmnψm

)
= 0 if n ∈ P (α),

cmn = 0 if n 6∈ P (α).

Since β is an eigenvalue of the operator M̃ , the set Γ of all nontrivial solutions γ = γ(s)
of the first equation in (14.23) is nonempty. But then the set

(14.24) E(λ) = {φn ⊗ γ : n ∈ P (α), γ ∈ Γ}

forms a complete system of eigenfunctions of K corresponding to the eigenvalue λ.
Thus we have proved the following

Theorem 14.5. Under the hypotheses of Theorem 14.4, the set of all eigenfunctions
of K which correspond to the eigenvalue λ = α + β is given by (14.24).

We remark that a particularly precise description of the set of all eigenfunctions (or
associated eigenfunctions) is possible if the operators (14.3) and (14.4) have degenerate
kernels. More information for this case may be found in Vitova [1976a, 1977, 1988].

14.3. Application to partial integral operators in ideal spaces
In the proofs of Theorems 14.1 - 14.3 we have used the results of Ishinose [1978,

1978a] on the spectrum of a tensor product of two operators in a Banach space with a
quasi-uniform crossnorm. Examples of tensor products may be constructed as follows.
If U is a regular ideal space over T , and V is a regular ideal space over S (see Subsection
4.1), the tensor products U⊗̃V and V ⊗̃U coincide (as sets) with the spaces with mixed
norm [U ← V ] and [U → V ] (see (12.1) and (12.2)). Unfortunately, the corresponding
crossnorms are, even in the simplest case U = Lp(T ) and V = Lq(S), not quasi-uniform
(see Bukhvalov [1983]). On the other hand, as we have seen in § 12, ideal spaces
with mixed norms are quite natural for the investigation of partial integral operators.
Therefore it seems useful to study the spectral properties of partial integral operators
in such spaces from a general point of view.

First of all, suppose that the operator (14.3) acts in the space U = Lp(T ), and the
operator (14.4) acts in the space V = Lp(S) (1 ≤ p < ∞). Then the operator (14.1)
acts in the space [U ← V ] = [U → V ] = U⊗̃V = V ⊗̃U = Lp(T × S) with the norm

(14.25) ||x|| =
{∫

S

∫

T

|x(t, s)|p dµ(t) dν(s)

}1/p

.

Since this crossnorm is quasi-uniform, the operator K may be written in the form
(14.5), and the results of Ishinose [1978] apply.

In the following Theorems 14.6 and 14.8 we prove some formulas for the spectrum,
the essential spectrum in Browder’s sense, and the essential spectrum in Wolf’s sense,
without assuming that the crossnorms on the spaces U⊗̃V = [U ← V ], V ⊗̃U = [V →



U ] are quasi-uniform. To this end, we denote by ρreg(A) the set of all λ ∈ ρ(A) such
that (A− λI)−1 is regular.

Theorem 14.6. Suppose that the operator (14.3) acts in some regular ideal space U
over T , the operator (14.4) acts in some regular ideal space V over S, and one of the
following two conditions is satisfied:

(a) L̃ is regular in U and ρ(L̃) = ρreg(L̃);
(b) M̃ is regular in V and ρ(M̃) = ρreg(M̃).
Then

(14.26) σ(K) = σ(L̃) + σ(M̃)

and

(14.27) σeb(K) = [σeb(L̃) + σ(M̃)] ∪ [σ(L̃) + σeb(M̃)],

where the operator K is considered in the space [U ← V ] in case (a) and in the space
[U → V ] in case (b).

2 We prove the assertion only for condition (a); the proof for condition (b) is
similar. Suppose that condition (a) holds. First we show that the operator L : [U ←
V ] → [U ← V ] given by

(14.28) Lx(t, s) =

∫

T

l(t, τ)x(τ, s) dµ(τ)

has the same spectrum as the operator L̃ : U → U given by (14.3). Given α ∈ ρ(L),
the operator L − αI is invertible in [U ← V ]. Fix an element e ∈ V \ {0}; then the
operator L−αI leaves the subspace E = {x⊗ e : x ∈ U} invariant. Furthermore, since
L − αI is invertible on E, the operator L̃ − αI is invertible on U . We conclude that
α ∈ ρ(L̃) and hence σ(L̃) ⊆ σ(L).

Conversely, let α ∈ ρ(L̃). Since the operator (L̃ − αI)−1 is regular, the operator
A = (L̃ − αI)−1 ⊗ I : U ⊗ V → U ⊗ V admits a continuous extension Ã on U⊗̃V =
[U ← V ] (see Theorem 6 in Levin [1969]). But the operator Ã is the inverse of the
operator L − αI on U ⊗ V , and hence also on U⊗̃V . This shows that α ∈ ρ(L), and
hence σ(L) ⊆ σ(L̃).

Of course, one may prove similarly that also the spectrum of the operator (14.4) on
V and the spectrum of the operator

(14.29) Mx(t, s) =

∫

S

m(s, σ)x(t, σ) dν(σ)

on [U ← V ] coincide.
Now we prove (14.26). Since L = L̃⊗I and M = I⊗M̃ , where L̃⊗I and I⊗M̃ are

the extensions of L̃⊗ I and I⊗M̃ , respectively, from U ⊗ V to [U ← V ], the operators
L and M commute. Since the spectrum of the sum of two commuting operators is
contained in the sum of the spectra of the single operators, we have

σ(K) ⊆ σ(L) + σ(M) = σ(L̃) + σ(M̃).



To see that the converse inclusion is also true, let λ = α + β with α ∈ σ(L̃) and
β ∈ σ(M̃). Now we distinguish four cases:

Case 1: α ∈ σl(L̃), β ∈ σl(M̃);

Case 2: α ∈ σl(L̃), β ∈ σ(M̃) \ σl(M̃);
Case 3: α ∈ σ(L̃) \ σl(L̃), β ∈ σl(M̃);
Case 4: α ∈ σ(L̃) \ σl(L̃), β ∈ σ(M̃) \ σl(M̃).

In Case 1 we find sequences (xn)n in U and (yn)n in V such that ||xn|| = ||yn|| = 1,
L̃xn−αxn → 0, and M̃yn−βyn → 0. For the sequence zn = xn⊗yn ∈ U⊗̃V = [U ← V ]
we have then

(K − λI)zn = (L̃⊗I + I⊗M̃ − λI)(xn ⊗ yn)

= [(L̃− αI)⊗I + I⊗(M̃ − βI)](xn ⊗ yn)

= ((L̃− αI)xn)⊗ yn + xn ⊗ (M̃ − βI)yn → 0

as n →∞. Since ||zn|| = 1, we conclude that λ ∈ σl(K) ⊆ σ(K).
Case 4 may be reduced to Case 1 by passing to the adjoint operator. In fact, in

this case we have α ∈ σl(L̃
∗) and β ∈ σl(M̃

∗). This means that we can find sequences
(x∗n)n in U∗ and (y∗n)n in V ∗ such that ||x∗n|| = ||y∗n|| = 1, L̃∗x∗n − αx∗n → 0, and
M̃∗y∗n−βy∗n → 0. Now, L̃∗ is regular in U∗ (being the adjoint of a regular operator, see
Zabrejko [1968]), and I is regular in V ∗. So, by Levin’s theorem mentioned above
both operators L̃∗⊗I and I⊗M̃∗ are bounded in the space U∗⊗̃V ∗. The sequence
z∗n = x∗n ⊗ y∗n ∈ U∗⊗̃V ∗ satisfies ||z∗n|| = 1 and

(L̃∗⊗I + I⊗M̃∗ − λI)z∗n = ((L̃∗ − αI)x∗n)⊗ y∗n + x∗n ⊗ (M̃∗ − βI)y∗n → 0

as n → ∞. Therefore we have λ ∈ σl(L̃
∗⊗I + I⊗M̃∗). Since U∗⊗̃V ∗ ⊆ [U∗ ← V ∗] =

[U ← V ]∗ (Zabrejko [1968]), and the operators L̃∗⊗I + I⊗M̃∗ and K∗ coincide on
U∗⊗̃V ∗, the operator K∗ : [U ← V ]∗ → [U ← V ]∗ is an extension of the operator
L̃∗⊗I + I⊗M̃∗ : U∗⊗̃V ∗ → U∗⊗̃V ∗. We conclude that λ ∈ σl(K

∗) ⊆ σ(K∗) and hence
λ ∈ σ(K).

Now we consider Case 2. If α is a boundary point of σ(L̃), then α ∈ σl(L
∗). Since

β ∈ σl(B
∗), by Case 4 we have λ ∈ σ(K). Suppose now that α is an interior point of

σl(L̃). Since the set σ(M̃)\σl(M̃) is open, β is an interior point of σ(M̃). Obviously, we
can find α1 ∈ σl(L̃) and β1 ∈ σ(M̃) such that λ = α1 + β1, with α1 being a boundary
point of σl(L̃) or β1 being a boundary point of σ(M̃). The result λ ∈ σ(K) follows now
in the first situation from Case 4 and in the second situation from Case 1.

Case 3 is proved in the same way as Case 2.
Let us now prove equality (14.27). Since all sets in this equality are contained in

σ(K), we may assume that the numbers λ, α and β considered above are either isolated
points of σ(K), σ(L̃) and σ(M̃), respectively, otherwise λ ∈ σeb(K) and λ = α + β,
where or α ∈ σeb(L̃) and β ∈ σ(M̃), or α ∈ σ(L̃) and β ∈ σeb(M̃).

We claim that σ(L̃) + σeb(M̃) ⊆ σeb(K). In fact, let λ = α + β with α ∈ σ(L̃) and
β ∈ σeb(M̃). Since β is an isolated point of σeb(M̃), either β has infinite multiplicity,
or M̃ − βI has a non-closed range. If α belongs to σ(L̃) \ σeb(L̃) and β has infinite
multiplicity, λ = α + β has infinite multiplicity as well. If α belongs to σ(L̃) \ σeb(L̃)



and the range of M̃ − βI is not closed, we can find a noncompact sequence (yn)n in
V such that ||yn|| = 1 and M̃yn − βyn → 0 as n → ∞. Fix x ∈ U with ||x|| = 1 and
L̃x = αx. Then the noncompact sequence x⊗ yn ∈ [U ← V ] satisfies ||x⊗ yn|| = 1 and

(K − λI)(x⊗ yn) = (L̃− αI)(x⊗ yn) + x⊗ (M̃ − βI)yn = x⊗ (M̃ − βI)yn → 0

as n →∞. Thus, λ ∈ σeb(K) in both cases.
Suppose now that α ∈ σeb(L̃). Here the following four cases are possible:
Case 1: α and β have both infinite multiplicity;
Case 2: the range of L̃− αI is not closed, and β has infinite multiplicity;
Case 3: α has infinite multiplicity, and the range of M̃ − βI is not closed;
Case 4: the ranges of both L̃− αI and M̃ − βI are not closed.
The cases 1 - 3 are treated as above. In the last case we can find noncompact

sequences (xn)n in U and (yn)n in V such that ||xn|| = ||yn|| = 1, L̃xn − αxn → 0, and
M̃yn − βyn → 0. Then the noncompact sequence zn = xn ⊗ yn ∈ [U ← V ] satisfies
||zn|| = 1 and Kzn − λzn → 0, i.e. λ ∈ σeb(K), hence σ(L̃) + σeb(M̃) ⊆ σeb(K).

The inclusion σeb(L̃) + σ(M̃) ⊆ σeb(K) is proved similarly. Thus, we have shown
that

(14.30) [σeb(L̃) + σ(M̃)] ∪ [σ(L̃) + σeb(M̃)] ⊆ σeb(K).

To prove the reverse inclusion, consider the extension K̂ of the operator K to the
completion U⊗̂V of U ⊗ V with respect to the weak crossnorm

||
n∑

i=1

xi ⊗ yi|| = sup
||x∗

i
||U∗=1

||y∗
i
||V ∗=1

∣∣∣∣∣
n∑

i=1

〈xi, x
∗
i 〉 〈yi, y

∗
i 〉

∣∣∣∣∣ .

Since this is a uniform crossnorm (see Schatten [1950]), from the results of Ishinose
[1978] we obtain the equalities

(14.31) σ(K̂) = σ(L̃) + σ(M̃)

and

(14.32) σeb(K̂) = [σeb(L̃) + σ(M̃)] ∪ [σ(L̃) + σeb(M̃)].

Together with (14.30) this gives

(14.33) σ(K)\σeb(K) ⊆ σ(K)\{[σeb(L̃)+σ(M̃)]∪ [σ(L̃)+σeb(M̃)]} = σ(K̂)\σeb(K̂).

Now we prove that also

(14.34) σ(K̂) \ σeb(K̂) ⊆ σ(K) \ σeb(K).

For this it suffices of course to show that every eigenfunction of K̂ which corresponds
to an eigenvalue λ = α + β ∈ σ(K̂) \ σeb(K̂) belongs to the space [U ← V ]. For any
such λ, the numbers α and β are isolated eigenvalues of finite multiplicity for L̃ and



M̃ , respectively, and hence may assume only finitely many values, i.e. λ = αi + βi

(i = 1, . . . , p) with κ(L̃, αi) < ∞ and κ(M̃, βj) < ∞. Then the decomposition

U = E1 ⊕ . . .⊕ Ep ⊕R1, V = F1 ⊕ . . .⊕ Fp ⊕R2

holds, where Ei is the nullspace of (L̃ − αiI)κ(L̃,αi), and Fj is the nullspace of (M̃ −
βjI)κ(M̃,βj) (i, j = 1, . . . , p). Consequently,

U⊗̂V =

p∑
i=1

p∑
j=1

Ei ⊗ Fj ⊕
p∑

i=1

Ei ⊗R2 ⊕
p∑

j=1

R1 ⊗ Fj ⊕R1⊗̂R2.

Since all spaces Ei⊗Fj, Ei⊗R2, R1⊗Fj and R1⊗̂R2 are invariant under K̂, we obtain

σ(K̂) =

p⋃
i,j=1

σ(K̂|Ei ⊗ Fj) ∪
p⋃

i=1

σ(K̂|Ei ⊗R2) ∪
p⋃

j=1

σ(K̂|R1 ⊗ Fj) ∪ σ(K̂|R1⊗̂R2),

where K̂|R denotes the restriction of K̂ to R. But from the results of Ishinose [1978]
it follows that

σ(K̂|Ei ⊗ Fj) = σ(L̃|Ei) + σ(M̃ |Fj), σ(K̂|Ei ⊗R2) = σ(L̃|Ei) + σ(M̃ |R2),

σ(K̂|R1 ⊗ Fj) = σ(L̃|R1) + σ(M̃ |Fj), σ(K̂|R1⊗̂R2) = σ(L̃|R1) + σ(M̃ |R2).

The relations α ∈ σ(L̃) \ σeb(L̃) and β ∈ σ(M̃) \ σeb(M̃) imply that α 6∈ σ(L̃|R1) and
β 6∈ σ(M̃ |R2), hence

λ 6∈
p⋃

i=1

σ(K̂|Ei ⊗R2) ∪
p⋃

j=1

σ(K̂|R1 ⊗ Fj) ∪ σ(K̂|R1⊗̂R2).

Since λ 6= αi + βj for i 6= j, we have in addition λ 6∈ σ(K̂|Ei ⊗ Fj) for i 6= j. On the
other hand, λ ∈ σ(K̂|Ej⊗Fj) for j = 1, . . . , p, and thus λ ∈ σ(K)\σeb(K), i.e. (14.34)
is true. Combining (14.30) - (14.34) we conclude now that

σ(K) \ σeb(K) = σ(K̂) \ σeb(K̂) = σ(K) \ {[σeb(L̃) + σ(M̃)] ∪ [σ(L̃) + σeb(M̃)]}
which proves (14.27) and completes the proof. ¥

Theorem 14.6 implies, in particular, that the operators L given by (14.28) and M
given by (14.29) satisfy the equalities

σ(L) = σeb(L) = σew(L) = σes(L) = σ(L̃)

and
σ(M) = σeb(M) = σew(M) = σes(M) = σ(M̃).

If the operators L̃ and M̃ are compact in U and V , respectively, the operator K fulfills
the statements of Example 14.1 in the space [U ← V ] in case of hypothesis (a) in
Theorem 14.6, and in the space [U → V ] in case of hypothesis (b). The following is
also a consequence of Theorem 14.6:



Theorem 14.7. Suppose that the hypotheses of Theorem 14.6 are satisfied, and let
λ ∈ σ(K) \ σeb(K). Then

(14.35) κ(K, λ) =
∑

λ=α+β
α∈A,β∈B

κ(L̃, α)κ(M̃, β),

where A = σ(L̃) \ σeb(L̃) and B = σ(M̃) \ σeb(M̃).
2 As in the proof of Theorem 14.6 one may show that λ necessarily belongs to

σ(K|Ej ⊗ Fj) (j = 1, . . . , p). Let us denote by Kj the restriction of K to Ej ⊗ Fj

(j = 1, . . . , p), and by K0 the restriction of K to (E1 ⊗ F1) ⊕ . . . ⊕ (Ep ⊗ Fp). Fix
λ ∈ σ(K) \σeb(K) and choose r so small that in the complex disc |λ−µ| ≤ r there are
no points from σ(K) different from λ; this is possible, since λ is an isolated eigenvalue.
Then the operators

Pj =
1

2πi

∫

|λ−µ|=r

(Kj − µI)−1 dµ, P0 =
1

2πi

∫

|λ−µ|=r

(K0 − µI)−1 dµ

have rank κ(Kj, λ) and κ(K0, λ), respectively, and P0 = P1 ⊕ . . . ⊕ Pp. Moreover, we
have

κ(K,λ) = κ(K0, λ) =

p∑
j=1

κ(Kj, λ).

To prove (14.35) we therefore have to calculate κ(Kj, λ) for j = 1, . . . , p. Now, since the
space Ej ⊗ Fj has dimension κ(L̃, αj)κ(M̃, βj), we have κ(Kj, λ) ≤ κ(L̃, αj)κ(M̃, βj).
Let {e(j)

1 , . . . , e
(j)
mj} (mj = κ(L̃, αj)) be a basis in the nullspace of the operator (L̃ −

αjI)mj , and {f (j)
1 , . . . , f

(j)
nj } (nj = κ(M̃, βj)) be a basis in the nullspace of the operator

(M̃ −βjI)nj . Then it is easy to see that Bj = {e(j)
m ⊗f

(j)
n : m = 1, . . . , mj; n = 1, . . . nj}

is a basis in Ej⊗Fj, hence also in the nullspace of the operator (Kj−λI)mjnj . It follows
that κ(Kj, λ) ≥ κ(L̃, αj)κ(M̃, βj), and thus we have proved the equality (14.35). ¥

Theorem 14.8. Suppose that the operator (14.3) acts in some completely regular
ideal space U over T , the operator (14.4) acts in some completely regular ideal space V
over S, and one of the following two conditions is satisfied:

(a) the function τ 7→ ||l(·, τ)||U belongs to U ′, and the function t 7→ ||l(t, ·)||U ′ belongs
to U ;

(b) the function σ 7→ ||m(·, σ)||V belongs to V ′, and the function s 7→ ||m(s, ·)||V ′
belongs to V .

Then

(14.36) σew(K) = [σew(L̃) + σ(M̃)] ∪ [σ(L̃) + σew(M̃)],

where the operator K is considered in the space [U ← V ] in case (a) and in the space
[U → V ] in case (b).

2 We restrict ourselves to the proof in case (a). Suppose that the condition (a)
holds. Then the operator L̃2 is compact in U (see Zabrejko [1968]). We first show
that

(14.37) σew(K) ⊇ [σew(L̃) + σ(M̃)] ∪ [σ(L̃) + σew(M̃)].



Suppose that λ 6∈ σew(K), then the operator λI −K is Fredholm. Let λ = α + β with
α ∈ σew(L̃) and β ∈ σ(M̃). By the compactness of L̃2 we know that α = 0 and one of
the following two alternatives holds:

Case 1: the range of L̃ is not closed, and β ∈ σl(M̃);
Case 2: the range of L̃ is not closed, and β ∈ σ(M̃) \ σl(M̃);
Case 3: the range of L̃ is closed and dim R(L̃) < ∞.

In the first case we find a noncompact sequence (xn)n in U and a sequence (yn)n in
V such that ||xn|| = ||yn|| = 1, L̃xn → 0, and M̃yn − βyn → 0. Then the noncompact
sequence zn = xn ⊗ yn ∈ [U ← V ] satisfies ||zn|| = 1 and

(K − λI)zn = (L̃xn)⊗ yn + xn ⊗ (M̃ − βI)yn → 0 (n →∞).

From the closedness of the range of K − λI it follows (see Kato [1966] ) that n+(K −
λI) = ∞, and thus K − λI cannot be Fredholm.

In the second case we have β ∈ σl(M̃
∗), and the range of L̃∗ is not closed. As in

the first case we conclude that n+(K∗ − λI) = ∞, and thus K − λI again cannot be
Fredholm.

Now let λ = α+β with α ∈ σ(L̃) and β ∈ σew(M̃). If α = 0 or the range of M̃−βI is
not closed, we deduce as in the first case that the operator K−λI cannot be Fredholm.
Suppose that α 6= 0 and the range of M̃ − βI is closed. Since β ∈ σew(M̃), we have
either n+(M̃ − βI) = ∞ or n−(M̃ − βI) = ∞. Moreover, since α is an eigenvalue of L̃
and α is an eigenvalue of L̃∗, we see that either n+(K −λI) = ∞ or n−(K −λI) = ∞.
But this shows again that K − λI cannot be Fredholm.

Case 3 is treated analogously.
We have shown that K − λI is not Fredholm whenever λ belongs to the right-hand

side of (14.37), which shows that the assumption λ 6∈ σew(K) is not true. Consequently,
the inclusion (14.37) is proved.

Let us now prove the reverse inclusion

(14.38) σew(K) ⊆ [σew(L̃) + σ(M̃)] ∪ [σ(L̃) + σew(M̃)].

For any ε > 0 put

Uε = {α : α ∈ C,d(α, σeb(L̃)) < ε}, Vε = {β : β ∈ C,d(β, σeb(M̃)) < ε},

where d(z, M) denotes the distance of z ∈ C to M ⊂ C. It suffices to show that from
λ ∈ σew(K) and

λ ∈ [σew(L̃) + (σ(M̃) \ Vε)] ∪ [(σ(L̃) \ Uε) + σew(M̃)] ∪ [Uε + Vε]

for sufficiently small ε > 0 it follows that λ ∈ [σew(L̃) + σ(M̃)] ∪ [σ(L̃) + σew(M̃)].
Obviously, it is sufficient to consider the case λ ∈ Uε +Vε for sufficiently small ε > 0.

In fact, choosing ε = 1/n for n sufficiently large, by the compactness of the sets σeb(L̃)
and σeb(M̃) we have then

λ = αn + βn → α0 + β0 ∈ σeb(L̃) + σeb(M̃)



as n →∞. The proof of the inclusion σ(L̃) + σeb(M̃) ⊆ σeb(K) shows that

σeb(L̃) + σeb(M̃) ⊆ [σew(L̃) + σ(M̃)] ∪ [σ(L̃) + σew(M̃)].

It follows then that λ ∈ [σew(L̃) + σ(M̃)] ∪ [σ(L̃) + σew(M̃)].
Now, since Uε ⊃ σeb(L̃) and Vε ⊃ σeb(M̃) are open sets, we know that their

complements to σ(L̃) and σ(M̃), respectively, are finite, say

σ(L̃) \ Uε = {α1, . . . , αp}, σ(M̃) \ Vε = {β1, . . . , βq}.

As in the proof of (14.34) we have

(14.39)

σew(K) =

p⋃
i=1

q⋃
j=1

σew(K|Ei ⊗ Fj) ∪
p⋃

i=1

σew(K|Ei ⊗R2)

∪
q⋃

j=1

σew(K|R1 ⊗ Fj) ∪ σew(K|R1⊗̃R2),

where Ei is the nullspace of (L̃ − αiI)κ(L̃,αi), Fj is the nullspace of (M̃ − βjI)κ(M̃,βj)

(i = 1, . . . , p; j = 1, . . . , q), and

U = E1 ⊕ . . .⊕ Ep ⊕R1, V = F1 ⊕ . . .⊕ Fq ⊕R2.

In fact, let Pi denote the projector of U to Ei, Qj the projector of V to Fj, P =
P1 ⊕ . . .⊕ Pp, and Q = Q1 ⊕ . . .⊕Qj. Since P and Q are projectors of finite rank, P
and Q are obviously regular operators. Consequently, the operators I−P and I−Q are
also regular. Thus the operators P ⊗̃Q, P ⊗̃(I −Q), (I − P )⊗̃Q, and (I − P )⊗̃(I −Q)
are continuous in [U ← V ]. Let A be one of these operators. Since A2 = A, A is a
continuous projector. Consequently,

(14.40) [U ← V ] = R(P ⊗̃Q)⊕R(P ⊗̃(I−Q))⊕R((I−P )⊗̃Q)⊕R((I−P )⊗̃(I−Q)).

Since P and Q are finite-dimensional operators, we have

(14.41)

R(P ⊗̃Q) =

p∑
i=1

q∑
j=1

⊕Ei ⊗ Fj, R(P ⊗̃(I −Q)) =

p∑
i=1

⊕Fi ⊗R2,

R((I − P )⊗̃Q) =

q∑
j=1

⊕R1 ⊗ Fj.

Taking into account that (I −P )U = R1, (I −Q)V = R2, the set R((I −P )⊗̃(I −Q))
is closed in [U ← V ], and R1 ⊗R2 is dense in R((I − P )⊗̃(I −Q)), we get

(14.42) R((I − P )⊗̃(I −Q)) = R1⊗̃R2.

From the equalities (14.40) - (14.42) it follows that

(14.43) [U ← V ] =

p∑
i=1

q∑
j=1

⊕Ei ⊗ Fj ⊕
p∑

i=1

⊕Ei ⊗R2 ⊕
q∑

j=1

⊕R1 ⊗ Fj ⊕R1⊗̃R2.



Since every term in the direct sum (14.43) is invariant under K, we see that (14.39)
follows from (14.43).

Obviously, σew(K|Ei ⊗ Fj) = ∅, since Ei ⊗ Fj is finite-dimensional. We claim that

(14.44) σ(K|R1⊗̃R2) ⊆ σ(L̃|R1) + σ(M̃ |R2).

In fact, since the operators L and M defined in (14.28) and (14.29), respectively,
commute on [U ← V ], they also commute on R1⊗̃R2. Consequently,

(14.45) σ(K|R1⊗̃R2) ⊆ σ(L|R1⊗̃R2) + σ(M |R1⊗̃R2).

On the other hand, we have

(14.46) σ(L|R1⊗̃R2) = σ(L̃|R1), σ(M |R1⊗̃R2) = σ(M̃ |R2).

To see this for the operator M̃ , let β 6∈ σ(M |R1⊗̃R2), and choose any element e ∈
R1 \ {0}. Then the operator M̃ − βI is invertible on R2, since (M − βI)({e} ⊗ R2) =
{e} ⊗ (M̃ − βI)R2. Consequently, β 6∈ σ(M̃ |R2). Conversely, let β 6∈ σ(M̃ |R2), i.e.
the operator M̃ − βI is invertible on R2. By Theorem 6 in Levin [1969], the operator
I⊗(M̃−βI)−1 is then bounded and inverse to the operator M−βI on the space U⊗̃R2.
Consequently, the operator M−βI is invertible on R1⊗̃R2, and thus β 6∈ σ(M |R1⊗̃R2).
This proves the second equality in (14.46).

Let us now prove the first equality in (14.46). From Theorems 12.1 - 12.5 we know
that the operator L is bounded from R1⊗̃R2 into R1⊗̃R2, from R1⊗̃R2 into R2⊗̃R1,
from R2⊗̃R1 into R1⊗̃R2, and from R2⊗̃R1 into R2⊗̃R1. Therefore L is also bounded
from R1⊗̃R2 + R2⊗̃R1 into R1⊗̃R2 ∩R2⊗̃R1. From Theorem 2 in Zabrejko [1976] it
follows that σ(L|R1⊗̃R2) = σ(L|R2⊗̃R1). The equality σ(L|R2⊗̃R1) = σ(L̃|R1) may
be proved like the equality σ(M |R1⊗̃R2) = σ(M̃ |R2) above. Altogether, we have

σ(K|R1⊗̃R2) ⊆ σ(L|R1⊗̃R2) + σ(M |R1⊗̃R2) = σ(L̃|R1) + σ(M̃ |R2),

i.e. (14.44) holds. Consequently,

σew(K|R1⊗̃R2) ⊆ σ(K|R1⊗̃R2) ⊆ σ(L̃|R1) + σ(M̃ |R2) ⊆ Uε + Vε.

It remains to prove that

(14.47) σew(K|Ei ⊗R2) = σew(M̃ |R2) + αi (i = 1, . . . , p)

and

(14.48) σew(K|R1 ⊗ Fj) = σew(L̃|R1) + βj (j = 1, . . . , q).

To prove (14.47) we show first that σew(K|Ei⊗R2) ⊆ σew(M̃ |R2) + αi for i = 1, . . . , p.
Let λ ∈ σew(K|Ei⊗R2) and β := λ−αi; we have to show that β ∈ σew(M̃ |R2). Suppose
that K−λI has an infinite-dimensional nullspace or the range of K−λI is not closed.
Then we find a noncompact sequence (un)n in Ei ⊗R2 such that ||un|| = 1 and

(K − λI)un = [(L̃− αiI)⊗ I + I ⊗ (M̃ − βI)]un → 0



as n →∞. Consequently,

[(L̃− αiI)pi−1 ⊗ I](K − λI)un = [(L̃− αiI)pi ⊗ I + (L̃− αiI)pi−1 ⊗ (M̃ − βI)]un → 0

as n → ∞, where by pi we denote the minimal exponent p for which the nullspace of
(L̃− αiI)p becomes stationary. This and the equality (L̃− αiI)piEi = {0} imply that

[(L̃− αiI)pi−1 ⊗ (M̃ − βI)]un → 0

as n →∞. Since Ei is finite-dimensional, we may write Ei = N
(i)
1 ⊕ . . .⊕N

(i)
pi , where

N
(i)
1 ⊕ . . .⊕N

(i)
k coincides with the nullspace of (L̃− αiI)k for k = 1, . . . , pi. We have

then
Ei ⊗R2 = (N

(i)
1 ⊗R2)⊕ . . .⊕ (N (i)

pi
⊗R2)

and un = u1,n + . . . + upi,n with uk,n ∈ N
(i)
k for k = 1, . . . , pi. Evidently,

[(L̃− αiI)pi−1 ⊗ (M̃ − βI)]un

= [(L̃− αiI)pi−1 ⊗ (M̃ − βI)](u1,n + . . . + upi−1,n) + [(L̃− αiI)pi−1 ⊗ (M̃ − βI)]upi,n

= [(L̃− αiI)pi−1 ⊗ (M̃ − βI)]upi,n → 0

as n →∞. If ri denotes the dimension of N
(i)
pi and {e(i)

1 , . . . , e
(i)
ri } is a normalized basis

in N
(i)
pi , the set {(L̃−αiI)pi−1e

(i)
1 , . . . , (L̃−αiI)pi−1e

(i)
ri } has also dimension ri. We may

write upi,n in the form

upi,n = (e
(i)
1 ⊗ x1,n) + . . . + (e(i)

ri
⊗ xri,n) (x1,n, . . . , xri,n ∈ R2).

It follows that

[(L̃− αiI)pi−1 ⊗ (M̃ − βI)]upi,n

= (L̃− αiI)pi−1[e
(i)
1 ⊗ (M̃ − βI)x1,n] + . . . + (L̃− αiI)pi−1[e

(i)
ri ⊗ (M̃ − βI)xri,n] → 0

as n →∞. This shows that the nullspace of M̃−βI is infinite-dimensional or the range
of K − λI is not closed, hence β ∈ σew(M̃) and λ ∈ σew(M̃) + αi. If λ ∈ σew(K) and
the nullspace of (K − λI)∗ is infinite-dimensional, by the above reasoning we deduce
that also the nullspace of (M̃ − βI)∗ is infinite-dimensional, hence β ∈ σew(M̃) and
λ ∈ σew(M̃) + αi. But for any bounded linear operator A in a Banach space we have
λ ∈ σew(A) if and only if A−λI or (A−λI)∗ have infinite-dimensional nullspaces or the
range of A−λI is not closed; thus we have proved that σew(K|Ei⊗R2) ⊆ σew(M̃)+αi.
The reverse inclusion is obvious.

In this way, we have shown that (14.47) is true. The equality (14.48) is proved
similarly, and so we are done. ¥

We point out that the hypotheses of Theorem 14.6 follow from the hypotheses of
Theorem 14.8. In fact, suppose, for instance, that the hypothesis (a) in Theorem 14.8
holds. Then the operator L̃ is regular in U and, by Theorem 10.5 in Zabrejko [1968],



we have ρ(L̃) = ρreg(L̃). But this means that the corresponding hypothesis (a) in
Theorem 14.6 is satisfied.

A careful analysis of the proofs of the preceding theorems shows that the inclusions

σ(L̃) + σ(M̃) ⊆ σ(K),

[σeb(L̃) + σ(M̃)] ∪ [σ(L̃) + σeb(M̃)] ⊆ σeb(K),

and
[σew(L̃) + σ(M̃)] ∪ [σ(L̃) + σew(M̃)] ⊆ σew(K)

remain true if one drops the assumptions ρ(L̃) = ρreg(L̃) and ρ(M̃) = ρreg(M̃) in the
hypotheses (a) and (b), respectively, of Theorem 14.6.

14.4. An index formula for partial integral operators
Now we pass to the problem of calculating the defect numbers and the index of

the partial integral operator (14.1) in ideal spaces. We keep the terminology of the
preceding subsections.

Theorem 14.9. Suppose that the hypotheses of Theorem 14.8 are satisfied, and

(14.49) λ ∈ σ(K) \ {[σew(L̃) + σ(M̃)] ∪ [σ(L̃) + σew(M̃)]}.

Then the formulas

(14.50) n+(K − λI) =
∑

α+β=λ

α∈σl(L̃),β∈σl(M̃)

∞∑

k=1

[ak(α)− ak−1(α)][bk(β)− bk−1(β)],

(14.51) n−(K − λI) =
∑

α+β=λ

α∈σd(L̃),β∈σd(M̃)

∞∑

k=1

[ck(α)− ck−1(α)][dk(β)− dk−1(β)]

and

(14.52)

ind (K − λI) =
∑

α+β=λ
α∈A,β∈B′

ind (M̃ − βI)
∞∑

k=1

[ak(α)− ak−1(α)]

+
∑

α+β=λ
α∈A,β∈B′

ind (L̃− αI)
∞∑

k=1

[bk(β)− bk−1(β)]

hold, where the numbers ak(α), bk(β), ck(α), and dk(β) are defined as in (14.6) and the
sets A,B, A′, B′ are defined as in Theorem 14.1.

2 We assume that the hypothesis (a) of Theorem 14.8 holds; in case of hypothesis
(b) the proof is similar. We begin with the proof of formula (14.50). Since σew(K) ⊆
σeb(K) ⊆ σ(K), our hypothesis (14.49) implies that either λ ∈ σ(K) \ σeb(K) or
λ ∈ σeb(K) \ σew(K).



Suppose first that λ ∈ σ(K) \ σeb(K). Using the same notation as in the proof of
(14.34), we may write (14.50) in the form

(14.53) n+(K − λI) =
∑

αi+βi=λ
i=1,...p

p∑

k=1

[ak(αi)− ak−1(αi)][bk(βi)− bk−1(βi)].

Moreover, as in the proof of (14.34) we have

(14.54) n+(K − λI) =

p∑
i=1

n+(K − λI|Ei ⊗ Fi),

where n+(K − λI|Ei ⊗ Fi) denotes as above the dimension of the nullspace of the
restriction of K − λI to Ei ⊗ Fi. This dimension may be calculated as follows. Fix
any i0 ∈ {1, . . . , p} with αi0 + βi0 = λ; otherwise we have λ 6∈ σ(K|Ei0 ⊗ Fi0) and
n+(K − λI|Ei0 ⊗ Fi0) = 0. To simplify the notation, we write Ei0 =: E, Fi0 =: F ,
αi0 =: α, βi0 =: β, κ(L̃, αi0) =: s, and κ(M̃, βi0) =: t. Since dimE = s < ∞ and
dimF = t < ∞, we may suppose that the operators L̃ and M̃ (more precisely, their
restrictions to E and F , respectively) are matrices in canonical Jordan form.

Assume first that n+(L̃ − αI) = n+(M̃ − βI) = 1. Then L̃ − αI and M̃ − βI are
quadratic matrices of order s and t, respectively, of the form




0 0 0 · · · 0 0 0
1 0 0 · · · 0 0 0
0 1 0 · · · 0 0 0
· · · · · · · · ·
· · · · · · · · ·
· · · · · · · · ·
0 0 0 · · · 0 0 0
0 0 0 · · · 1 0 0
0 0 0 · · · 0 1 0




Fix a basis {e1, . . . , es} in E and a basis {f1, . . . , ft} in F such that

(L̃− αI)e1 = e2, . . . , (L̃− αI)es−1 = es, (L̃− αI)es = 0

and
(M̃ − βI)f1 = f2, . . . , (M̃ − βI)ft−1 = ft, (M̃ − βI)ft = 0.

Since {en⊗ fm : n = 1, . . . , s; m = 1, . . . , t} is a basis in E ⊗F , every u ∈ E ⊗F has a
unique representation

u =
s∑

n=1

t∑
m=1

un,m(en ⊗ fm).



Consequently,

0 = (K − λI)u = (L̃⊗ I + I ⊗ M̃ − λI ⊗ I)u = [(L̃− αI)⊗ I + I ⊗ (M̃ − βI)]u

=
s∑

n=1

t∑
m=1

un,m[(L̃− αI)en ⊗ fm + en ⊗ (M̃ − βI)fm]

=
s−1∑
n=1

t∑
m=1

un,m(en+1 ⊗ fm) +
s∑

n=1

t−1∑
m=1

un,m(en ⊗ fm+1)

=
s∑

n=2

t∑
m=1

un−1,m(en ⊗ fm) +
s∑

n=1

t∑
m=2

un,m−1(en ⊗ fm)

=
s∑

n=2

t∑
m=2

[un−1,m + un,m−1](en ⊗ fm) +
s∑

n=2

un−1,1(en ⊗ f1) +
t∑

m=2

u1,m−1(e1 ⊗ fm).

Since {en ⊗ fm : n = 1, . . . , s; m = 1, . . . , t} is a basis in E ⊗ F , we get the following
linear system for the unknown scalars un,m (n = 1, . . . , s; m = 1 . . . , t):





un−1,m + un,m−1 = 0 if 2 ≤ n ≤ s and 2 ≤ m ≤ t,
un−1,1 = 0 if 2 ≤ n ≤ s and m = 1,
u1,m−1 = 0 if 2 ≤ m ≤ t and n = 1,
us,t arbitrary if n = s and m = t.

This system has rank st−min{s, t}, and hence min{s, t} linearly independent solutions.
If n+(L̃ − αI) ≥ 1 and n+(M̃ − βI) ≥ 1, we have 2ak(α) − ak−1(α) − ak+1(α) and
2bk(β)− bk−1(β)− bk+1(β) Jordan blocks of order k, respectively, in the above matrix,
where we have used again the notation (14.6). Applying to each such block the same
reasoning as before, we see that
(14.55)

n+(K − λI|E ⊗ F ) =

s∑
n=1

t∑
m=1

min{n,m}[2an(α)− an−1(α)− an+1(α)][2bm(β)− bm−1(β)− bm+1(β)].

We claim that
(14.56)

s∑
n=1

t∑
m=1

min{n,m}[2an(α)− an−1(α)− an+1(α)][2bm(β)− bm−1(β)− bm+1(β)]

=
∞∑

k=1

[ak(α)− ak−1(α)][bk(β)− bk−1(β)].

In fact, a straightforward but cumbersome calculation shows that, for fixed n, we have

(14.57)
t∑

m=1

min{n,m}[2bm(β)− bm−1(β)− bm+1(β)] = bn(β).



Assuming without loss of generality that s ≤ t we get from (14.57)

n+(K − λI|E ⊗ F ) =
s∑

n=1

[an(α)− an−1(α)− an+1(α)]bn(β).

Taking into account that all terms in (14.56) are zero for k > s and as+1(α) = as(α)
we further obtain

s∑
n=1

[an(α)− an−1(α)][bn(β)− bn−1(β)]

=
s∑

n=1

an(α)bn(β)−
s∑

n=1

an−1(α)bn(β)−
s∑

n=1

an(α)bn−1(β) +
s∑

n=1

an−1(α)bn−1(β)

=
s∑

n=1

an(α)bn(β)−
s∑

n=1

an−1(α)bn(β)−
s−1∑
n=1

an+1(α)bn(β) +
s−1∑
n=1

an(α)bn(β)

=
s∑

n=1

[2an(α)− an−1(α)− an+1(α)]bn(β).

This together with (14.57) implies (14.56), hence also (14.53). The proof is complete
for the case λ ∈ σ(K) \ σeb(K).

Suppose now that λ ∈ σeb(K) \ σew(K). Since σeb(L̃) + σeb(M̃) ⊆ σew(K), from
(14.27) and (14.36) we get
(14.58)

λ ∈ {[σ(L̃) \ σeb(L̃)] + [σ(M̃) \ σew(M̃)]} ∪ {[σ(L̃) \ σew(L̃)] + [σ(M̃) \ σeb(M̃)]}

\{[σew(L̃) + σ(M̃)] ∪ [σ(L̃) + σew(M̃)]}.
As above, the equality λ = α + β can hold only for finitely many α and β. In fact,
if there were an infinite number of such α, say, the same would be true for β, and
thus n+(K − λI) = ∞ or n+((K − λI)∗) = ∞, contradicting the fact that K − λI is
Fredholm. So, let {α1, . . . , αp} ⊆ σ(L̃) \ σeb(L̃) be the set of all possible α, and put
βi = λ− αi (i = 1, . . . , p). We have then

U = E1 ⊕ . . .⊕ Ep ⊕R1, U⊗̃V = (E1 ⊗ V )⊕ . . .⊕ (Ep ⊗ V )⊕ (R1⊗̃V ),

where Ei is the nullspace of (L̃− αiI)κ(L̃,αi) (i = 1, . . . , p), and R1⊗̃V is the closure of
R1 ⊗ V in [U ← V ]. Since {α1, . . . , αp} ∩ σ(L̃|R1) = ∅ and σ(K|R1⊗̃V ) ⊆ σ(L̃|R1) +
σ(M̃), we get as in the proof of the inclusion (14.44) that λ 6∈ σ(K|R1⊗̃V ). Moreover,
since the operator K −λI leaves the spaces Ei⊗V (i = 1, . . . , p) and R1⊗̃V invariant,
we have

(14.59) n+(K − λI) =

p∑
i=1

n+(K − λI|Ei ⊗ V ).

We claim that

(14.60) n+(K − λI|Ei ⊗ V ) =
∞∑

k=1

[ak(αi)− ak−1(αi)][bk(βi)− bk−1(βi)]



for i = 1, . . . , p. But this follows from the fact that the nullspace of K − λI|Ei ⊗ V

is contained in the tensor product of Ei with the nullspace of (M̃ − βiI)κ(L̃,αi), and
hence the restriction of the operator K − λI on these two sets has the same nullspace.
Combining (14.59) and (14.60) we see that (14.50) is true also in case λ ∈ σeb(K) \
σew(K).

The proof of formula (14.51) is now rather easy. Suppose first that λ ∈ σ(K)\σeb(K).
Then λ = α + β with α ∈ σ(L̃) \ σeb(L̃) and β ∈ σ(M̃) \ σeb(M̃), i.e. K − λI, L̃− αI,
and M̃ − βI are all Fredholm operators. Consequently, (14.51) follows directly from
(14.50).

On the other hand, assume that λ ∈ σeb(K) \ σew(K). Using the same notation as
above and observing that the operator K − λI leaves the spaces Ei ⊗ V (i = 1, . . . , p)
and R1⊗̃V invariant and is invertible on R1⊗̃V , we obtain the equality

(14.61) n−(K − λI) =

p∑
i=1

n−(K − λI|Ei ⊗ V ).

It is therefore sufficient to prove that

(14.62) n−(K − λI|Ei ⊗ V ) =
∞∑

k=1

[ck(αi)− ck−1(αi)][dk(βi)− dk−1(βi)].

Since the operator (K − λI)∗|Ei⊗ V coincides on the space (Ei⊗ V )∗ = E∗
i ⊗ V ∗ with

the operator (L̃− αiI)∗ ⊗ I + I ⊗ (M̃ − βiI)∗, we obtain

(14.63) n+((K − λI)∗|E∗
i ⊗ V ∗) =

∞∑

k=1

[a∗k(αi)− a∗k−1(αi)][b
∗
k(βi)− b∗k−1(βi)]

for i = 1, . . . , p, where the asterisk denotes the corresponding numbers (14.6) for L̃∗

and M̃∗. But all operators occurring in (14.62) are Fredholm, and thus the relations
a∗k(α) ≡ ck(α) and b∗k(β) ≡ dk(β) hold which imply that

n+((K − λI)∗|E∗
i ⊗ V ∗) = n−(K − λI|Ei ⊗ V ) (i = 1, . . . , p).

In this way, we have reduced the proof of (14.51) to that of (14.50) in case λ ∈ σeb(K)\
σew(K).

It remains to prove the index formula (14.52). Again let λ ∈ σ(K) \ σeb(K), i.e.
λ = α + β with α ∈ σ(L̃) \ σeb(L̃) and β ∈ σ(M̃) \ σeb(M̃). Here the formula (14.52) is
a trivial consequence of the fact that all operators K − λI, L̃− αI, and M̃ − βI have
index zero.

Suppose, finally, that λ ∈ σeb(K) \ σew(K). By (14.58) we have then λ = α + β
with α ∈ σ(L̃) \ σeb(L̃) or β ∈ σ(M̃) \ σeb(M̃). In this case ind (L̃ − αI) = 0 or ind
(M̃ − βI) = 0 and we get from (14.50) and (14.51)

ind (K − λI) =
∑

α+β=λ

ind (M̃ − βI)
∞∑

k=1

[ak(α)− ak−1(α)]

+
∑

α+β=λ

ind (L̃− αI)
∞∑

k=1

[dk(β)− dk−1(β)].



Suppose that α ∈ σ(L̃) \ σeb(L̃). Since ind (L̃− αI) = 0, this reduces to

ind (K − λI) =
∑

α+β=λ

ind (M̃ − βI)
∞∑

k=1

[ak(α)− ak−1(α)],

and thus (14.52) holds in this case. The proof for β ∈ σ(M̃) \ σeb(M̃) gives the parallel
formula

ind (K − λI) =
∑

α+β=λ

ind (L̃− αI)
∞∑

k=1

[dk(β)− dk−1(β)].

Theorem 14.9 is completely proved. ¥

Observe that Theorem 14.9 implies, in particular, that

(14.64) σes(K) ⊆ [σes(L̃) + σ(M̃)] ∪ [σ(L̃) + σes(M̃)].

The proof of the following theorem is parallel to that of the preceding theorems, and
therefore we drop it.

Theorem 14.10. Suppose that the operator (14.3) acts in some completely regular
ideal space U over T , the operator (14.4) acts in some completely regular ideal space V
over S, and one of the following four conditions is satisfied:

(a) [U → V ] ⊆ [U ← V ] and the function τ 7→ ||l(·, τ)||U belongs to U ′;
(b) [U → V ] ⊆ [U ← V ] and the function s 7→ ||m(s, ·)||V ′ belongs to V ;
(c) [U ← V ] ⊆ [U → V ] and the function t 7→ ||l(t, ·)||U ′ belongs to U ;
(d) [U ← V ] ⊆ [U → V ] and the function σ 7→ ||m(·, σ)||V belongs to V ′.
Then the equalities (14.26), (14.27) and (14.36) hold, where the operator K is considered

in the space [U ← V ] in the cases (a) and (c), and in the space [U → V ] in the cases
(b) and (d). In addition, for any λ as in (14.49), the defect numbers and the index of
the operator K − λI may be calculated by means of the formulas (14.50) - (14.52).

To illustrate the hypotheses of the last theorem, let us consider Lebesgue spaces as
an elementary example.

Example 14.5. Suppose that the operator (14.3) acts in the space Lp1 = Lp1(T ),
and the operator (14.4) acts in the space Lp2 = Lp2(S). We know that [Lp1 ← Lp2 ] ⊆
[Lp1 → Lp2 ] for 1 ≤ p1 ≤ p2 < ∞, and [Lp1 → Lp2 ] ⊆ [Lp1 ← Lp2 ] for 1 ≤ p2 ≤ p1 < ∞
(see Subsection 12.2). Putting 1

p1
+ 1

q1
= 1

p2
+ 1

q2
= 1 as usual, the four conditions of

Theorem 14.10 read then
(a) p2 ≤ p1, τ 7→ ||l(·, τ)||Lp1

∈ Lq1 ;
(b) p2 ≤ p1, s 7→ ||m(s, ·)||Lq2

∈ Lp2 ;
(c) p1 ≤ p2, t 7→ ||l(t, ·)||Lq1

∈ Lp1 ;
(d) p1 ≤ p2, σ 7→ ||m(·, σ)||Lp2

∈ Lq2 .
Under these assumptions, the equalities (14.26), (14.27) and (14.36) hold, where the
operator K is considered in the space [Lp1 ← Lp2 ] in the cases (a) and (c), and in the
space [Lp1 → Lp2 ] in the cases (b) and (d). In addition, for any λ as in (14.49), the



defect numbers and the index of the operator K − λI may be calculated by means of
the formulas (14.50) - (14.52).

14.5. The case of positive kernels
In this subsection we suppose throughout that the kernels l = l(t, τ) and m = m(s, σ)

in the definition of the operators (14.3) and (14.4) are nonegative on T ×T and S×S,
respectively. We also assume that the hypotheses of Theorem 14.6 are satisfied, and
hence the corresponding operator (14.1) acts in the space [U → V ] or [U ← V ]. Recall
that under these hypotheses the equality (14.7) is true. Moreover, the positivity of the
operators L̃ and M̃ implies that rσ(L̃) ∈ σ(L̃) and rσ(M̃) ∈ σ(M̃) (see e.g. Schaeffer
[1971]), and thus

(14.65) rσ(K) = rσ(L̃) + rσ(M̃).

The equality (14.65) is not true for arbitrary kernels l and m. However, since 0 ∈ σ(L̃)
and 0 ∈ σ(M̃), we always have the two-sided estimate

(14.66) max {rσ(L̃), rσ(M̃)} ≤ rσ(K) ≤ rσ(L̃) + rσ(M̃).

Consequently, any lower [respectively upper] estimate for rσ(L̃) and rσ(M̃) leads to a
lower [respectively upper] estimate for rσ(K). For example, if the kernels l and m are
nonnegative, and we know that

(14.67) L̃x(s) ≥ αx(s), M̃y(t) ≥ βy(t) (α, β > 0)

for some positive functions x ∈ U and y ∈ V , then necessarily rσ(K) ≥ α + β.
Classical estimates for the spectral radii of integral operators may be found in

Krasnosel’skij-Vajnikko-Zabrejko-Rutitskij [1969] and Zabrejko-Koshelev-
Krasnosel’skij-Mikhlin-Rakovshchik-Stetsenko [1968].

Let A be a positive linear operator in a Banach space E with cone C. Following
Krasnosel’skij [1962] or Krasnosel’skij-Lifshits-Sobolev [1986] we call an
eigenvalue µ of A cone-positive if A has an eigenvector x ∈ C which corresponds
to µ, i.e. Ax = µx.

Lemma 14.2. Suppose that rσ(L̃) is a cone-positive eigenvalue of the operators L̃
and L̃∗, and rσ(M̃) is a cone-positive eigenvalue of the operators M̃ and M̃∗. Then
rσ(K) = rσ(L̃) + rσ(M̃) is a cone-positive eigenvalue of the operators K and K∗.

2 The proof is almost trivial: If x and y are eigenfunctions in the corresponding
cones such that L̃x = rσ(L̃)x and M̃y = rσ(M̃)y, then x ⊗ y belongs to the induced
cone in U ⊗ V and is an eigenfunction for the eigenvalue rσ(L̃) + rσ(M̃) of K. ¥

Given a linear operator A in a Banach space E, by

(14.68) res(A) := sup {|λ| : λ ∈ σes(A)}

we denote the Fredholm radius (or radius of the essential spectrum) of A.



Theorem 14.11 Suppose that the kernels l and m in (14.3) and (14.4) are nonnegative,
and that

(14.69) res(L̃) < rσ(L̃), res(M̃) < rσ(M̃).

Then rσ(K) = rσ(L̃)+ rσ(M̃) is a cone-positive eigenvalue of the operators K and K∗.

2 From Zabrejko-Smitskikh [1979] it follows that, under the above hypotheses,
rσ(L̃) is a cone-positive eigenvalue of L̃, and rσ(M̃) is a cone-positive eigenvalue of M̃ .
By Lemma 14.2, rσ(K) = rσ(L̃) + rσ(M̃) is then a cone-positive eigenvalue of K. The
proof for K∗ is of course the same. ¥

Theorem 14.11 applies, for example, to the case of compact operators L̃ and M̃
which satisfy (14.67). In fact, in this case we have 0 = res(L̃) < α ≤ rσ(L̃) and
0 = res(M̃) < β ≤ rσ(M̃), and thus (14.69) holds.

We remark that, under the hypotheses of Theorem 14.8 or Theorem 14.10, the strict
inequality

(14.70) res(K) < rσ(K)

follows from the strict inequalities (14.69). In fact, the inclusion (14.64) implies that

res(K) ≤ sup {|λ| : λ ∈ [σes(L̃) + σ(M̃)] ∪ [σ(L̃) + σes(M̃)]}

≤ max {sup {|α| : α ∈ σes(L̃)}+ rσ(M̃), rσ(L̃) + sup {|β| : β ∈ σes(M̃)}}

= max {res(L̃) + rσ(M̃), rσ(L̃) + res(M̃)} < rσ(L̃) + rσ(M̃) = rσ(K).

However, if one of the inequalitites in (14.69) is not strict, the inequality (14.70) may
fail. For example, let L̃ and M̃ be compact operators with rσ(L̃) = 0 and res(M̃) <
rσ(M̃). From (14.36) and the inclusion σew(K) ⊆ σes(K) we get then rσ(K) = rσ(M̃) ≤
res(K) ≤ rσ(K), hence res(K) = rσ(K).

We point out that a cone-positive eigenvalue of a bounded linear operator A in
a Banach space with a cone C need not be simple. However, if A is a so-called u-
bounded operator, any cone-positive eigenvalue of A is simple (see Theorem 11.1 in
Krasnosel’skij-Lifshits-Sobolev [1986]). We recall that A is called u-bounded
for some u ∈ C if for all x ∈ C \ {0} one can find numbers α, β > 0 such that
αu ≤ Anx ≤ βu for some n ∈ N. (Here the inequality ≤ is meant, of course, in the
sense of the partial ordering induced by the cone C.)

Theorem 14.12. Suppose that the operators L̃ and M̃ are u-bounded, and rσ(L̃)
and rσ(M̃) are cone-positive eigenvalues of L̃ and M̃ , respectively. Assume, in addition,
that

(14.71) σp(K) = σp(L̃) + σp(M̃).

Then all eigenvalues λ ∈ σp(K) \ {rσ(K)} satisfy |λ| < rσ(K), and rσ(K) is a simple
cone-positive eigenvalue of K.



2 Let λ = α + β ∈ σp(K) = σp(L̃) + σp(M̃) with λ 6= rσ(K), hence α 6= rσ(L̃)
or β 6= rσ(M̃), let α 6= rσ(L). From Theorem 11.4 of Krasnosel’skij-Lifshits-
Sobolev [1986] it follows that |α| < rσ(L̃), since L̃ is u-bounded. Consequently,

|λ| = |α + β| ≤ |α|+ |β| < rσ(L̃) + rσ(M̃) = rσ(K).

Now we show that the eigenvalue rσ(K) is simple. First of all, we can find decompositions

(14.72)
U = E1 ⊕ F1, V = E2 ⊕ F2,

[U → V ] = (V ⊗̃E1)⊕ (V ⊗̃F1), [U ← V ] = (U⊗̃E2)⊕ (U⊗̃F2),

where E1 is the (one-dimensional) nullspace of the operator L̃ − rσ(L̃), and E2 is the
(one-dimensional) nullspace of the operator M̃ − rσ(M̃). For the sake of definiteness,
let us consider the operator K in the space [U ← V ].

Since every space occurring in the decompositions (14.72) is invariant under K, we
have

σp(K) = σp(K|U⊗̃E2) ∪ σp(K|U⊗̃F2).

From (14.71) and from the equalities

σ(K|U⊗̃E2) = σ(L̃) + σ(M̃ |E2), σ(K|U⊗̃F2) = σ(L̃) + σ(M̃ |F2)

we deduce that also

σp(K|U⊗̃E2) = σp(L̃) + σp(M̃ |E2), σp(K|U⊗̃F2) = σp(L̃) + σp(M̃ |F2).

Since rσ(M̃) 6∈ σp(M̃ |F2), we have rσ(K) 6∈ σp(K|U⊗̃F2), hence

rσ(K) ∈ σp(K|U⊗̃E2) = σp(L̃) + σp(M̃ |E2).

Moreover, since E2 is one-dimensional, we have U⊗̃E2 = {x ⊗ e : x ∈ U}, where e is
some positive eigenvector of M̃ corresponding to the eigenvalue rσ(M̃). It follows that
the equation

[K − rσ(K)](x⊗ e) = [(L̃− rσ(L̃))x]⊗ e = 0

has a nontrivial solution if and only if the equation L̃x = rσ(L̃)x has a nontrivial
solution. But rσ(L̃) is a simple eigenvalue of L̃, and thus rσ(K) is a simple eigenvalue
of K as claimed. ¥

We remark that, under the hypotheses of Theorem 14.12, the operator K is in
general not u-bounded.

The most important situation where Theorem 14.12 applies is as follows. Suppose
that the operators L̃ and M̃ are both u-bounded, and some powers of L̃ and M̃ are
compact. Then the equality (14.71) holds; consequently, rσ(K) is a simple eigenvalue,
and all other eigenvalues λ of K satisfy |λ| < rσ(K). The proof is precisely the same
as that of Theorem 14.12.

The results discussed in this subsection have been obtained in Kalitvin [1984,
1985, 1985a, 1988a, 1996]; they hold for operators K in the space C(T × S) (see also
Kalitvin [1988b] and Kalitvin-Galitskaja-Sokolova [1988]).

Finally, we remark that in some existence results for partial integral equations (for
example, those containing Hardy-Littlewood type operators), the notion of the so-called
generalized spectral radius plays an important role. Some results and applications in
this direction may be found in Kalitvin-Lavrova [1993], Kalitvin-Provotorova
[1995], and Povolotskij-Kalitvin [1994].



§ 15. Linear partial integral equations

In this section we collect some basic facts about the (unique) solvability of linear
equations involving partial integral operators (of both Fredholm and Volterra type).
Such equations occur rather often in applications (as we shall see in Chapter IV), but
have not been studied systematically yet in book form. The main results of Subsections
15.1, 15.2 and 15.4 have been obtained in Kalitvin-Zabrejko [1991].

15.1. Fredholm equations
Consider the linear partial integral equation

(15.1)

x(t, s) =

∫

T

l(t, s, τ)x(τ, s)dµ(τ) +

∫

S

m(t, s, σ)x(t, σ)dν(σ)

+

∫

T×S

n(t, s, τ, σ)x(τ, σ)d(µ× ν)(τ, σ) + f(t, s)

which may be written in a suitable Banach space concisely as operator equation

(15.2) (I − L−M −N)x = f,

where L, M, and N are given by (11.3), (11.4), and (11.5), respectively. Some typical
examples of such spaces will be given below. We will be interested in the question to
what extent the basic results for classical integral equations carry over to equation
(15.1). We shall discuss some results which are related to specific properties of the
operator K = L + M + N. Obviously,

(15.3) I −K = (I − L)(I −M)− (N + LM) = (I −M)(I − L)− (N + ML);

hence, in case the operators I−L and I−M are invertible, equation (15.2) is equivalent
to both equations

(15.4) [I − (I −M)−1(I − L)−1(N + LM)]x = g (g := (I −M)−1(I − L)−1f)

and

(15.5) [I − (I − L)−1(I −M)−1(N + ML)]x = h (h := (I − L)−1(I −M)−1f).

Observe that the iterated integral operators LM and ML may be written in the form

LMx(t, s) =

∫

T×S

p(t, s, τ, σ)x(τ, σ) d(µ× ν)(τ, σ)

with p(t, s, τ, σ) := l(t, s, τ)m(τ, s, σ) and

MLx(t, s) =

∫

T×S

q(t, s, τ, σ)x(τ, σ) d(µ× ν)(τ, σ)

with q(t, s, τ, σ) := m(t, s, σ)l(t, σ, τ), respectively. Consequently, the operators N+LM
and N +ML occurring in (15.4) and (15.5) are usual integral operators over the domain
T × S.



The invertibility of the operators I−L and I−M is of course related to the solvability
of the equation

(15.6) u(t, s) =

∫

T

l(t, s, τ)u(τ, s)dµ(τ) + f(t, s)

(which is a classical integral equation containing a parameter s), and the equation

(15.7) v(t, s) =

∫

S

m(t, s, σ)v(t, σ)dν(σ) + f(t, s)

(which is a classical integral equation containing a parameter t). The study of the
equations (15.6) and (15.7), in turn, reduces to analyzing the families of operators
(12.6) and (12.7). This is connected with the solvability of the integral equations

(15.8) u = L(s)u + g (s ∈ S)

in an ideal space U over T , and the solvability of the integral equations

(15.9) v = M(t)v + h (t ∈ T )

in an ideal space V over S. By classical results on integral equations, the solutions u
and v of these equations (if they exist!) are given by

(15.10) u(t) = g(t) +

∫

T

ϕ(t, s, τ)g(τ)dµ(τ) (s ∈ S)

and

(15.11) v(s) = h(s) +

∫

S

ψ(t, s, σ)h(σ)dν(σ) (t ∈ T )

involving the resolvent kernels ϕ(t, s, τ) and ψ(t, s, σ). Now, if the spectral radii of the
operators ]L(s)[ and ]M(t)[ (see (12.6), (12.7), (11.8) and (11.9)) satisfy

(15.12) rσ(]L(s)[) < 1 (s ∈ S), rσ(]M(t)[) < 1 (t ∈ T ),

the resolvent kernels may be represented as series of iterated kernels

(15.13) ϕ(t, s, τ) =
∞∑

k=1

l(k)(t, s, τ) (s ∈ S, t, τ ∈ T )

and

(15.14) ψ(t, s, σ) =
∞∑

k=1

m(k)(t, s, σ) (t ∈ T, s, σ ∈ S)

which converge in the Zaanen kernel spaces Z(U) and Z(V ), by each s ∈ S and t ∈ T
respectively (see Subsection 12.1). If, in addition, we have

(15.15) ϕ ∈ Rl(X), ψ ∈ Rm(X),



where X = [U → V ] or X = [U ← V ], it is natural to expect that

(15.16) x(t, s) = f(t, s) +

∫

T

ϕ(t, s, τ)f(τ, s)dµ(τ)

and

(15.17) x(t, s) = f(t, s) +

∫

S

ψ(t, s, σ)f(t, σ)dν(σ)

are solutions of (15.6) and (15.7), respectively. In particular, this is true if

(15.18) rσ(]L(s)[) = lim
k→∞

k

√
||l(k)(·, s, ·)||Rl(U) ≤ p < 1 (s ∈ S)

and

(15.19) rσ(]M(t)[) = lim
k→∞

k

√
||m(k)(t, ·, ·)||Rm(V ) ≤ q < 1 (t ∈ T ).

We summarize with the following

Theorem 15.1. Let X = [U → V ] or X = [U ← V ], and suppose that the
linear operator K = L + M + N acts in X and is regular. Assume that the estimates
(15.12) hold, that the corresponding resolvent kernels satisfy (15.15), and that one of
the operators N + LM or N + ML is compact in X. Then the linear partial integral
equation (15.1) satisfies the Fredholm alternative in the space X. In particular, (15.1)
admits a unique solution x ∈ X for any f ∈ X if and only if the equation x = Kx has
only the trivial solution x(t, s) ≡ 0.

The conditions of Theorem 15.1 are sufficient but not necessary. The crucial points
in this theorem are the compactness of N + LM or N + ML and the invertibility of
both I − L(s) (s ∈ S) and I −M(t) (t ∈ T ), i.e. the hypothesis

(15.20) 1 6∈ σ(L(s)) ∪ σ(M(t)) (t ∈ T, s ∈ S).

Even in the case l(t, s, τ) ≡ l(t, τ),m(t, s, σ) ≡ m(s, σ), and n(t, τ, s, σ) ≡ 0 (which
frequently occurs in applications), one cannot drop the fundamental assumption (15.20).

Suppose now that S and T are compact sets, and the kernels l : T × S × T → R
and m : T × S × S → R are continuous. Put

σL :=
⋃
s∈S

σ(L(s)), σM :=
⋃
t∈T

σ(M(t)),

with L(s) given by (12.6) and M(t) given by (12.7). Then the condition

(15.21) 1 6∈ σL ∪ σM

obviously implies the invertibility of the operators I − L and I −M , where L is given
by (11.3) and M by (11.4). From this we get the following



Theorem 15.2. Suppose that the sets S and T are compact, the kernels l = l(t, s, τ)
and m = m(t, s, σ) are continuous, and the integral operator N given by (11.5) is
compact in the space X = C(T × S). Then (15.21) implies that the linear partial
integral equation (15.1) satisfies the Fredholm alternative in the space X.

Under the hypotheses of the preceding two theorems we know, in particular, that
the partial integral equation (15.1) admits a unique solution (in X = [U → V ] or
X = [U ← V ] in case of Theorem 15.1, and in X = C(T ×S) in case of Theorem 15.2)
if

(15.22) 1 6∈ σ[(I −M)−1(I − L)−1(N + LM)]

or

(15.23) 1 6∈ σ[(I − L)−1(I −M)−1(N + ML)].

We illustrate this for degenerate kernels over T = S = [0, 1] in the following

Example 15.1. Let

l(t, s, τ) = α(t, s)β(τ), m(t, s, σ) = γ(t, s)δ(σ),

and
n(t, s, τ, σ) = ε(t, s)ζ(τ)η(σ),

be continuous functions. We consider the equation

x(t, s) = α(t, s)

∫ 1

0

β(τ)x(τ, s) dτ + γ(t, s)

∫ 1

0

δ(σ)x(t, σ) dσ

+ε(t, s)

∫ 1

0

∫ 1

0

ζ(τ)η(σ)x(τ, σ) dσ dτ + f(t, s),

where f is continuous on T ×S. Then the operators N +LM and N +ML are compact
in the space X and

σL =
⋃
s∈S

σ(L(s)) = {0} ∪
⋃
s∈S

{λ :

∫ 1

0

α(τ, s)β(τ)dτ = λ} ⊇ σ(L),

σM =
⋃
t∈T

σ(M(t)) = {0} ∪
⋃
t∈T

{λ :

∫ 1

0

γ(t, σ)δ(σ)dσ = λ} ⊇ σ(M).

Obviously, the above equation is Fredholm if for any s ∈ S and t ∈ T we have
∫ 1

0

α(τ, s)β(τ)dτ 6= 1,

∫ 1

0

γ(t, σ)δ(σ)dσ 6= 1.

In this case the inverse operators

(I − L)−1x(t, s) = x(t, s)− α(t, s)

a(s)

∫ 1

0

β(τ)x(τ, s)dτ



and

(I −M)−1x(t, s) = x(t, s)− γ(t, s)

b(t)

∫ 1

0

δ(σ)x(t, σ)dσ

exist, where we have put

a(s) = 1−
∫ 1

0

α(τ, s)β(τ)dτ, b(t) = 1−
∫ 1

0

γ(t, σ)δ(σ)dσ.

Thus, if 1 is not an eigenvalues of the compact integral operator (I −M)−1(I − L)−1

(N +LM) (which may be written out explicitly), then the above equation has a unique
solution in X.

15.2. Volterra equations
Consider now the special case when the sets T and S are real intervals and (15.1) is

a partial integral equation of Volterra type

(15.24)

x(t, s) =

∫ t

0

l(t, s, τ)x(τ, s)dτ +

∫ s

0

m(t, s, σ)x(t, σ)dσ

+

∫ t

0

∫ s

0

n(t, s, τ, σ)x(τ, σ) dτ dσ + f(t, s).

In this case, (15.12) holds true (see e.g. Zabrejko-Koshelev-Krasnosel’skij-
Mikhlin-Rakovshchik-Stetsenko [1968]) if the operators (12.6) and (12.7) are
compact in the spaces U and V, respectively, and U and V are regular spaces (i.e. all
elements in U and V have absolutely continuous norms, see Subsection 4.1). Moreover,
if the resolvent kernels ϕ = ϕ(t, s, τ) and ψ = ψ(t, s, σ) satisfy (15.15), the study of
equation (15.24) reduces to that of (15.4) and (15.5) (which are then classical Volterra
integral equations, of course). Finally, if at least one of the operators N+LM or N+ML
is compact, then, again by the regularity of the space X (see Zabrejko-Koshelev-
Krasnosel’skij-Mikhlin-Rakovshchik-Stetsenko [1968]), the spectral radius of
the corresponding operator is zero. Thus we arrive at the following

Theorem 15.3. Let U and V be regular ideal spaces and X = [U → V ] or X =
[U ← V ]. Suppose that the linear operator K = L+M +N acts in X, and the operators
L(s) and M(t) defined by

(15.25) L(s)u(t) :=

∫ t

0

l(t, s, τ)u(τ) dτ (s ∈ S)

and

(15.26) M(t)v(s) :=

∫ s

0

m(t, s, σ)v(σ) dσ (t ∈ T )

are compact in U and V, respectively. Assume that the resolvent kernels ϕ = ϕ(t, s, τ)
and ψ = ψ(t, s, σ) satisfy (15.15), and that at least one of the operators N + LM or
N + ML is compact in X. Then the linear partial integral equation (15.24) admits a
unique solution x ∈ X for any f ∈ X.



The example

x(t, s) =
1

3t

∫ t

0

x(τ, s) dτ +
1

3s

∫ s

0

x(t, σ) dσ +
1

3ts

∫ t

9

∫ s

0

x(τ, σ) dσ dτ

shows that equation (15.24) is, in general, not uniquely solvable without additional
conditions on the kernel functions involved.

A simple (though important) special case where the assertions of Theorem 15.1 and
Theorem 15.3 may be made more explicit is U = V = Lp([0, 1]) and X = Lp([0, 1] ×
[0, 1]). Here the hypothesis (15.15) means precisely that the partial integral operators

Φx(t, s) =

∫ 1

0

ϕ(t, s, τ)x(τ, s) dτ

and

Ψx(t, s) =

∫ 1

0

ψ(t, s, σ)x(t, σ) dσ

(in case of Theorem 15.1), or

Φx(t, s) =

∫ t

0

ϕ(t, s, τ)x(τ, s) dτ

and
Ψx(t, s) =

∫ s

0

ψ(t, s, σ)x(t, σ) dσ

(in case of Theorem 15.3), belong to Lr(Lp). In this way, verifying the corresponding
hypotheses simply reduces to studying families of Fredholm or Volterra integral equations
in Lebesgue spaces. In particular, (15.24) has a unique Lp-solution for any f ∈ Lp if the
kernels l, m and n are bounded, and a unique continuous solution for any continuous
function f if the kernels l, m and n are continuous and bounded.

Under the hypotheses of Theorem 15.3, the spectral radius of the operator K is zero.
Other sufficient conditions for this may be found in Zabrejko-Lomakovich [1987,
1990] and also in the note Kalitvin [1997a]. The relation rσ(K) = 0 was established
in case of a bounded kernel function first in Müntz [1934] and Goursat [1943]. The
classical work of Vekua [1948] is devoted to holomorphic solutions of partial integral
equations with Volterra operators and their application in elasticity theory and in the
theory of elliptic boundary value problems.

15.3. Bounded and continuous solutions
In view of some applications (see e.g. Agoshkov [1988], Brack [1985], Gnedenko

[1988], Klimontovich [1982]) it is interesting to find bounded, continuous, or even
smooth solutions of equations (15.1) and (15.24).

Unfortunately, the situation here is quite different from that for usual Fredholm
integral equations. It is well-known that any solution of the linear Fredholm integral
equation

x(t) =

∫

T

k(t, τ)x(τ) dτ + f(t)



is continuous (or bounded) if, for example, the function f and the kernel k are continuous
(respectively bounded). As the following example shows, the equation (15.1) with
constant functions l, m, n, and f can have both bounded and unbounded solutions.

Example 15.2. Let T = S = [0, 1] and l(t, s, τ) = m(t, s, σ) = n(t, s, τ, σ) ≡ 1 and
f(t, s) ≡ −2. Then the equation

x(t, s) =

∫ 1

0

x(τ, s) dτ +

∫ 1

0

x(t, σ) dσ +

∫ 1

0

∫ 1

0

x(τ, σ) dτdσ − 2

has the continuous solution x(t, s) ≡ 1, the bounded solution

x(t, s) =

{
2 if 0 ≤ s ≤ 1

2
,

0 if 1
2

< s ≤ 1,

and the unbounded solution

x(t, s) =





1− 1√
1
2
− s

if 0 ≤ s < 1
2
,

0 if s = 1
2
,

1 +
1√

s− 1
2

if 1
2

< s ≤ 1.

Thus, even the analyticity of the functions l, m, n, and f does not guarantee the
continuity or boundedness of the solutions of equation (15.1). Nevertheless, if the
operator K is bounded in the space C(T × S) or L∞(T × S), the operator I − K
is invertible, and the function f in equation (15.1) is continuous, then every bounded
solution x of (15.1) is continuous.

15.4. Using tensor products
Let us now take a closer look to the case l(t, s, τ) ≡ l(t, τ) and m(t, s, σ) ≡ m(s, σ)

in (15.1), i.e. we consider the equation

(15.27)

x(t, s) =

∫

T

l(t, τ)x(τ, s)dµ(τ) +

∫

S

m(s, σ)x(t, σ)dν(σ)

+

∫

T×S

n(t, s, τ, σ)x(τ, σ)d(µ× ν)(τ, σ) + f(t, s).

We rewrite this again as

(15.28) (I − L−M −N)x = f,

where N is the operator (11.5), and L and M are now given by

(15.29) Lx(t, s) =

∫

T

l(t, τ)x(τ, s) dµ(τ)



and

(15.30) Mx(t, s) =

∫

S

m(s, σ)x(t, σ) dν(σ).

In general, even in case of continuous kernels the equation (15.27) is not Fredholm,
because it contains the partial integral operators L and M . However, if the operators
L and M are continuous in some Banach space X, and N is compact in X, in some
important cases one may prove that the integral equation (15.27) is Fredholm. This is
possible if the operators L and M may be represented as tensor products L = L̃⊗I
and M = I⊗M̃, where L̃ and M̃ are defined by (14.3) and (14.4). If we use now the
results of § 14 and the fact that the Fredholm property and the index of an operator is
stable with respect to compact perturbations (see e.g. Kato [1966] or Krejn [1971]),
we arrive at the following results.

Theorem 15.6. Suppose that the integral operator L̃ acts in an ideal space U =
U(T ), the integral operator M̃ acts in an ideal space V = V (S), and the integral
operator N is compact in the space X = [U → V ] or X = [U ← V ]. Assume that one
of the following conditions is satisfied:

(a) U = Lp(T ) and V = Lp(S) (1 ≤ p < ∞);
(b) V = L1(S), U is almost perfect, and X = [U → V ];
(c) U = L1(T ), V is almost perfect, and X = [U ← V ].
Then the integral equation (15.27) is Fredholm of index zero if and only if 1 6∈ σes(K),

and Fredholm if and only if 1 6∈ σew(K); here σes(K) and σew(K) are the sets defined
in Theorem 14.1. In case 1 6∈ σew(K), the index of equation (15.27) may be calculated
by formula (14.10).

Now let T be a compact set, U = C = C(T ) the space of continuous functions on
T , and V = V (S) some Banach space. In Levin [1969] it is shown that the space
U⊗V with the norm (11.42) is a Banach space, and the norm (11.42) coincides with
the weakest crossnorm λ which is defined by

(15.31) λ

(
n∑

k=1

uk ⊗ vk

)
= sup

{
n∑

k=1

|〈uk, u
′〉〈vk, v

′〉| : ‖u′‖U ′ ≤ 1, ‖v′‖V ′ ≤ 1

}
.

This norm is uniform (see e.g. Schatten [1950]). It is well known (Grothendieck
[1955]) that in this case U⊗V is just the space C(T, V ) of continuous on T functions
with values in V . Similarly, if S is a compact set, V = C = C(S), and U = U(T ) is
some Banach space, then V⊗U = C(S, U).

The following theorem follows from the results of T. Ichinose [1978, 1978a] on
the spectra of tensor products of operators in tensor products of Banach spaces with
quasiuniform crossnorms (see § 14).

Theorem 15.7. Let T and S be compact sets. Suppose that the integral operator L̃
is bounded on C = C(T ), the integral operator M̃ is bounded on some Banach space
V = V (S), and the operator N is compact on the spaces X = C(T, V ). Then the
assertion of Theorem 15.6 holds true.



In the previous two theorems, we have given conditions under which the integral
equation (15.27) is Fredholm (of index zero) in the tensor product of Banach spaces
which may be represented as spaces with mixed norm or space of vector functions with
uniform crossnorms. The Theorems 14.8 - 14.10 below give such conditions in spaces
with mixed norm whose crossnorms are not necessarily uniform or quasiuniform.

Theorem 15.8. Suppose that the integral operators L̃ and M̃ act in completely
regular ideal spaces U = U(T ) and V = V (S), respectively. Assume that one of the
following conditions is satisfied:

(a) τ 7→ ‖l(·, τ)‖U ∈ U ′, t 7→ ‖l(t, ·)‖U ′ ∈ U, and X = [U ← V ];

(b) σ 7→ ‖m(·, σ)‖V ∈ V ′, s 7→ ‖m(s, ·)‖V ′ ∈ V, and X = [U → V ];

(c) τ 7→ ‖l(·, τ)‖U ∈ U ′, [U → V ] ⊆ [U ← V ], and X = [U ← V ];

(d) t 7→ ‖l(t, ·)‖U ′ ∈ U, [U ← V ] ⊆ [U → V ], and X = [U ← V ];

(e) σ 7→ ‖m(·, σ)‖V ∈ V ′, [U ← V ] ⊆ [U → V ], and X = [U → V ];

(f) s 7→ ‖m(s, ·)‖V ′ ∈ V, [U → V ] ⊆ [U ← V ], and X = [U → V ].
Finally, suppose that N is a compact operator in X. Then the assertion of Theorem

15.6 holds.

Using Theorem 14.10 and Example 14.5 we may of course formulate Theorem 15.8,
in particular, for the Lebesgue spaces [Lp → Lq] and [Lq ← Lp] with mixed norms.

We consider now another important special case of the equation (15.27), namely

(15.32) x(t, s) =

∫

T

l(t, τ)x(τ, s)dµ(τ) +

∫

S

m(s, σ)x(t, σ)dν(σ) + f(t, s).

In various classes of function spaces (see § 14) this equation can be written in the form

(15.33) (I −K)x = (I⊗I − L̃⊗I − I⊗M̃)x = f ;

here K is the operator (14.1), and L̃ and M̃ are the operators (14.3) and (14.4).
Applying the results of § 14 to equation (15.33) allows us to give a fairly complete
description of the spectral properties of the equation (15.32). We confine ourselves
only to the invertibility condition

(15.34) 1 6∈ σ(K) = σ(L̃) + σ(M̃) = {α + β : α ∈ σ(L̃), β ∈ σ(M̃)},

which follows from equality (14.7).
Let us suppose that 1 6∈ σ(K). Then we can find open neighborhoods G of σ(L̃) and

F of σ(M̃) such that the function h(ξ, η) = (1 − ξ − η)−1 is holomorphic in G × F .
Applying classical results of the theory of operator calculus of tensor products (see e.g.
Ichinose [1978b]) we get

(15.35)

(I −K)−1 = (I⊗I − L̃⊗I − I⊗M̃)−1

=
1

(2πi)2

∫

ΓF

∫

ΓG

(ξI − L̃)−1⊗(ηI − M̃)−1

1− ξ − η
dξ dη,



where ΓG ⊂ G and ΓF ⊂ F are some rectifiable curves which do not meet the spectra
σ(L̃) and σ(M̃), respectively. Consequently, the solution of equation (15.33) is given
by x = (I −K)−1f with (I −K)−1 given by (15.35). In this way, we have proved the
following theorem.

Theorem 15.9. Let U = U(T ) and V = V (S) be Banach spaces. Suppose that the
operator L̃ is bounded in U , the operator M̃ is bounded in V , and one of the following
conditions is satisfied:

(a) U = Lp(T ), V = Lp(S), and X = Lp(T × S) (1 ≤ p < ∞);

(b) U = L1(T ), V is an almost perfect ideal space, and X = [U ← V ];

(c) V = L1(S), U is an almost perfect ideal space, and X = [U → V ];

(d) U and V are regular ideal spaces, X = [U ← V ], and L̃ is a regular operator in
U ;

(e) U and V are regular ideal spaces, X = [U → V ], and M̃ is a regular operator in
V ;

(f) T and S are compact sets, U = C(T ), V = C(S), and X = C(T × S).

Then the equation (15.32) has a unique solution in the space X, for any f ∈ X, if
and only if the condition (15.34) is satisfied. Moreover, this solution is x = (I−K)−1f
with (I −K)−1 given by formula (15.35).

To illustrate these theorems, let us consider the linear integral equation

(15.36) λx(t, s) +

∫ 1

−1

l(t− τ)x(τ, s) dτ +

∫ s

0

m(s, σ)x(t, σ) dσ = f(t, s)

which occurs in the mechanics of continuous media (see e.g.Aleksandrov-Kovalenko
[1980, 1986] and Kovalenko [1981]). Here we have T = [−1, 1], S = [0, a], and the
kernel l has the form

l(ξ) =
1

2

∫ +∞

−∞
l̃(z) expiθzξ dz,

where λ and θ are a parameters (which have a mechanical and geometric meaning),
and l̃ is a positive continuous function satisfying

l̃(z) = A + O(z2) (z → 0), |z|l̃(z) = B + O(z−1) (z →∞).

Moreover, the kernel m is either continuous or weakly singular, and the function f has
the form

f(t, s) = f1(t) + f2(s) + tf3(s) (f1 ∈ Lp(T ), f2, f3 ∈ Lp(S)).

Equation (15.36) may be studied in the space Lp(T × S). Under the hypotheses given
above, the operators L̃ and M̃ are compact in Lp(T ) and Lp(S), respectively, and thus
the results of § 14 apply. The spectrum of the compact operator L̃ consists of 0 and
either a finite number, or a sequence converging to 0, of eigenvalues λ. On the other
hand, the spectrum of M̃ contains only 0. The operator L̃ is selfadjoint and positive
definite in L2(T ). Therefore, its spectrum is contained in the nonnegative real axis.
Since 0 ∈ σ(L̃) in any of the spaces Lp(T ), and the other points of spectrum form



a discrete set, by a well-known results of Halberg-Taylor [1956], the spectrum
of the operator L̃ in Lp(T ) is the same for any p, i.e. consists of 0 and a finite
number or a sequence (converging to 0) of positive eigenvalues. Thus, the spectrum
of the corresponding operator K coincides in this case with that of the operator L̃;
in particular, all elements of this spectrum are not eigenvalues. Altogether, equation
(15.36) has a unique solution x ∈ Lp(T × S) for any f ∈ Lp(T × S), provided that
−λ 6∈ σ(L̃). Moreover, this solution is x = (I−K)−1f with (I−K)−1 given by formula
(15.35). Analogous results are true for the case of the space C(Lp) (1 ≤ p < ∞).

We remark that some approximate methods for constructing the solutions of equation
(15.36) (for λ > 0) have been studied in Kovalenko [1981].

15.5. Using eigenfunction expansions
Suppose that the integral operators L̃ and M̃ are compact in L2(T ) and L2(S),

respectively, and have symmetric kernels. Let {φ1, φ2, φ3, . . .} be an orthonormal basis
in L2(T ) which consists of eigenfunctions of the operator L̃ with corresponding eigenvalues
α1, α2, α3, . . ., counted according to their multiplicity. Similarly, let {ψ1, ψ2, ψ3, . . .} be
an orthonormal basis in L2(S) which consists of eigenfunctions of the operator M̃ with
corresponding eigenvalues β1, β2, β3, . . ., again counted according to their multiplicity.
Then the system {φi⊗ψj : i, j = 1, 2, 3, . . .} forms an orthonormal basis in L2(T ×S),
and the equation (15.32) may be written in the form

(15.37)
∞∑

i,j=1

φi ⊗ ψj[xij(1− αi − βj)− fij] = 0,

where xij and fij are the Fourier coefficients of the functions x and f with respect to
the system {φi ⊗ ψj : i, j = 1, 2, 3, . . .}. By the results of § 14 we have then

σ(K) = σ(L̃) + σ(M̃), σp(K) = σp(L̃) + σp(M̃),

and
C \ σes(K) = (C \ σ(L̃)) ∩ (C \ σ(M̃)).

As we can see from (15.37), if 1 6∈ σ(K), then xij = (1− αi − βj)
−1fij. Therefore, the

unique solution of equation (15.32) may be written in the form

(15.38) x(t, s) =
∞∑

i,j=1

fij

1− αi − βj

φi(t)ψj(s).

On the other hand, if 1 ∈ σ(K), but 1 6∈ σ(L̃) ∪ σ(M̃), then 1 = αi + βj, where i runs
over some finite set P ⊂ N and j runs over some finite set Q ⊂ N. It follows from
(15.37) that xij = (1− αi − βj)

−1fij if i 6∈ P and j 6∈ Q, and fij = 0 if i ∈ P or j ∈ Q.
We conclude that the condition

(15.39) fij = 0 (i ∈ P, j ∈ Q)

is necessary and sufficient for the solvability of equation (15.32). This condition simply
means that f is orthogonal to the nullspace

(15.40) N(I −K) = span{φi ⊗ ψj : i ∈ P, j ∈ Q}



of the operator I −K. If (15.39) is satisfied, the equation (15.32) has a finite number
of linearly independent solutions of the form

(15.41) x(t, s) =
∑

(i,j)∈P×Q

cijφi(t)ψj(s) +
∑

(i,j)∈N2\P×Q

fij

1− αi − βj

φi(t) ψj(s),

where cij (i ∈ P, j ∈ Q) are arbitrary constants.
Now suppose that 1 ∈ σ(L̃)∪σ(M̃), but 1 is not an eigenvalue of K. Then it follows

from (15.37) and (15.38) that equation (15.32) is solvable if and only if the series

(15.42)
∞∑

i,j=1

(
fij

1− αi − βj

)2

converges: If the condition (15.42) holds, then the equation (15.32) has unique solution
which may be found by formula (15.38). On the other hand, if 1 ∈ σ(L̃) ∪ σ(M̃) and
1 is an eigenvalue of K, then it follows from (15.37) that equation (15.31) is solvable
if and only if the condition (15.39) holds; in this condition P and Q may be finite or
countable subsets of N such that

(15.43)
∞∑

(i,j)∈R

(
fij

1− αi − βj

)2

< ∞.

The solution of equation (15.31) may then be written in the form

(15.44) x(t, s) = x0(t, s) +
∞∑

(i,j)∈R

fij

1− αi − βj

φi(t)ψj(s),

where x0 ∈ N(I −K) is arbitrary.
Suppose that the kernels l and m in the integral equation (15.32) are degenerate,

i.e.

(15.45) l(t, τ) =

p∑
i=1

φi(t)ψi(τ), m(s, σ) =

q∑
j=1

νj(s)µj(σ),

where {φ1, . . . , φp}, {ψ1, . . . , ψp}, {ν1, . . . , νq}, and {µ1, . . . , µq} are linearly independent
systems. Let

E1 := span ({φ1, . . . , φp} ∪ {ψ1, . . . , ψp}) , E2 := span ({ν1, . . . , νq} ∪ {µ1, . . . , µq}) ,

and denote by F1 and F2 the orthogonal complement of E1 and E2 in L2(T ) and L2(S),
respectively. Then

L2(T ) = E1 ⊕ F1, L2(S) = E2 ⊕ F2

and
L2(T × S) = E1 ⊗ E2 ⊕ E1 ⊗ F2 ⊕ F1 ⊗ E2 ⊕ F1⊗F2.

Obviously, the spaces E1 ⊗E2, E1 ⊗ F2, and F1 ⊗E2 are invariant under the operator
(14.1) with the kernel (15.45), and F1⊗F2 is mapped by this operator to the trivial
functions. Consequently, equation (15.32) may be replaced by the equations

(15.46) x(1)(t, s) =

p∑
i=1

φi(t)a
(1)
i (s) +

q∑
j=1

νj(s)b
(1)
j (t) + f (1)(t, s),



(15.47) x(2)(t, s) =

p∑
i=1

φi(t)a
(2)
i (s) + f (2)(t, s),

(15.48) x(3)(t, s) =

q∑
j=1

νj(s)b
(3)
j (t) + f (3)(t, s),

and

(15.49) x(4)(t, s) = f (4)(t, s).

Here x(1), f (1) ∈ E1⊗E2, x(2), f (2) ∈ E1⊗F2, x(3), f (3) ∈ F1⊗E2, x(4), f (4) ∈ F1⊗F2,
x = x(1) + . . . + x(4), and f = f (1) + . . . + f (4). Moreover, the coefficients a

(k)
1 , . . . , a

(k)
p

(k = 1, 2) and b
(k)
1 , . . . , b

(k)
q (k = 1, 3) are given by

(15.50) a
(k)
i (s) =

∫

T

x(k)(τ, s)ψi(τ) dµ(τ) (i = 1, . . . , p)

and

(15.51) b
(k)
j (t) =

∫

S

x(k)(t, σ)µj(σ) dν(σ) (j = 1, . . . , q).

Let us consider first the equation (15.46). Putting (15.46) into (15.50) for k = 1 and
into (15.51) for k = 1 we obtain the equations

(15.52) a
(1)
i (s) =

p∑

l=1

a
(1)
l (s)cil +

q∑
j=1

νj(s)x
(1)
ij + f

(1)
i (s) (i = 1, . . . , p)

and

(15.53) bj(t) =

q∑

k=1

djkb
(1)
k (t) +

p∑

l=1

φl(t)y
(1)
jl + g

(1)
j (t) (j = 1, . . . , q),

where the constants cil and djk and the functions f
(1)
i and g

(1)
j are defined by

(15.54) cil =

∫

T

φl(τ)ψi(τ) dµ(τ), djk =

∫

S

νk(σ)µj(σ) dν(σ)

and

(15.55) f
(1)
i (s) =

∫

T

f (1)(τ, s)ψi(τ) dµ(τ), g
(1)
j (t) =

∫

S

f (1)(t, σ)µj(σ) dν(σ),

and the unknown constants x
(1)
ij and y

(1)
jl may be determined by

(15.56) x
(1)
ij =

∫

T

b
(1)
j (τ)ψi(τ)dµ(τ), y

(1)
jl =

∫

S

a
(1)
l (σ)µj(σ)dν(σ).



Multiplying the equations (15.52) and (15.53) by µj(s) (j = 1, . . . , q) and ψi(t) (i =
1, . . . , p), and integrating the resulting equations over S and T , respectively, from
(15.56) we get the systems





x
(1)
ij =

p∑

l=1

cily
(1)
jl +

q∑

k=1

djkx
(1)
ik + f

(1)
ij ,

y
(1)
ji =

p∑

l=1

cily
(1)
jl +

q∑

k=1

djkx
(1)
ik + f

(1)
ij

for i = 1, . . . , p and j = 1, . . . , q, where

f
(1)
ij =

∫

S

∫

T

f(τ, σ)ψi(τ)µj(σ)dµ(τ) dν(σ).

From the definition it is clear that

(15.57) y
(1)
ji = x

(1)
ij (i = 1, . . . , p, j = 1, . . . , q).

Consequently,

x
(1)
ij =

p∑

l=1

cilx
(1)
lj +

q∑

k=1

djkx
(1)
ik + f

(1)
ij

for i = 1, . . . , p and j = 1, . . . , q. The last system may be written as a matrix Liapunov
equation

(15.58) X = CX + XD∗ + f,

where the matrices C = (cij), D∗ = (dji), and f = (fij) are known, while the matrix
X = (xij) is unknown (i = 1, . . . , p, j = 1, . . . , q). Thus, the solution of equation
(15.46) is reduced to the solution of the systems (15.52), (15.53), and (15.58). If these
systems are solvable, then x

(1)
ij may be found from (15.58), and y

(1)
jl = x

(1)
lj may be

found from (15.57). Putting x
(1)
ij and y

(1)
jl into (15.52) and (15.53) and solving the last

systems we find then a
(1)
i and b

(1)
j . Putting now a

(1)
i and b

(1)
j into equation (15.46) we

get the solution x(1) of this equation. Obviously, if the systems (15.52), (15.53) and
(15.58) are solvable, then equation (15.46) has a unique solution or a finite number of
linearly independent solutions.

Analogously, putting (15.47) into (15.50) for k = 2 and (15.48) into (15.51) for
k = 3, we end up with the systems

(15.59) a
(2)
i (s) =

p∑

l=1

cila
(2)
l (s) + f

(2)
i (s) (i = 1, . . . , p)

and

(15.60) b
(3)
j (t) =

q∑

k=1

djkb
(3)
k (t) + g

(3)
j (t) (j = 1, . . . , q).

From these systems (if they are solvable, of course) we may find the unknown functions
a

(2)
i and b

(3)
j (i = 1, . . . , p, j = 1, . . . , q). Putting these functions into (15.47) and



(15.48) we get x(2) and x(3), respectively. However, if the systems (15.59) and (15.60)
are solvable, the equations (15.47) and (15.48) have a unique solution or an infinite
number of linearly independent solutions. In fact, if 1 is not an eigenvalue of the
matrices C and D (i.e. 1 6∈ σ(L̃) and 1 6∈ σ(M̃)), then the systems (15.59) and (15.60),
and hence also the equations (15.47) and (15.48) have a unique solution. However, if 1 is
an eigenvalue of C and D, then 1 ∈ σp(L̃) and σp(M̃) and, obviously, the homogeneous
equations

x(2)(t, s) =

p∑
i=1

φi(t)

∫

T

x(2)(τ, s)ψi(τ) dµ(τ)

and

x(3)(t, s) =

q∑
j=1

νj(s)

∫

T

x(3)(t, σ)µj(σ) dν(σ)

have infinitely many solutions of the form

x(2)(t, s) = h(t)u(s), x(3)(t, s) = g(s)v(t)

with h ∈ N(I − L̃) ∩ E1, u ∈ F2, g ∈ N(I − M̃) ∩ E2, and v ∈ F1.
All these arguments do not only allow us to give explicit criteria for the solvability of

equation (15.32) in the case of degenerate kernels, but they also provide a constructive
method for solving this equation. We summarize with the following

Theorem 15.10. Suppose that the kernels l and m in equation (15.32) are of the
form (15.45). Then the following solvability criteria hold true:

(a) If 1 6∈ σ(L̃) + σ(M̃), the equation (15.32) has a unique solution for any function
f ∈ L2(T × S).

(b) If 1 ∈ σ(L̃) + σ(M̃) but 1 6∈ σ(L̃) ∪ σ(M̃), then the equation (15.32) is solvable
if and only if the equation (15.58) is solvable; moreover, equation (15.32) has then a
finite number of linearly independent solutions.

(c) If 1 ∈ σ(L̃) + σ(M̃) and one of the following conditions is satisfied:
(c1) 1 ∈ σ(L̃) but 1 6∈ σ(M̃),
(c2) 1 6∈ σ(L̃) but 1 ∈ σ(M̃),
(c3) 1 ∈ σ(L̃) and 1 ∈ σ(M̃),
then the equation (15.31) is solvable if and only if both (15.58) and (15.59) (in case
(c1)), (15.58) and (15.60) (in case (c2)), or (15.58), (15.59) and (15.61) (in case (c3))
are solvable; moreover, the equation (15.32) has then an infinite number of linearly
independent solutions.

We remark that a fairly complete description equation (15.32) in the case of degenerate
kernels and matrix Ljapunov equations was established in Vitova [1975, 1976, 1976a,
1977]. As we have seen, the study of equation (15.32) may be reduced to the study of
the equations (15.46) - (15.48). A detailed analysis of these equations may be carried
out with the help of the methods which we used in the proof of Theorem 14.9.

We close this section with detailed bibliographical comments. Partial integral equations
with continuous kernel functions have been studied in Okolelov [1967, 1967a, 1967b,
1968], with bounded kernel functions in Fenyö [1955], and with symmetric kernel
functions in Boltjanskij [1979, 1980, 1981], Boltjanskij-Likhtarnikov [1982],



Likhtarnikov-Morozova [1983], and Likhtarnikov-Vitova [1976]. We also mention
the papersKakichev-Kovalenko [1973] andVitova [1988] on equations with degenerate
or Jordan-type kernel functions, and Likhtarnikov [1974, 1975] on equations with
two parameters and selfadjoint operators. In Kalitvin [1989, 1989b] one may find
conditions under which a partial integral operator is Fredholm (of index zero). We also
mention the classical work by Kantorovitz [1957, 1958], Kovalenko [1968, 1971,
1975], and Mauro [1976].

Singular equations have been studied in Abhuankar-Fymat [1969], Gakhov
[1977], Gakhov-Kakichev [1967], Kakichev [1967, 1968, 1969, 1978], Pilidi [1971,
1971a, 1982, 1988, 1989], Pilidi-Sazonov [1983], Simonenko [1971], Skorikov
[1980], and Tokilashvili [1985, 1987]. Partial integral operators containing difference-
type kernel functions are considered inBöttcher [1982, 1983],Böttcher-Pasenchuk
[1982], Govorukhina-Kovalenko-Paradoksova [1985, 1986, 1987, 1987a, 1989],
Kovalenko [1975],Moraru [1969, 1975], Simonenko [1968], andMalyshev [1970].

We did not consider here another important class of partial integral operators,
namely that of operators of so-called Romanovskij type. A classical reference isRomanovskij
[1932] which uses some kind of analogue to Fredholm determinants. This method is also
employed in Shchelkunov [1972, 1974]. Spectral properties of such operators have
been studied in Likhtarnikov [1976, 1980, 1981, 1987], Likhtarnikov-Morozova
[1988], Likhtarnikov-Spevak [1976, 1976a], Morozova [1984, 1984a, 1984b, 1986],
and Kalitvin [1983]. Other equations of Romanovskij type are treated in Kalitvin
[1983a, 1984, 1985, 1986a, 1987a, 1987b, 1988, 1988a1996c], Kalitvin-Galitskaja-
Sokolova [1988],Kalitvin-Romanova [1993], and Likhtarnikov-Kalitvin [1989].
The paperKalitvin [1985a] is concerned with so-called multi-spectrum operators with
partial integrals.

Approximate and numerical methods for solutions of linear partial integral equations
may be found inBelotserkovskij-Lifanov [1985],Dzjadyk-Ostrovetskij [1981],
Gabdulkhaev [1980], Kovalenko [1981], Lenhardt [1986], Morozova [1984,
1984b], Okolelov [1967b], and Tivonchuk [1971].

Several special classes of partial integral equations of Volterra or Volterra-Fredholm
type coming from applied problems will be discussed in detail in Section 20 below.



Chapter IV

Generalizations and Applications





§ 16. Generalized equations of Barbashin type

In this section we bridge the gap between the integro-differential equations of Barbashin
type we considered in Chapter I and Chapter II, and the theory of partial integral
operators we studied so far in the present chapter. We also introduce and study a class
of generalized Barbashin equations (for functions of three variables) which occur in
certain problems of mathematical physics. The scheme of reducing integro-differential
equations and generalized equations of Barbashin type to integral equations is outlined
in Kalitvin [1991a, 1995, 1996a].

16.1. Reduction to partial integral equations
Suppose we are interested in finding a solution x of the integro-differential equation

of Barbashin type

(16.1)
∂x(t, s)

∂t
= c(t, s)x(t, s) +

∫ b

a

k(t, s, σ)x(t, σ) dσ + f(t, s)

satisfying the initial condition

(16.2) x(t0, s) = x0(s) (a ≤ s ≤ b),

where t0 ∈ J is fixed and x0 : [a, b] → R is a given continuous function. Putting
∂x(t, s)/∂t := y(t, s) we arrive at the equation

(16.3) y(t, s) = g(t, s) +

∫ t

t0

c(t, s)y(τ, s) dτ +

∫ t

t0

∫ b

a

k(t, s, σ)y(τ, σ) dσ dτ,

where

(16.4) g(t, s) = f(t, s) + c(t, s)x0(s) +

∫ b

a

k(t, s, σ)x0(σ) dσ.

This is a partial integral equation of type (13.1) with

l(t, s, τ) ≡ c(t, s), m(t, s, σ) ≡ 0, n(t, s, τ, σ) ≡ k(t, s, σ).

More generally, one may study parameter-dependent integro-differential equations of
the form

(16.5)

∂u(ϕ, t, s)

∂ϕ
= c(ϕ, t, s)u(ϕ, t, s) +

∫

T

l(ϕ, t, s, τ)u(ϕ, τ, s) dτ+

∫

S

m(ϕ, t, s, σ)u(ϕ, t, σ) dσ +

∫

T

∫

S

n(ϕ, t, s, τ, σ)u(ϕ, τ, σ) dσ dτ + f(ϕ, t, s),

subject to the initial condition

(16.6) u(ϕ0, t, s) = u0(t, s),



where t ∈ T := [a, b], s ∈ S := [c, d], and ϕ0 ∈ J . Putting ∂u(ϕ, t, s)/∂ϕ =: v(ϕ, t, s)
we obtain

(16.7)

v(ϕ, t, s) = g(ϕ, t, s) +

∫ ϕ

ϕ0

c(ϕ, t, s)v(ρ, t, s) dρ

+

∫ ϕ

ϕ0

∫

T

l(ϕ, t, s, τ)v(ρ, τ, s) dτ dρ +

∫ ϕ

ϕ0

∫

S

m(ϕ, t, s, σ)v(ρ, t, σ) dσ dρ

+

∫ ϕ

ϕ0

∫

T

∫

S

n(ϕ, t, s, τ, σ)v(ρ, τ, σ) dσ dτ dρ,

where

(16.8)

g(ϕ, t, s) = f(ϕ, t, s) + c(ϕ, t, s)u0(t, s) +

∫

T

l(ϕ, t, s, τ)u0(τ, s) dτ

+

∫

S

m(ϕ, t, s, σ)u0(t, σ) dσ +

∫

T

∫

S

n(ϕ, t, s, τ, σ)u0(τ, σ) dσ dτ.

We point out that the equations (16.1) and (16.5) may be transformed into partial
integral equations by applying Fourier or Laplace transforms. For example, suppose
that we are interested in bounded solutions x of the Barbashin equation (16.1) with
the property that both x and ∂x/∂t belong to the space with mixed norm [L1 ← X],
where X is some regular ideal space over [a, b] and L1 = L1(R). This means that we
want x to satisfy

∫ +∞

−∞
||x(t, ·)||X dt < ∞,

∫ +∞

−∞

∣∣∣∣
∣∣∣∣
∂x(t, ·)

∂t

∣∣∣∣
∣∣∣∣
X

dt < ∞.

Assume that both the multiplier c and the kernel k in (16.1) do not depend on t, the
function s 7→ c(s) is bounded, and the function (s, σ) 7→ k(s, σ) belongs to [X ← X ′],
where X ′ is the associate space to X (see Subsection 4.1). Taking now the Fourier
transform of the corresponding equation

∂x(t, s)

∂t
= c(s)x(t, s) +

∫ b

a

k(s, σ)x(t, σ) dσ + f(t, s)

with respect to the variable t leads to the equation

iξx̂(ξ, s) = c(s)x̂(ξ, s) +

∫ b

a

k(s, σ)x̂(ξ, σ) dσ + f̂(ξ, s),

where

x̂(ξ, s) =

∫ +∞

−∞
x(t, s)e−iξt dt, f̂(ξ, s) =

∫ +∞

−∞
f(t, s)e−iξt dt.

This is an integral equation for the unknown function x̂ : R× [a,b] → C.
Similarly, if both u and ∂u/∂ϕ in (16.5) belong to [L1 ← X], where X is some

regular ideal space over T ×S, the coefficient c in (16.5) is bounded, and the kernels l,



m and n do not depend on ϕ and generate regular integral operators in the space X,
one may transform the corresponding equation

∂u(ϕ, t, s)

∂ϕ
= c(t, s)u(ϕ, t, s) +

∫

T

l(t, s, τ)u(ϕ, τ, s) dτ

+

∫

S

m(t, s, σ)u(ϕ, t, σ) dσ +

∫

T

∫

S

n(t, s, τ, σ)u(ϕ, τ, σ) dσ dτ + f(ϕ, t, s)

into the form

iξû(ξ, t, s) = c(t, s)û(ξ, t, s) +

∫

T

l(t, s, τ)û(ξ, τ, s) dτ

+

∫

S

m(t, s, σ)û(ξ, t, σ) dσ +

∫

T

∫

S

n(t, s, τ, σ)û(ξ, τ, σ) dσ dτ + f̂(ξ, t, s),

where

û(ξ, t, s) =

∫ +∞

−∞
u(ϕ, t, s)e−iξϕ dϕ, f̂(ξ, t, s) =

∫ +∞

−∞
f(ϕ, t, s)e−iξϕ dϕ.

This is a partial integral equation for the unknown function û : R×T× S → C.

16.2. Volterra operators and Barbashin equations
As we have seen, integrating the Barbashin equation (16.1) with initial condition

(16.2) leads to the Volterra equation (16.3). The corresponding Volterra operator

(16.9) V y(t, s) =

∫ t

t0

c(t, s)y(τ, s) dτ +

∫ t

t0

∫ b

a

k(t, s, σ)y(τ, σ) dσ dτ

has the pleasant property that, under natural assumptions on the functions c and k, its
spectral radius is equal to zero. This fact will be used in the following theorems which
refer to the cases X = C(J × [a, b]) and Lp(J × [a, b]). (Here we consider C(J × [a, b])
as locally convex metric linear space if J is a noncompact interval; see Subsection 7.1.)

Theorem 16.1. Suppose that the operator (16.9) is bounded in the space C(J×[a, b]).
Then the Volterra equation (16.3) has, for each g ∈ C(J × [a, b]), a unique solution
y ∈ C(J × [a, b]).

2 Let t be an arbitrary point in J. By Theorem 13.1, the number

M = M(D) := sup
(t,s)∈D

[
|c(t, s)|+

∫ b

a

|k(t, s, σ)| dσ

]
,

is finite for every bounded D with [t0, t]× [a, b] ⊆ D ⊆ J × [a, b]. Let z ∈ C(J × [a, b])
be fixed. For any (t, s) ∈ D we have then

|V z(t, s)| ≤ 2M(t− t0) sup
(t,s)∈D

|z(t, s)|,



and hence, by induction,

|V nz(t, s)| ≤ (2M)n (t− t0)
n

n!
sup

(t,s)∈D

|z(t, s)| ≤ [2M(b− a)]n

n!
sup

(t,s)∈D

|z(t, s)|.

This implies that

(16.10) y(t, s) :=
∞∑

n=0

V ng(t, s)

is a well-defined continuous function on D, being the uniform limit (on D) of the
continuous functions y1 := V y + g, y2 := V y1 + g, . . . , yn := V yn−1 + g. It is clear that
(16.10) is a solution of equation (16.3). To see that this solution is unique, let ỹ be
another continuous solution and put η(t) := y(t)− ỹ(t). Since η = V η and the sequence
(V nη)n converges uniformly to zero, we conclude that η ≡ 0, hence ỹ ≡ y. ¥

We remark that it suffices to verify the boundedness of the operator

(16.11) V1x(t, s) = c(t, s)x(t, s) +

∫ b

a

k(t, s, σ)x(t, σ) dσ,

since V is the composition V = V2V1 with

(16.12) V2y(t, s) =

∫ t

t0

y(τ, s) dτ

which is always a bounded operator.
Let us now study the operator (16.9) in the space Lp(J × [a, b]) (1 ≤ p ≤ ∞).

Theorem 16.2. Suppose that the operator (16.9) is bounded in the space Lp(J ×
[a, b]), the functions c and k satisfy estimates of the form

|c(t, s)| ≤ c̃(s), |k(t, s, σ)| ≤ k̃(s, σ) (t ∈ J),

and the operator Ṽ1 defined by

(16.13) Ṽ1x(s) := c̃(s)x(s) +

∫ b

a

k̃(s, σ)x(σ) dσ

is bounded in Lp([a, b]). Then the Volterra equation (16.3) has, for each g ∈ Lp(J ×
[a, b]), a unique solution y ∈ Lp(J × [a, b]).

2 Since the operators (16.11) and (16.12) both act in Lp(J × [a, b]) and commute,
we have for the spectral radius rσ(V ) of V in Lp(J × [a, b]) the estimate

rσ(V ) = rσ(V2V1) ≤ rσ(V2Ṽ1) ≤ rσ(V2)rσ(Ṽ1) = 0,

with V1 given by (16.11) and V2 given by (16.12). From this the assertion follows
immediately. ¥

Theorem 16.2 may be strengthened in several directions. First, if we suppose that
the operator (16.13) acts in some ideal space X over [a, b], it is not hard to see that the



operator (16.11) acts in the space [Lp ← X] for 1 ≤ p ≤ ∞. Therefore the statement
of Theorem 16.2 remains true if we replace Lp(J × [a, b]) by [Lp ← X].

Second, under the hypotheses of Theorem 16.2 the operator V in (16.9) is automatically
regular. One may give different results without requiring V to be regular; for example,
the following holds true.

Theorem 16.3. Suppose that c(t, s) ≡ c(s) and k(t, s, σ) ≡ k(s, σ), and the operator

(16.14) V̂1x(s) = c(s)x(s) +

∫ b

a

k(s, σ)x(σ) dσ

is bounded in Lp([a, b]). Then the Volterra equation (16.3) has, for each g ∈ Lp(J ×
[a, b]), a unique solution y ∈ Lp(J × [a, b]).

2 The assertion follows again from the equality rσ(V ) = rσ(V2V̂1) = 0 and the fact
that the operators V̂1 and V2 commute. ¥

16.3. Volterra operators and generalized Barbashin equations
Analogous results may be obtained also for the generalized integro-differential equation

(16.5) with initial condition (16.6). To this end, we define operators W1 and W2 by

(16.15)

W1u(ϕ, t, s) = c(ϕ, t, s)u(ϕ, t, s) +

∫

T

l(ϕ, t, s, τ)u(ϕ, τ, s) dτ

+

∫

S

m(ϕ, t, s, σ)u(ϕ, t, σ) dσ +

∫

T

∫

S

n(ϕ, t, s, τ, σ, )u(ϕ, τ, σ) dσ dτ

and

(16.16) W2v(ϕ, t, s) =

∫ ϕ

ϕ0

v(ψ, t, s) dψ.

We may write (16.7) then as an operator equation

(16.17) v = g + W2W1v,

with g given by (16.8). The following theorems are contained in Kalitvin [1991] and
may be proved in the same way as Theorem 16.1 and Theorem 16.2, respectively.

Theorem 16.4. Suppose that the operator (16.15) is bounded in the space C(J ×
T × S). Then the Volterra equation (16.7) has, for each g ∈ C(J × T × S), a unique
solution y ∈ C(J × T × S).

Theorem 16.5. Suppose that the operator (16.15) is bounded in the space Lp(J ×
T × S), the functions c, l, m and n satisfy estimates of the form

|c(ϕ, t, s)| ≤ c̃(t, s), |l(ϕ, t, s, τ)| ≤ l̃(t, s, τ), |m(ϕ, t, s, σ)| ≤ m̃(t, s, σ),

|n(ϕ, t, s, τ, σ)| ≤ ñ(t, s, τ, σ) (ϕ ∈ J),



and the operator W̃1 defined by

(16.18)

W̃1u(t, s) := c̃(t, s)u(t, s) +

∫

T

l̃(t, s, τ)u(τ, s) dτ

+

∫

S

m̃(t, s, σ)u(t, σ) dσ +

∫

T

∫

S

ñ(t, s, τ, σ)u(τ, σ) dσ dτ

is bounded in Lp(T × S). Then the Volterra equation (16.7) has, for each g ∈ Lp(J ×
T × S), a unique solution v ∈ Lp(J × T × S).

Theorem 16.6. Suppose that the functions c, l, m and n in (16.159 do not depend
on the variable ϕ, and the operator (11.1) acts in Lp(T×S). Then the Volterra equation
(16.7) has, for each g ∈ Lp(J × T × S), a unique solution v ∈ Lp(J × T × S).

Theorem 16.5 and Theorem 16.6 also extend to more general spaces than Lebesgue
spaces. For example, if the operator (16.18) acts in some ideal space U over T ×S, the
operator (16.16) acts in the space [Lp ← U ], and hence Lp(J ×T ×S) may be replaced
by [Lp ← U ] in Theorem 16.5.

16.4. Connections with differential equations in Banach spaces
A large part of Chapter I was devoted to studying the connections between integro-

differential equations of Barbashin type and differential equations in Banach spaces.
Of course, we may try the same for the generalized Barbashin equation (16.5). In this
and the following subsection we confine ourselves to just some simple remarks.

Let X be an ideal space of real functions on T × S. As in § 1, we identify the
function u : J × T × S → R with the function ϕ 7→ u(ϕ, ·, ·) from J into X, and the
function f : J × T × S → R with the function ϕ 7→ f(ϕ, ·, ·) from J into X. Putting
u0 = u(ϕ0, ·, ·) and defining P (ϕ) : X → X by

(16.19)

P (ϕ)u(t, s) := c(ϕ, t, s)u(t, s) +

∫

T

l(ϕ, t, s, τ)u(τ, s) dτ

+

∫

S

m(ϕ, t, s, σ)u(t, σ) dσ +

∫

T

∫

S

n(ϕ, t, s, τ, σ, )u(τ, σ) dτ dσ,

we may write (16.5)/(16.6) as differential equation in X

(16.20)
du

dϕ
= P (ϕ)u + f(ϕ)

with initial condition

(16.21) u(ϕ0) = u0.

Denote by Cϕ(X) the space of all functions u : J ×T ×S → R such that ϕ 7→ u(ϕ, ·, ·)
is continuous from J into X. Likewise, by C1

ϕ(X) we denote the space of all u ∈ Cϕ(X)
such that u(ϕ, t, s) is absolutely continuous on J for (t, s) ∈ T ×S and ∂u/∂ϕ ∈ Cϕ(X)
as well. We may then formulate the following analogue of Lemma 1.2: If P (ϕ) is
strongly continuous operator function in L(C) or is absolutely strongly continuous in



L(X), then the generalized C1
ϕ(X)-solutions u = u(ϕ, t, s) of (16.5) coincide with the

C1(J,X)-solutions of the differential equation (16.20). The most important special case
is of course X = C(T × S) and X = Lp(T × S) (1 ≤ p ≤ ∞).

We recall that nessesary and sufficient conditions for the strong continuity of the
operator function (16.19) in L(C) and its absolute strong continuity in Lp(Lp) (1 ≤
p ≤ ∞) have been obtained in Theorem 13.7 and in Theorems 12.17, 12.18, and 12.20,
respectively.

16.5. A representation theorem for the evolution operator
This subsection is parallel to Subsection 2.7 and Subsection 3.6. Our goal is to

compare the evolution operator U(ϕ, ϕ0) of equation (16.20) with the evolution operator
U0(ϕ, ϕ0) of the “reduced” equation

(16.22)
du

dϕ
= C(ϕ)u + f(ϕ),

where

(16.23) C(ϕ)u(t, s) := c(ϕ, t, s)u(t, s).

As in Subsection 1.4, we give first an explicit formula for U0(ϕ, ϕ0).

Lemma 16.1. Suppose that c : J × T × S → R is bounded on each bounded subset
in J × T × S, and the corresponding operator function (16.23) is strongly continuous
on J . Then the evolution operator U0 = U0(ϕ, ϕ0) of equation (16.22) is given by

(16.24) U0(ϕ, ϕ0)u(t, s) = e(ϕ, ϕ0, t, s)u(t, s),

where

(16.25) e(ϕ, ϕ0, t, s) := exp

{∫ ϕ

ϕ0

c(ξ, t, s) dξ

}
.

Similarly, the following two theorems are proved as Theorem 2.3 (in case X = C) and
Theorem 3.4 (in case X = Lp).

Theorem 16.7. Suppose that the functions (13.35)-(13.38) are continuous, and the
function (13.39) is bounded on each bounded subset its domain of definition. Then the
evolution operator U(ϕ, ϕ0) for the differential equation (16.20) admits a representation

(16.26) U(ϕ, ϕ0)u(t, s) = e(ϕ, ϕ0, t, s)u(t, s) + H(ϕ, ϕ0)u(t, s),

where e = e(ϕ, ϕ0, t, s) is given by (16.25) and H is defined by

H(ϕ, ϕ0)u(t, s) :=

∫

T

l̂(ϕ, ϕ0, t, s, τ)u(τ, s) dτ

+

∫

S

m̂(ϕ, ϕ0, t, s, σ)u(t, σ) dσ +

∫

T

∫

S

n̂(ϕ, ϕ0, t, s, τ, σ)u(τ, σ) dσ dτ,



where l̂, m̂ and n̂ are measurable functions on J × J × T × S × T , J × J × T × S × S,
and J × J × T × S × T × S, respectively.

Theorem 16.8. Suppose that the operator function (16.19) is absolutely strongly
continuous in the space L(Lp). Then the evolution operator U(ϕ, ϕ0) for the differential
equation (16.20) admits a representation (16.26) where e, l̂, m̂ and n̂ are as in Theorem
16.7.

The assertion of Theorem 16.8 is true also for more general spaces than Lp, see
Chen [1995, 1997].

As we have done in Section 10, one may also study boundary value problems for
generalized integro-differential equations of Barbashin type. We do not do this here,
but just refer to Chen [1996, 1997].



§ 17. Nonlinear equations and operators

In this section we illustrate the applicability of topological methods, monotonicity
methods, and variational methods to the solution of various types of nonlinear integro-
differential equations of Barbashin type and nonlinear partial integral equations. We
show first how to solve initial and boundary value problems for nonlinear Barbashin
equations by means of the fixed point theorems considered in Subsection 7.1 and
Subsection 9.4. An important step consists here in transforming the boundary value
problem into an equivalent operator equation involving Uryson-type integral operators.
Finally, we show how to use Minty’s monotonicity principle to prove (unique) solvability
of a Barbashin equation containing Hammerstein-type integral operators. For studying
the boundary value problem (17.13)/(17.14) we apply a scheme which has recently been
proposed in Appell-Kalitvin-Zabrejko [1994, 1996], see also Kalitvin [1993a].

17.1. Barbashin equations with Uryson operators
Consider the nonlinear integro-differential equation of Barbashin type

(17.1)
∂x(t, s)

∂t
= c(t, s)x(t, s) +

∫ b

a

k(t, s, σ, x(t, σ)) dσ + f(t, s)

with initial condition

(17.2) x(t0, s) = x0(s),

where x0 : [a, b] → R, c : J × [a, b] → R, k : J × [a, b] × [a, b] × R → R, and
f : J × [a, b] → R are given measurable functions, and J is a compact interval in
R. Imposing appropriate growth conditions on the functions c and k, one may apply
“brute-force-estimates” to prove the solvability of the initial value problem (17.1)/(17.2)
by means of the classical fixed point principles of Banach-Caccioppoli and Schauder.
Instead, we are going to apply the more sophisticated fixed point principle by Darbo
[1955] (see Theorem 7.1). To this end, we first give a general result on the solvability
of nonlinear initial value problems in Banach spaces:

Proposition 17.1. Let X be a Banach space, t0 ∈ R, x0 ∈ X, and Q = {(t, x) ∈
R × X : |t− t0| ≤ a, ||x− x0|| ≤ b}. Suppose that g1 : Q → X is continuous and
also Lipschitz-continuous with respect to the second variable, i.e.

(17.3) ||g1(t, x)− g1(t, y)|| ≤ L(t)||x− y||,
and g2 : Q → X is compact and continuous. Choose c ∈ (0, a] such that both

∫ t0+c

t0−c

L(t) dt < 1, sup
Q
||g1(t, x)||+ sup

Q
||g2(t, x)|| ≤ b

c
.

Then the initial value problem

(17.4) x′(t) = g1(t, x(t)) + g2(t, x(t)), x(t0) = x0

has a continuously differentiable solution x on the compact interval [t0 − c, t0 + c] with
values in X.



2 We apply Theorem 7.1. Let E = C([t0−c, t0+c], X), M = {x : x ∈ E, ||x−x0|| ≤
b}, and

Gix(t) =

∫ t

t0

gi(τ, x(τ)) dτ (i = 1, 2).

Define Φ : M → E by Φx = G1x + G2x. By assumption, Φ is continuous and leaves
the set M invariant. Moreover, for any set N ⊆ M we have

γ(Φ(N)) ≤ γ(G1(N)) + γ(G2(N)) = γ(G1(N)) ≤
(∫ t0+c

t0−c

L(t) dt

)
γ(N),

where γ is the measure of noncompactness (4.50). This shows that Φ is condensing on
M . The assertion follows now from Theorem 7.1. ¥

Of course, Proposition 7.1 holds in the special situation when g1(t, x) ≡ 0 or
g2(t, x) ≡ 0. In this case we get classical existence results for the initial value problem
(17.4).

Consider now the nonlinear integro-differential equation (17.1), subject to the initial
condition (17.2). Given an ideal space X (see Subsection 4.1) of measurable functions
over [a, b], in the same way as in the linear case (Subsection 1.4) we may write equation
(17.1) as differential equation

(17.5)
dx

dt
= C(t)x + K(t)x + f(t)

in X, where

(17.6) C(t)x(s) = c(t, s)x(s)

is the (linear) multiplication operator generated by the multiplier c,

(17.7) K(t)x(s) =

∫ b

a

k(t, s, σ, x(σ)) dσ

is the (nonlinear) Uryson integral operator generated by the kernel k, and f(t)(s) =
f(t, s). By means of Proposition 17.1, we get then a local existence result for the
problem (17.1)/(17.2) in a suitable function space. As in Subsection 9.2, let us denote
by C1

t = C1
t (X) the set of all functions x : J × [a, b] → R such that the map t 7→ x(t, ·)

is continuously differentiable from J into X, equipped with the natural norm

(17.8) ||x||C1
t

= max
t∈J

[
||x(t, ·)||+

∣∣∣∣
∣∣∣∣
d

dt
x(t, ·)

∣∣∣∣
∣∣∣∣
]

.

A standard choice is of course X = Lp for 1 ≤ p < ∞.

Theorem 17.1. Suppose that the map t 7→ C(t) is strongly continuous in X, and
the map (t, x) 7→ K(t)x is continuous and compact. Then the initial value problem
(17.1)/(17.2) has, for each f ∈ C(J,X), a local solution x ∈ C1

t (X).
2 Let g1(t, x) = C(t)x + f(t) and g2(t, x) = K(t)x, and let Q be as in Proposition

17.1. By assumption, g1 : Q → X is continuous and satisfies a Lipschitz condition (17.3)
with L(t) = ||C(t)||L(X), and g2 : Q → X is continuous and compact. By Proposition



17.1, the initial value problem (17.4) has a continuously differentiable solution x on
[t0 − c, t0 + c] which is a C1

t -solution of (17.1)/(17.2). ¥

Since the operator family t 7→ C(t) is supposed to be strongly continuous in Theorem
17.1, the smallness condition

∫ t0+c

t0−c

||C(τ)|| dτ < 1

may always be achieved for sufficiently small c > 0. The crucial hypothesis is therefore
the compactness of the map of two variables (t, x) 7→ K(t)x. The following lemma
reduces the problem of verifying the compactness of this map to that of verifying the
compactness of each operator K(t) (t fixed), as well as the equicontinuity of the family
of functions t 7→ K(t)x (x fixed):

Lemma 17.1. Let B ⊂ X be bounded, and suppose that the following conditions are
satisfied:

(a) each operator K(t) : B → X is compact and continuous;
(b) the function set {K(·)x : x ∈ B} is equi-continuous.
Then the map g defined by g(t, x) = K(t)x is continuous and compact from J × B

into X.
2 Continuity follows from the inequality

||g(t, x)− g(t0, x0)|| ≤ ||K(t)x−K(t0)x||+ ||K(t0)x−K(t0)x0||

and our hypotheses on K. For compactness, it suffices to prove that g(J × B) has
a finite ε-net for any ε > 0. By hypothesis (b), there exists a δ(ε) > 0 such that
||K(t)x − K(t′)x|| < ε/2 whenever |t− t′| < δ(ε) and x ∈ B. Consider a partition
{t0, . . . , tn} of J such that |ti−ti−1| < δ(ε) for i = 1, . . . , n. Since K(ti)B is precompact,
it contains a finite ε/2-net Ni. We claim that N1 ∪ . . . ∪ Nn is an ε-net for g(J × B).
In fact, let (t, x) ∈ J × B be arbitrary. Then ti−1 < t ≤ ti for some i. Choose y ∈ Ni

such that ||g(ti, x)− y|| < ε/2. This implies that

||g(t, x)− y|| ≤ ||g(t, x)− g(ti, x)||+ ||g(ti, x)− y|| < ε

as claimed. ¥

As a typical application of Lemma 17.1, let us consider the case k(t, s, σ, u) =
k0(t, s, σ)h(σ, u), i.e. the special family of Hammerstein integral operators

(17.9) K(t)x(s) =

∫ b

a

k0(t, s, σ)h(σ, x(σ)) dσ.

The operator (17.9) may be written as composition K(t) = K0(t)H of the nonlinear
Nemytskij operator

(17.10) Hx(s) = h(s, x(s))



and the family of linear integral operators

(17.11) K0(t)y(s) =

∫ b

a

k0(t, s, σ)y(σ) dσ.

Theorem 17.2. Suppose that the map t 7→ C(t) is strongly continuous in X, there
exists some normed linear space Y such that H : X → Y is bounded and continuous,
and each operator K0(t) : Y → X is compact. Assume that the map t 7→ K0(t) is
continuous in the operator norm. Then the initial value problem (17.1)/(17.2) has, for
each f ∈ C(J,X), a local solution x ∈ C1

t (X).
2 It suffices to prove that g : Q → X is compact and continuous; to this end, we

check the conditions of Lemma 17.1. If B ⊂ X is bounded, H(B) ⊂ Y is bounded as
well. Since K(t) is a compact operator, the set K(t)B = K0(t)(H(B)) is precomapct.
Moreover, since the map t 7→ K0(t) is continuous in the operator norm, we find some
δ > 0 such that |t1−t2| ≤ δ implies ||K0(t1)y−K(t2)y|| ≤ ε for y ∈ H(B). Consequently,

||K(t1)x−K(t2)x|| = ||K0(t1)Hx−K0(t2)Hx|| ≤ ε

for all x ∈ B, which shows that the set {K(·)x : x ∈ B} is equicontinuous. ¥

17.2. Generalized Barbashin equations with Uryson operators
In the preceding subsection we have seen that, under some natural hypotheses,

the initial value problem for the integro-differential equation (17.1) has always a local
solution; this is completely analogous to ordinary differential equations. As usual, the
existence of solutions of boundary value problems for (17.1) is more difficult to prove
(and, as a matter of fact, is not always true). This will be illustrated in this subsection.
Our main tool is the fixed point principle for operators in K-normed spaces which
turned out to be useful already in the linear case (Subsection 9.4).

Let E be a Banach space with K-norm ]| · |[: E → K which takes its values in
the positive cone K of some ordered Banach space Z, and F : E → E a bounded
continuous operator which satisfies a contraction type condition

(17.12) ]|Fx− Fy|[ ≤ G(]|x− y|[) (x, y ∈ E).

Here G : K → K is some positive linear operator in Z. As we have seen (Theorem
9.6), the operator F has a unique fixed point in E, provided that G has spectral radius
rσ(G) < 1.

To apply Theorem 9.6, let us replace equation (17.1) by the more general integro-
differential equation
(17.13)

∂x(ϕ, t, s)

∂ϕ
= c(ϕ, t, s)x(ϕ, t, s) +

∫ 1

−1

l(ϕ, t, s, τ, x(ϕ, τ, s)) dτ

+

∫ d

c

m(ϕ, t, σ, x(ϕ, t, σ)) dσ +

∫ d

c

∫ 1

−1

n(ϕ, t, s, τ, σ, x(ϕ, τ, σ)) dτ dσ + f(ϕ, t, s)



((ϕ, t, s) ∈ Q), subject to the boundary condition

(17.14)

{
x(a, t, s) = φ(t, s) if (t, s) ∈ Q+,

x(b, t, s) = ψ(t, s) if (t, s) ∈ Q−;

here we have put Q = [a, b]×[−1, 1]×[c, d], Q+ = (0, 1]×[c, d], and Q− = [−1, 0)×[c, d].
Equations like (17.13) occur as Fourier transforms of a certain type of Schrödinger
equations. As above, c : Q → R, φ : Q+ → R, ψ : Q− → R, and f : Q → R are
given measurable functions, and l : Q × [−1, 1] ×R → R, m : Q × S ×R → R, and
n : Q× [−1, 1]× S ×R → R are supposed to satisfy a Carathéodory condition.

We are going to study the boundary value problem (17.13)/(17.14) in the space
W 1

ϕp = W 1
ϕp(Q) (1 ≤ p < ∞) of all measurable functions x : Q → R for which the

norm

(17.15) ||x||W 1
ϕp

=

{∫ b

a

∫ 1

−1

∫ d

c

[
|x(ϕ, t, s)|+

∣∣∣∣
∂x(ϕ, t, s)

∂ϕ

∣∣∣∣
]p

ds dt dϕ

}1/p

(1 ≤ p < ∞) is finite; this norm was introduced in Nikol’skij [1969] in a different
context.

Consider the kernel of four variables

(17.16) e(ϕ, ϕ0, t, s) = exp

∫ ϕ

ϕ0

c(ξ, t, s)dξ

which generates a partial integral operator (see Subsection 11.1)

(17.17) Pf(ϕ, t, s) =





∫ ϕ

a

e(ϕ, θ, t, s)f(θ, t, s) dθ if (t, s) ∈ Q+,

∫ ϕ

b

e(ϕ, θ, t, s)f(θ, t, s) dθ if (t, s) ∈ Q−.

To begin with, we show how to solve the boundary value problem (17.13)/(17.14)
explicitly in case l = m = n ≡ 0. The proof of the following lemma consists in a
straightforward calculation:

Lemma 17.2. For c ∈ L∞(Q), f ∈ Lp(Q), φ ∈ Lp(Q+) and ψ ∈ Lp(Q−), the
problem

(17.18)





∂z(ϕ, t, s)

∂ϕ
= c(ϕ, t, s)z(ϕ, t, s) + f(ϕ, t, s) if (ϕ, t, s) ∈ Q,

z(a, t, s) = φ(t, s) if (t, s) ∈ Q+,

z(b, t, s) = ψ(t, s) if (t, s) ∈ Q−

has a unique solution z ∈ W 1
ϕp. This solution is given by

(17.19) z =

{
Pf + φ̃ almost everywhere on [a, b]×Q+,

Pf + ψ̃ almost everywhere on [a, b]×Q−,



where
φ̃(ϕ, t, s) = φ(t, s)e(ϕ, a, t, s) ((t, s) ∈ Q+)

and
ψ̃(ϕ, t, s) = ψ(t, s)e(ϕ, b, t, s) ((t, s) ∈ Q−).

Lemma 17.2 allows us to transform the boundary value problem (17.13)/(17.14) into
an operator equation which may be treated by Theorem 9.6. As in Subsection 11.1, we
introduce the operators

Cx(ϕ, t, s) = c(ϕ, t, s)x(ϕ, t, s),

Lx(ϕ, t, s) =

∫ 1

−1

l(ϕ, t, s, τ, x(ϕ, τ, s)) dτ,

Mx(ϕ, t, s) =

∫ d

c

m(ϕ, t, s, σ, x(ϕ, t, σ)) dσ,

Nx(ϕ, t, s) =

∫ d

c

∫ 1

−1

n(ϕ, t, s, τ, σ, x(ϕ, τ, σ)) dτ dσ,

and
K = L + M + N.

The equation (17.13) may then be written more concisely in the form

(17.20)
∂x

∂ϕ
= [C + K]x + f.

Proposition 17.2. Let the conditions of Lemma 17.2 be satisfied. Suppose that the
nonlinear operator K = L + M + N is continuous and bounded in Lp. Then every
solution x ∈ W 1

ϕp of the boundary value problem (17.13)/(17.14) solves the nonlinear
operator equation

(17.21) x =

{
P (Kx + f) + φ̃ almost everywhere on [a, b]×Q+,

P (Kx + f) + ψ̃ almost everywhere on [a, b]×Q−.

Conversely, every solution x ∈ Lp of (17.21) belongs to W 1
ϕp and solves the boundary

value problem (17.13)/(17.14).
2 The proof follows immediately from Lemma 17.2 with f replaced by Kx+ f . ¥

We remark that partial integral operators of Uryson type have been studied by
Povolotskij-Kalitvin [1985, 1991], Kalitvin-Glotov [1996], Kalitvin [1997],
Appell-De Pascale-Kalitvin-Zabrejko [1996],Kalitvin-Korenchuk-Evtukhina
[1993], and Chen-Kalitvin [1997, 1998].

We begin now to study the operator equation (17.21) from the viewpoint of fixed
point theorems in K-normed spaces; the constructions and results will be parallel to
those in Subsection 9.4. For a ≤ ϕ ≤ b, 0 < t ≤ 1, and s ∈ S, we put x(ϕ, t, s) =
u(ϕ, t, s), x(ϕ,−t, s) = v(ϕ, t, s), z(ϕ, t, s) = g(ϕ, t, s), z(ϕ,−t, s) = h(ϕ, t, s) (z from



Lemma 17.2), e(ϕ, ϕ0, t, s) = i(ϕ, ϕ0, t, s), and e(ϕ, ϕ0,−t, s) = j(ϕ, ϕ0, t, s). Moreover,
we define four operators A,B, C, and D by

Au(ϕ, t, s) =

∫ ϕ

a

∫ 1

0

i(ϕ, θ, t, s)l(θ, t, s, τ, u(θ, τ, s)) dτ dθ

+

∫ ϕ

a

∫ d

c

i(ϕ, θ, t, s)m(θ, t, s, σ, u(θ, t, σ)) dσ dθ

+

∫ ϕ

a

∫ d

c

∫ 1

0

i(ϕ, θ, t, s)n(θ, t, s, τ, σ, u(θ, τ, σ)) dτ dσ dθ,

Bv(ϕ, t, s) =

∫ ϕ

a

∫ 1

0

i(ϕ, θ, t, s)l(θ, t, s,−τ, v(θ, τ, s)) dτ dθ

+

∫ ϕ

a

∫ d

c

∫ 1

0

i(ϕ, θ, t, s)n(θ, t, s,−τ, σ, v(θ, τ, σ))dτdσ dθ,

Cu(ϕ, t, s) =

∫ ϕ

b

∫ 1

0

j(ϕ, θ, t, s)l(θ,−t, s, τ, u(θ, τ, s)) dτ dθ

+

∫ ϕ

a

∫ d

c

∫ 1

0

j(ϕ, θ, t, s)n(θ,−t, s, τ, σ, u(θ, τ, σ)) dτ dσ dθ,

and

Dv(ϕ, t, s) =

∫ ϕ

b

∫ 1

0

j(ϕ, θ, t, s)l(θ,−t, s,−τ, v(θ, τ, s)) dτ dθ

+

∫ ϕ

b

∫ d

c

j(ϕ, θ, t, s)m(θ,−t, s, σ, v(θ, t, σ)) dσ dθ

+

∫ ϕ

b

∫ d

c

∫ 1

0

j(ϕ, θ, t, s)n(θ,−t, s,−τ, σ, v(θ, τ, σ)) dτ dσ dθ.

The operator equation (17.21) may then be written as a system

(17.22)

(
u
v

)
=

(
A B
C D

)(
u
v

)
+

(
g
h

)
.

Suppose now that the kernels l, m, and n satisfy Lipschitz conditions

|l(ϕ, t, s, τ, u)− l(ϕ, t, s, τ, v)| ≤ a1(ϕ, t, s, τ)|u− v|,
|m(ϕ, t, s, σ, u)−m(ϕ, t, s, σ, v)| ≤ a2(ϕ, t, s, σ)|u− v|,

|n(ϕ, t, s, τ, σ, u)− n(ϕ, t, s, τ, σ, v)| ≤ a3(ϕ, t, s, τ, σ)|u− v|,
|l(ϕ, t, s,−τ, u)− l(ϕ, t, s,−τ, v)| ≤ b1(ϕ, t, s, τ)|u− v|,

|n(ϕ, t, s,−τ, σ, u)− n(ϕ, t, s,−τ, σ, v)| ≤ b2(ϕ, t, s, τ, σ)|u− v|,
|l(ϕ,−t, s, τ, u)− l(ϕ,−t, s, τ, v)| ≤ c1(ϕ, t, s, τ)|u− v|,

|n(ϕ,−t, s, τ, σ, u)− n(ϕ,−t, s, τ, σ, v)| ≤ c2(ϕ, t, s, τ, σ)|u− v|,
|l(ϕ,−t, s,−τ, u)− l(ϕ,−t, s,−τ, v)| ≤ d1(ϕ, t, s, τ)|u− v|,
|m(ϕ,−t, s, σ, u)−m(ϕ,−t, s, σ, v)| ≤ d2(ϕ, t, s, σ)|u− v|,



and
|n(ϕ,−t, s,−τ, σ, u)− n(ϕ,−t, s,−τ, σ, v)| ≤ d3(ϕ, t, s, τ, σ)|u− v|.

Moreover, assume that

∥∥∥
∫ 1

0

i(ϕ, θ, ·, ·)a1(θ, ·, ·, τ)u(τ, ·) dτ +

∫ d

c

i(ϕ, θ, ·, ·)a2(θ, ·, ·, σ)u(·, σ) dσ

+

∫ d

c

∫ 1

0

i(ϕ, θ, ·, ·)a3(θ, ·, ·, τ, σ)u(τ, σ) dτ dσ
∥∥∥ ≤ α||u||,

∥∥∥
∫ 1

0

i(ϕ, θ, ·, ·)b1(θ, ·, ·, τ)v(τ, ·) dτ

+

∫ d

c

∫ 1

0

i(ϕ, θ, ·, ·)b2(θ, ·, ·, τ, σ)v(τ, σ) dτ dσ
∥∥∥ ≤ β||v||,

∥∥∥
∫ 1

0

j(ϕ, θ, ·, ·)c1(θ, ·, ·, τ)u(τ, ·) dτ

+

∫ d

c

∫ 1

0

j(ϕ, θ, ·, ·)c2(θ, ·, ·, τ, σ)u(τ, σ) dτ dσ
∥∥∥ ≤ γ||u||,

and
∥∥∥

∫ 1

0

j(ϕ, θ, ·, ·)d1(θ, ·, ·, τ)v(τ, ·) dτ +

∫ d

c

j(ϕ, θ, ·, ·)d2(θ, ·, ·, σ)v(·, σ) dσ

+

∫ d

c

∫ 1

0

j(ϕ, θ, ·, ·)d3(θ, ·, ·, τ, σ)v(τ, σ) dτ dσ
∥∥∥ ≤ δ||v||,

where all norms are taken in Lp(Q+). We define a linear operator G by

(17.23) Gz(ϕ) = G

(
u(ϕ)

v(ϕ)

)
=

( ∫ ϕ

a
[αu(θ) + βv(θ)] dθ

∫ b

ϕ
[γu(θ) + δv(θ)] dθ

)
.

Theorem 17.3. Let the assumptions of Proposition 17.3 be satisfied. Assume, moreover,
that the numbers α, β, γ and δ can be defined as above and satisfy one of the following
four conditions:

(a) ∆ = (α + δ)2 − 4βγ > 0 and (b− a)
√

∆ < log
α + δ +

√
∆

α + δ −√∆
;

(b) (α + δ)2 = 4βγ and (b− a)(d + δ) < 2;

(c) ∆ < 0, α + δ 6= 0, and (b− a)
√−∆ < 2 arctan

√−∆

α + δ
;

(d) ∆ < 0, α + δ = 0, and (b− a)
√−∆ < π.

Then the operator equation (17.21), and hence also the boundary value problem
(17.13)/(17.14), has a unique solution x ∈ W 1

ϕp; this solution may be obtained by the
usual method of successive approximations.



2 We have to construct a suitable K-normed space E such that the operator

(17.24) F

(
u
v

)
=

(
A B
C D

) (
u
v

)
+

(
g
h

)

satisfies the contraction condition (17.12). We take X = Lp(Q+) × Lp(Q−), equipped
with the norm ||(u, v)||X = ||u||Lp + ||v||Lp . Moreover, let E = Lp([a, b], X) be the
Bochner-Lebesgue space of all X-valued functions ϕ 7→ x(ϕ, ·, ·) = (u(ϕ, ·, ·), v(ϕ, ·, ·)),
equipped with the norm

||x||E =

{∫ b

a

[||u(ϕ, ·, ·)||p + ||v(ϕ, ·, ·)||p]p dϕ

}1/p

and the K-norm
]|x|[= (||u(ϕ, ·, ·)||p, ||v(ϕ, ·, ·)||p).

Thus, the K-norm takes its values in the natural cone of the Banach space Z =
Lp([a, b],R2). Our assumptions ensure that the estimate (17.12) is true for the operators
(17.23) and (17.24). As in Theorem 9.7 we see that the spectral radius of G is less than
1. Consequently, Theorem 9.6 applies. ¥

17.3. Partial integral equations with Hammerstein operators
In the preceding subsections we have proved existence and uniqueness theorems for

various types of integro-differential equations of Barbashin type in Lebesgue spaces by
means of topological methods. Now we are going to discuss partial integral equations
of the type

(17.25)

y(t, s) =

∫

T

l(t, s, τ)h(τ, s, y(τ, s)) dτ +

∫

S

m(t, s, σ)h(t, σ, y(t, σ)) dσ

+

∫

S

∫

T

n(t, s, τ, σ)h(τ, σ, y(τ, σ)) dτ dσ + g(t, s)

in the space C(D) of continuous functions over D := T × S. Here l : D × T → R,
m : D×S → R, n : D×D → R, and g : D → R are given measurable functions, while
f : D×R → R is supposed to satisfy a Carathéodory condition. We restrict ourselves
to the model case T = [a, b] and S = [c, d] in the sequel.

Let us define operators L, M , and N by

(17.26) Lx(t, s) =

∫ b

a

l(t, s, τ)x(τ, s) dτ,

(17.27) Mx(t, s) =

∫ d

c

m(t, s, σ)x(t, σ) dσ,

and

(17.28) Nx(t, s) =

∫ d

c

∫ b

a

n(t, s, τ, σ)x(τ, σ) dτ dσ,



and denote by

(17.29) Hy(t, s) = h(t, s, y(t, s))

the Nemytskij operator generated by the function f . We may then rewrite equation
(17.25) as an operator equation

(17.30) y = KHy + g.

From standard theorems on Nemytskij operators in spaces of continuous functions (see
e.g. Appell-Zabrejko [1990]) it follows that, by the continuity of the function f , the
operator KH maps C(D) into itself if the operator K = L + M + N does. Moreover,
Theorem 13.1 implies the following

Theorem 17.4. Suppose that the function f is continuous, and the functions

Γ(t, s) :=

∫ b

a

l(t, s, τ) dτ +

∫ d

c

m(t, s, σ) dσ +

∫ d

c

∫ b

a

n(t, s, τ, σ) dτ dσ,

Γξ(t, s) :=

∫ ξ

a

κ(t, τ)

{∫ d

c

m(t, s, σ) dσ + (ξ − τ)[l(t, s, τ) +

∫ d

c

n(t, s, τ, σ) dσ]

}
dτ,

Γη(t, s) :=

∫ η

c

κ(s, σ)

{∫ b

a

l(t, s, τ) dτ + (η − σ)[m(t, s, σ) +

∫ b

a

n(t, s, τ, σ) dτ ]

}
dσ,

and

Γξ,η(t, s) :=

∫ ξ

a

∫ η

c

{(ξ − τ)l(t, s, τ)κ(s, σ) + (η − σ)m(t, s, σ)κ(t, τ)

+ (ξ − τ)(η − σ)n(t, s, τ, σ)]} dτ dσ

are continuous on D for all (ξ, η) ∈ D; here κ(t, τ) and κ(s, σ) are defined as in
Subsection 13.2. Assume, moreover, that the function

Γ(t, s) =

∫ b

a

|l(t, s, τ)| dτ +

∫ d

c

|m(t, s, σ)| dσ +

∫ d

c

∫ b

a

|n(t, s, τ, σ)| dτ dσ

is bounded on D. Then the operator KH acts in the space C(D), is bounded, continuous,
and uniformly continuous on bounded sets.

The following example shows that the acting condition KH : C(D) → C(D) does
not imply the acting conditions K : C(D) → C(D) or H : C(D) → C(D):

Example 17.1. Let g : R → R be a continuous function, not identical zero, p :=
1
2
(a + b),

h(t, s, u) :=

{
g(u) if a ≤ t ≤ p,

−g(u) if p < t ≤ b,

l(t, s, τ) :=

{
1 if a ≤ t ≤ p,

−1 if p < t ≤ b,



and m(t, s, σ) = n(t, s, τ, σ) ≡ 0. Obviously, the operators M and H do not map the
space C(D) into itself, but the operator

(17.31) LHx(t, s) =

∫ b

a

g(x(τ, s)) dτ

does.

Let U be some real interval (bounded or unbounded), and either Ω = T , Ω = S, or
Ω = D. We say that a measurable function a : D × Ω × U → R is integral-bounded if
for each r > 0 we have

sup
|u|≤r

sup
(t,s)∈D

∫

Ω

|a(t, s, ω, u)| dω < ∞,

and continuous in the whole if for each r > 0 we have

lim
d→0

sup
|u1|,|u2|≤r

∫

Ω

|a(t1, s1, ω, u1)− a(t2, s2, ω, u2)| dω = 0,

where d = |t1 − t2|+ |s1 − s2|+ |u1 − u2|.

Theorem 17.5. Suppose that the functions

(t, s, τ, u) 7→ l(t, s, τ)h(τ, s, u), (t, s, σ, u) 7→ m(t, s, σ)h(t, σ, u),

and
(t, s, τ, σ, u) 7→ n(t, s, τ, σ)h(τ, σ, u)

are both integral-bounded and continuous in the whole. Then the operator KH acts in
the space C(D), is bounded, continuous, and uniformly continuous on bounded sets.

2 We prove the assertion for the operator LH, the proof for MH and NH is similar.
First we show that LH maps the space C(D) into itself. Given x ∈ C(D), we have
|x(t, s)| ≤ r for some r > 0, hence

(17.32) sup
|u|≤r

sup
(t,s)∈D

∫ b

a

|l(t, s, τ)h(τ, s, u)| dτ < ∞,

by assumption. This implies that

(17.33) sup
(t,s)∈D

|LHx(t, s)| < ∞,

which shows that LH is defined on C(D). Further, the continuity in the whole of the
integrand in (17.32) implies that

lim
d→0

sup
|u1|,|u2|≤r

∫ b

a

|l(t1, s1, τ)h(τ, s1, u1)− l(t2, s2, τ)h(τ, s2, u2)| dτ = 0,

where d = |t1 − t2|+ |s1 − s2|+ |u1 − u2|. But this and the continuity of x on D imply
that

|LHx(t1, s1)− LHx(t2, s2)| → 0 (|t1 − t2|, |s1 − s2| → 0).



We have shown that the operator LH maps C(D) into itself and is bounded. Now,
choose x, y ∈ C(D) such that ||x||, ||y|| ≤ r and ||x− y|| ≤ δ, with r as in (17.32) and
δ small. Then ||LHx − LHy|| ≤ ε, which shows that LH is uniformly continuous on
bounded sets. ¥

We remark that the hypotheses of Theorem 17.5 are fulfilled if the functions (t, s, τ, u) 7→
l(t, s, τ)h(τ, s, u), (t, s, σ, u) 7→ m(t, s, σ)h(t, σ, u), and (t, s, τ, σ, u) 7→ n(t, s, τ, σ)h(τ, σ, u)
are all continuous. In particular, this true for the functions in Example 17.1, since
l(t, s, τ)h(τ, s, u) = g(u).

Now we will be interested in finding conditions for the Lipschitz continuity of the
Hammerstein operator KH. Since

||KHx−KHy|| = ||K(Hx−Hy)|| ≤ ||K|| ||Hx−Hy||,

we have only to care for the Lipschitz continuity of the Nemytskij operator (17.29). As
was shown inAppell [1981] (see alsoAppell-Massabò-Vignoli-Zabrejko [1988]),
the Lipschitz condition for H, i.e.

||Hx−Hy|| ≤ k(r)||x− y|| (||x||, ||y|| ≤ r)

is equivalent to the corresponding Lipschitz condition for the function h(t, s, ·), i.e.

(17.34) |h(t, s, u)− h(t, s, v)| ≤ k(r)|u− v| (|u|, |v| ≤ r).

Consequently, the following result is true:

Theorem 17.6. Suppose that both operators K and H act in the space C(D). Then
the operator KH satisfies a Lipschitz condition in C(D) if (17.34) holds.

Observe that Theorem 17.6 does not apply to the operator given in Example 17.1,
since the operator H there does not act in the space C(D). On the other hand, the
operator (17.31) satisfies a Lipschitz condition on C(D) if the function g is Lipschitz
continuous.

Let us now give an elementary differentiability result for the operator KH. Since
the Fréchet derivative of this operator has the form [KH]′ = KH ′ (if it exists), we
have again to care only for the differentiability of the Nemytskij operator (17.29) in
C(D). From well-known differentiability conditions of the Nemytskij operator (see e.g.
Krasnosel’skij-Zabrejko-Pustyl’nik-Sobolevskij [1966]) we get therefore the
following

Theorem 17.7. Suppose that both operators K and H act in the space C(D), and the
function h has a continuous derivative ∂h/∂u. Then the operator KH is differentiable
at each point x0 ∈ C(D) and

(17.35) [KH]′(x0) = L̂(x0) + M̂(x0) + N̂(x0),

where

L̂(x0)h(t, s) :=

∫ b

a

l(t, s, τ)
∂h

∂u
[τ, s, x0(τ, s)]h(τ, s) dτ,



M̂(x0)h(t, s) :=

∫ d

c

m(t, s, σ)
∂h

∂u
[t, σ, x0(t, σ)]h(t, σ) dσ,

and

N̂(x0)h(t, s) :=

∫ d

c

∫ b

a

n(t, s, τ, σ)
∂h

∂u
[τ, σ, x0(τ, σ)]h(τ, σ) dτ dσ.

We illustrate Theorem 17.7 by an elementary example:

Example 17.2. Using the notation of Example 17.1, let g(u) = u. As we have seen,
the operator LH is then

LHx(t, s) =

∫ b

a

x(τ, s) dτ.

Being linear, this operator is clearly differentiable with (LH)′(x0) = LH for every
x0 ∈ C(D). On the other hand, neither of the operators L or H acts in the space
C(D). A similar fact is true in case g(u) = u2, say: here

(LH)′(x0)h(t, s) = 2

∫ b

a

x0(τ, s)h(τ, s) dτ,

but again neither of the operators L or H acts in the space C(D).

17.4. Surjectivity results for monotone operators
In Subsection 17.2 we have studied the Barbashin equation (17.1) in Lebesgue spaces

by means of topological methods. Since most Lebesgue spaces are reflexive, and many
nonlinearities arising in applications are monotonically increasing or decreasing, it is
a useful device to apply also monotonicity methods, rather than topological methods.
This will be illustrated in this and the following subsection by means of the equation
(17.25).

The existence results given below essentially build on Minty’s celebratedmonotonicity
principle (Minty [1962], see also Browder [1968]). Recall that a subset Z of the
product space X ×X∗ is said to be monotone if

(17.36) 〈y1 − y2, x1 − x2〉 ≥ 0 ((x1, y1), (x2, y2) ∈ Z).

A monotone set Z is maximal monotone if it is not properly contained in any other
monotone set. A (multivalued) mapping A : D(A) → 2X∗ (with D(A) ⊆ X) is called
monotone (respectively maximal monotone) if its graph G(A) = {(x, y) ∈ X × X∗ :
x ∈ D(A), y ∈ Ax} is a monotone (respectively maximal monotone) set. A mapping A
is called weakly coercive if either D(A) is bounded or D(A) is unbounded and

(17.37) lim
x∈D(A)
||x||→∞

inf
y∈Ax

||y|| = ∞.

Here 〈·, ·〉 denotes the natural pairing between X∗ and X. Minty’s monotonicity principle
may be stated as follows:



Theorem 17.8. Let X be a reflexive Banach space, and let A : D(A) → 2X∗ with
D(A) ⊆ X be maximal monotone and weakly coercive. Then R(A) = X∗, i.e. A is
onto.

17.5. Partial integral equations with monotone operators
As in Subsection 17.3, we rewrite equation (17.25) as operator equation (17.30) with

K = L+M +N . Since all operators occuring here act on functions of two variables, it is
reasonable to study equation (17.30) in spaces with mixed norm (see Subsection 12.1).
To this end, we first reduce the operators (17.26) and (17.27) to families of operators
acting on functions of one variable by putting

(17.38) L(s)u(t) =

∫

T

l(t, s, τ)u(τ) dτ (s ∈ S)

and

(17.39) M(t)v(s) =

∫

S

m(t, s, σ)v(σ) dσ (t ∈ T ).

Lemma 17.3. Let 2 ≤ p, q < ∞, 1
p

+ 1
p′ = 1, and 1

q
+ 1

q′ = 1. Suppose that the
following three conditions are satisfied:

(a) the linear integral operators (17.38) are bounded from Lp into Lp′ for each s ∈ S,
and the map s 7→ ||L(s)||L(Lp,Lp′ ) belongs to Lqq′/(q−q′) = Lq/(q−2);

(b) the linear integral operators (17.39) are bounded from Lq into Lq′ for each t ∈ T ,
and the map t 7→ ||M(t)||L(Lq ,Lq′ ) belongs to Lpp′/(p−p′) = Lp/(p−2);

(c) the linear integral operator (17.28) is bounded from [Lp → Lq] into [Lp′ → Lq′ ] if
p ≥ q, or from [Lp ← Lq] into [Lp′ ← Lq′ ] if p ≤ q.

Then the operator K = L + M + N is bounded from [Lp → Lq] into [Lp′ → Lq′ ] if
p ≥ q, or from [Lp ← Lq] into [Lp′ ← Lq′ ] if p ≤ q.

2 By Theorem 12.1, the operator L is bounded from [Lp → Lq] into [Lp′ → Lq′ ]
and the operator M is bounded from [Lp ← Lq] into [Lp′ ← Lq′ ]. Moreover, by the
Minkowski inequality, we have the continuous embeddings [Lp → Lq] ⊆ [Lp ← Lq] if
p ≥ q, and [Lp → Lq] ⊇ [Lp ← Lq] if p ≤ q. Thus, we get the conclusion. ¥

With p, q, p′, q′ as given above, let us put for shortness X = [Lp → Lq] if p ≥ q,
and X = [Lp ← Lq] if p ≤ q. Since [Lp → Lq]

∗ = [Lp → Lq]
′ = [Lp′ → Lq′ ] and

[Lp ← Lq]
∗ = [Lp ← Lq]

′ = [Lp′ ← Lq′ ] for these p and q, Lemma 17.3 gives a set of
sufficient conditions under which the operator K = L + M + N maps X into its dual
X∗. Observe, moreover, that the space X is reflexive, by our choice of p and q.

In order to apply Theorem 17.8, we make the following further assumptions:
(A1) there exists c > 0 such that 〈−Kx, x〉 ≥ c ||Kx||2 for all x ∈ X;
(A2) there exist a function a ∈ X and b ≥ 0 such that

(17.40) |h(t, s, w)| ≤ a(t, s) + b|w|r(p,q),

where r(p, q) = p′/p if p ≥ q, and r(p, q) = q′/q if p ≤ q;



(A3) the function h(t, s, ·) is monotonically increasing for almost all (t, s) ∈ D;
(A4) there exist a function ĥ ∈ L1 and d > 0 such that

(17.41) h(t, s, w)w ≥ d|w|s(p,q) + ĥ(t, s),

where s(p, q) = q′ if p ≥ q, and s(p, q) = p′ if p ≤ q.

Theorem 17.9. Suppose that the hypotheses of Lemma 17.3 as well as the assumptions
(A1) - (A3) are satisfied. Then the operator equation (17.30) has, for each g ∈ X∗, a
unique solution y ∈ X∗.

2 We first show the existence of a solution. The operator equation (17.30), i.e.
y = KHy + g with K = L + M + N , is equivalent to the relation

(17.42) 0 ∈ (−K)−1(y − g) + Hy

(see Browder-De Figueiredo-Gupta [1970]). Let z = y− g, and let Hg be defined
by Hgz = H(z + g). Then equation (17.42) holds if and only if

(17.43) 0 ∈ [(−K)−1 + Hg]z.

Under the assumptions (A2) and (A3), it is easy to show that the Nemytskij operator Hg

acts from X∗ into X and is monotone and continuous. Since (−K)−1 and Hg are both
maximal monotone, by a result of Rockafellar [1970], the mapping (−K)−1 + Hg

is also maximal monotone. Moreover, the estimate

inf
x∈(−K)−1z

||x + Hg(z)|| ≥ inf
x∈(−K)−1z

〈x + Hg(z), z〉
||z|| ≥ c||z|| − ||Hg(0)||

shows that (−K)−1 + Hg is weakly coercive. The solvability of equation (17.43) thus
follows from Theorem 17.8.

For the proof of uniqueness, let y1, y2 ∈ X∗ such that y1 = KHy1+g, y2 = KHy2+g.
Then

〈y1 − y2, Hy1 −Hy2〉+ 〈(−K)Hy1 − (−K)Hy2, Hy1 −Hy2〉 = 0,

and, by the monotonicity of H and the assumption (A1),

0 ≥ 〈(−K)Hy1 − (−K)Hy2, Hy1 −Hy2〉 ≥ c||K(Hy1 −Hy2)||2.

This implies that KHy1 = KHy2 and hence y1 = y2. ¥

In fact, under the assumptions (A2) and (A3), we only need that (−K) is monotone,
i.e. 〈−Kx, x〉 ≥ 0 for all x ∈ X, such that (−K)−1 + Hg is maximal monotone.
Furthermore, if the assumption (A4) is satisfied, by the Hölder inequality we have

〈Hy, y〉 ≥ d′||y||s(p,q) + d′′

for some d′ > 0 and d′′ ∈ R. Now let g = 0; since

inf
x∈(−K)−1y

||x + Hy|| ≥ inf
x∈(−K)−1y

〈x + Hy, y〉
||y|| ≥ d′||y||s(p,q) + d′′

||y|| ,



(−K)−1 + H is weakly coercive. In this way, we have proved the following

Theorem 17.10. Suppose that the hypotheses of Lemma 17.3 as well as the assumptions
(A2) - (A4) are satisfied. If (−K) is monotone and g = 0, then the operator equation
(17.30) has a solution y ∈ X∗.

We remark that other solvability results for partial integral equations involving
Hammerstein operators have been given in Povolotskij-Kalitvin [1985a, 1987,
1989, 1989a, 1991].

17.6. Variational methods
Let the operators L, M , N and H be defined as in (17.26) - (17.29). We will show

how to study the operator equation

(17.44) y = KHy,

with K = L + M + N as before, by means of variational methods. For solving an
operator equation Ay = 0, the main idea consists in looking for critical points of a
potential for A. Recall that a real functional Ψ on a Banach space E is called weakly
lower semicontinuous if

Ψ(u) ≤ lim
n→∞

Ψ(un)

for every sequence (un)n converging weakly to u in E. The following is a standard
result.

Proposition 17.3. Let E be a reflexive real Banach space, and let Ψ : E → R be
weakly lower semicontinuous. Suppose that the gradient ∇Ψ of Ψ exists on E and is
coercive, i.e.

lim
||u||→∞

〈∇Ψ(u), u〉
||u|| = ∞.

Then there exists some u0 ∈ X such that

Ψ(u0) = inf
u∈E

Ψ(u).

Moreover, u0 is a critical point of Ψ, i.e. Ψ′(u0) = 0.

Now let 1 < p, q < ∞, and let X = [Lp → Lq] or X = [Lp ← Lq]. Our first step
consists in finding potentials. For the Nemytskij operator H we can explicitly give its
potential (Krasnosel’skij [1956]), namely

(17.45) Φ(y) =

∫

T

∫

S

[∫ y(t,s)

0

h(t, s, u) du

]
ds dt.

Lemma 17.4. Suppose that the operator H maps X∗ into X. Then (17.45) defines
a continuous functional Φ : X∗ → R. Moreover, Φ is differentiable with gradient
∇Φ = H.



2 By the classical Krasnosel’skij-Ladyzhenskij lemma (Krasnosel’skij-Ladyzhenskij
[1954]) and Hölder’s inequality we have

|Φ(y)| ≤
∫

T

∫

S

|y(t, s)| |h(t, s, y∗(t, s))| ds dt ≤ ||y||X∗ ||Hy∗||X (y ∈ X∗),

where y∗ is a suitable measurable function on D = T × S with |y∗| ≤ |y|. Since the
Nemytskij operator H maps X∗ into X, we have ||Hy∗||X < ∞, and so Φ is defined on
the whole of X∗.

To prove the second assertion, let y, η ∈ X∗ and consider

w(y, η) := Φ(y + η)− Φ(y)− 〈Hy, η〉

=

∫

T

∫

S

[∫ y(t,s)+η(t,s)

0

h(t, s, u) du−
∫ y(t,s)

0

h(t, s, u) du− h(t, s, y(t, s))η(t, s)

]
ds dt

=

∫

T

∫

S

[∫ y(t,s)+η(t,s)

y(t,s)

{h(t, s, u)− h(t, s, y(t, s))} du

]
ds dt.

Again by the Krasnosel’skij-Ladyzhenskij lemma, there exists a measurable function
yη with |y| ≤ |yη| ≤ |y + η| such that

|w(y, η)| ≤
∫

T

∫

S

|η(t, s)| |h(t, s, yη(t, s))| ds dt ≤ ||η||X∗ ||Hyη −Hy||X .

For ||η||X∗ → 0 we have ||yη − y||X∗ → 0, and hence ||Hyη − Hy||X → 0, by the
continuity of H. This implies that

lim
||η||→0

|w(y, η)|
||η|| = 0,

i.e. ∇Φ = H as claimed. ¥

A standard way to apply Proposition 17.3 is to consider a square root of K. The usual
assumption for this is that there is some Hilbert space H with X∗ ⊆ H ⊆ X∗∗ = X.
However, for the “natural choice” H = L2 this implies that p, q ≤ 2. On the other hand,
Lemma 17.3 holds only for p, q ≥ 2. Thus we may cover only the Hilbert space case
p = q = 2 in this way.

To overcome this difficulty, we apply the following result of Browder-Gupta
[1969]:

Theorem 17.11. Let E be a real Banach space, and let K : E → E∗ be bounded,
linear, monotone, and selfadjoint. Then there exists a Hilbert space H and a bounded
linear operator B : E → H such that K = B∗B. Moreover, B∗ : H → E∗ is injective,
and ||B||2 ≤ ||K||.

To apply Proposition 17.3 to the equation (17.44) we make now the following
assumptions:

(H1) the operator K : X → X∗ is monotone and selfadjoint;



(H2) the growth estimate

(17.46) |h(t, s, v)| ≤ a(t, s) + b|v|r(p,q)

holds for some a ∈ X and b ≥ 0, where r(p, q) := p′/p if p ≥ q, and r(p, q) := q′/q if
p ≤ q;

(H3) the monotonicity condition

(17.47) 〈Hy1 −Hy2, y2 − y2〉 ≤ c ||y1 − y2||2X∗

holds, where c ||K|| < 1.

Theorem 17.12. Suppose that the hypotheses of Lemma 17.4 as well as the assumptions
(H1) - (H3) are satisfied. Then the operator equation (17.44) has a unique solution
y ∈ X∗.

2 As mentioned before, we have H(X∗) ⊆ X, by (H2), and K(X) ⊆ X∗, by
Lemma 17.4. Using the assumption (H1) we can construct a Hilbert space H with
scalar product 〈·, ·〉 and an operator B : X → H as given in Theorem 17.11. To solve
the equation (17.44) it suffices to find a solution h ∈ H of

(17.48) h−BHB∗h = 0.

Indeed, h ∈ H solves (17.48) if and only if y = B∗h solves (17.44).
Consider the functional Ψ : H → R defined by

Ψ(h) =
1

2
〈h, h〉 − Φ(B∗h),

where Φ is given by (17.45), i.e. ∇Φ = H. We verify the conditions of Proposition 17.3
for E = H. For fixed h0, h ∈ H we have

lim
t→0

1

t
[Ψ(h0 + th)−Ψ(h0)] = 〈h0, h〉 − lim

t→0

1

t
[Φ(B∗h0 + tB∗h)− Φ(B∗h0)]

= 〈h0, h〉 − 〈H(B∗h0), B
∗h〉 = 〈h0, h〉 − 〈BH(B∗h0), h〉.

This implies that ∇Ψ = I − BHB∗ exists. Moreover, for h1, h2 ∈ H we have, by
assumption (H3),
(17.49)

〈∇Ψh1 −∇Ψh2〉 = ||h1 − h2||2H − 〈BHB∗h1 −BHB∗h2, h1 − h2〉
= ||h1 − h2||2H − 〈HB∗h1 −HB∗h2, B

∗h1 −B∗h2〉 ≥ ||h1 − h2||2H − c ||B∗h1 −B∗h2||2X
≥ ||h1 − h2||2H − c ||B∗||2||h1 − h2||2H ≥ (1− c ||K||)||h1 − h2||2H > 0.

This shows that ∇Ψ is monotone and

〈∇Ψ(h), h〉
||h||H →∞ (||h||H →∞).

The monotonicity of ∇Ψ implies the lower semicontinuity of Ψ (see e.g. Vajnberg
[1969]). Therefore, all conditions of Proposition 17.3 are satisfied, and thus (17.48) has
a solution.



To prove uniqueness, suppose that y1 and y2 are solutions of (17.44). Then h1 =
(B∗)−1y1 and h2 = (B∗)−1y2 are solutions of (17.48). From inequality (17.49) it follows
that (B∗)−1y1 = (B∗)−1y2, hence y1 = y2. ¥

We point out that the assumption (H3) is in some sense too restrictive for the
application of variational methods: As we have seen in the proof of Theorem 17.12,
this assumption implies that ∇Ψ is monotone and weakly coercive. But ∇Ψ is even
maximal monotone, being continuous. So, we get the same result by applying Minty’s
monotonicity principle.

Variational methods have been applied to the study of partial integral equations with
Hammerstein operators in Kalitvin [1986a] and Povolotskij-Kalitvin [1985a,
1989, 1991]. A parallel theory for Uryson operators has not been given systematically;
however, some results may be found in Kalitvin [1986, 1986a, 1997], Kalitvin-
Korenchuk-Evkhutina [1993], Povolotskij-Kalitvin [1985, 1991], and Chen-
Kalitvin [1997, 1998]. More existence theorems for nonlinear partial integral equations
have been given in Povolotskij-Kalitvin [1994],Muresan [1982, 1984], and Pachpatte
[1981, 1983, 1984, 1986]. Nemytskij operators in spaces with mixed norm have been
studied, for example, in Kalitvin [1984a] and Chen-Väth [1997].



§ 18. The Newton-Kantorovich method

In this section we discuss the applicability of the Newton-Kantorovich method to
the nonlinear partial integral equation of Uryson type

(18.1)

x(t, s) =

∫

T

l(t, s, τ, x(τ, s)) dτ

+

∫

S

m(t, s, σ, x(t, σ)) dσ +

∫

T

∫

S

n(t, s, τ, σ, x(τ, σ)) dσ dτ

by means of the Newton-Kantorovich method. A basic ingredient of this method
consists in verifying a local Lipschitz condition for the Fréchet derivative of the the
corresponding nonlinear partial integral operators. The abstract results are illustrated
in the spaces C and Lp for 1 ≤ p ≤ ∞. In particular, we show that a local Lipschitz
condition for the derivative in Lp for p < ∞ leads to a strong degeneracy of the
corresponding kernels. The basic results of this section are taken from Appell-De
Pascale-Kalitvin-Zabrejko [1996].

18.1. The abstract Newton-Kantorovich method
The Newton-Kantorovich method is one of the basic tools for finding approximate

solutions of the operator equation

(18.2) F (x) = 0,

where F is some nonlinear operator in a Banach space X. In the corresponding iterative
scheme

(18.3) xn+1 = xn − F ′(xn)−1F (xn) (n = 0, 1, 2, . . .)

one has to require, in particular, that the Fréchet derivative of F at all points xn exists
and is invertible in the algebra L(X) of all bounded linear operators in X. The direct
verification of this requirement may cause essential difficulties in practice. However,
in the last years several new ideas have been developed to overcome these difficulties.
For the reader’s ease, let us briefly sketch some of these ideas related to the Newton-
Kantorovich method Zabrejko-Nguyen [1987, 1989].

Suppose that F is defined on the closure BR(X) of some ball BR(X) = {x : x ∈
X, ||x|| < R} and admits a Fréchet derivative F ′(x) at each point of BR(X) such that
F ′ satisfies a Lipschitz condition

(18.4) ||F ′(x1)− F ′(x2)|| ≤ k(r)||x1 − x2|| (x1, x2 ∈ Br(X), 0 ≤ r ≤ R)

as a map from BR(X) into L(X). We also assume that the Fréchet derivative at zero
is invertible and put

(18.5) a := ||F ′(0)−1F (0)||
and

(18.6) b := ||F ′(0)−1||.



Since the (minimal) Lipschitz constant k = k(r) in (18.4) is positive, the function
ϕ : [0, R] → [0,∞) defined by

(18.7) ϕ(r) := a + b

∫ r

0

(r − t)k(t) dt (0 ≤ r ≤ R)

is convex. The scalar equation

(18.8) r = ϕ(r)

may have no solution, a unique solution, or many solutions in [0, R]. Let us suppose
for the moment that (18.8) has a unique solution r∗ ∈ [0, R] and ϕ(R) ≤ R. In this
case the equation (18.2) has a solution x∗ ∈ Br∗(X), and this solution is unique in the
open ball BR(X) (see Zabrejko-Nguyen [1987]). Moreover, the iterations (18.3) are
defined for every n and converge to the solution x∗.

The usefulness of the Newton-Kantorovich method does not only consist in reducing
the operator equation (18.2) in a Banach space to the scalar equation (18.8) on a real
interval. It is also possible to give estimates for the convergence speed. In fact, let

U(r) :=
ϕ(r)− r

1− ϕ′(r)
,

V (r) := U(r + U−1(r)),

and

W (r) :=
∞∑

k=0

V k(r).

Then the estimates
||xn+1 − xn|| ≤ V n(a)

and
||x∗ − xn|| ≤ W (V n(a))

hold Zabrejko-Nguyen [1987]. So, in order to study equation (18.2) from the viewpoint
of existence, uniqueness, and approximation it suffices in many cases to calculate (or
estimate) the constants a and b, as well as to calculate (or estimate) the scalar function
k = k(r).

As already mentioned, the simplest case is when the scalar equation (18.8) has a
unique solution r∗ in [0, R] and ϕ(R) ≤ R. Other cases may be reduced to this case.
For example, if (18.8) has another solution r∗ ∈ [0, R] with r∗ > r∗, say, we simply take
R < r∗. Likewise, if (18.8) has a whole continuum of solutions [r∗, r∗] ⊂ (0, R], we can
choose R = r∗.

18.2. Lipschitz conditions for derivatives and norm estimates
Throughout we denote the (partial) integral operator generated by some kernel

function by the corresponding capital letter, i. e.

(18.9) L(x)(t, s) :=

∫

T

l(t, s, τ, x(τ, s)) dτ,



(18.10) M(x)(t, s) :=

∫

S

n(t, s, σ, x(t, σ)) dσ,

and

(18.11) N(x)(t, s) :=

∫

T

∫

S

n(t, s, τ, σ, x(τ, σ)) dσ dτ.

The nonlinear partial integral equation (18.1) may then be rewritten as operator
equation (18.2) if we put

(18.12) F (x) = x− L(x)−M(x)−N(x) (x ∈ BR(X)),

where X is some Banach space of real functions over T × S.
Suppose now that the three kernels in (18.1) have partial derivatives in the last

argument

l1(t, s, τ, u) :=
∂l

∂u
(t, s, τ, u), m1(t, s, σ, u) :=

∂m

∂u
(t, s, σ, u),

and
n1(t, s, τ, σ, u) :=

∂n

∂u
(t, s, τ, σ, u),

Consider the operators L∗, M∗ and N∗ defined by

(18.13) L∗(x)(t, s, τ) := l1(t, s, τ, x(τ, s)),

(18.14) M∗(x)(t, s, σ) := m1(t, s, σ, x(t, σ)),

and

(18.15) N∗(x)(t, s, τ, σ) := n1(t, s, τ, σ, x(τ, σ)).

These operators are not Nemytskij operators in the usual sense, since they map functions
of the two variables (t, s) into functions of three (or even four) variables; we call such
operators “generalized Nemytskij operators” in the sequel. The operators (18.13) -
(18.15) may be considered between the space X and the kernel spaces Rl(X), Rm(X),
and Rn(X) defined by the norms

(18.16) ||p||Rl(X) := sup
||h||X≤1

||
∫

T

|p(·, ·, τ)h(τ, ·)| dτ ||X ,

(18.17) ||q||Rm(X) := sup
||h||X≤1

||
∫

S

|q(·, ·, σ)h(·, σ)| dσ||X ,

and

(18.18) ||r||Rn(X) := sup
||h||X≤1

||
∫

T

∫

S

|r(·, ·, τ, σ)h(τ, σ)| dσ dτ ||X ,



respectively. Of course, the functionals (18.16) - (18.18) are nothing else than the
operator norms of the moduli of the corresponding (regular) linear partial integral
operators

(18.19) Ph(t, s) :=

∫

T

p(t, s, τ)h(τ, s) dτ,

(18.20) Qh(t, s) :=

∫

S

q(t, s, σ)h(t, σ) dσ,

and

(18.21) Rh(t, s) :=

∫

T

∫

S

r(t, s, τ, σ)h(τ, σ) dσ dτ

in the algebra L(X) of bounded linear operators on X. We set

(18.22) L1(x)h(t, s) :=

∫

T

l1(t, s, τ, x(τ, s))h(τ, s) dτ,

(18.23) M1(x)h(t, s) :=

∫

S

m1(t, s, σ, x(t, σ))h(t, σ) dσ,

and

(18.24) N1(x)h(t, s) :=

∫

T

∫

S

n(t, s, τ, σ, x(τ, σ))h(τ, σ) dτ dσ.

Lemma 18.1. Suppose that the generalized Nemytskij operators (18.13) - (18.15)
act from BR(X) into Rl(X), Rm(X), and Rn(X), respectively, and satisfy a Lipschitz
condition. Then the operators (18.9) - (18.11) are Fréchet differentiable with L′ = L1,
M ′ = M1, and N ′ = N1. Consequently,

(18.25) F ′(x) = I − L1(x)−M1(x)−N1(x) (x ∈ BR(X)).

2 The assertion has been proved in Appell-De Pascale-Zabrejko [1991] for
integral operators of the form (18.11), so we have to prove it only for the partial integral
operators (18.9) and (18.10). For x ∈ BR(X) and h ∈ X we have

[L(x + h)− L(x)− L1(x)h](t, s)

=

∫

T

[l(t, s, τ, x(τ, s) + h(τ, s))− l(t, s, τ, x(τ, s))− l1(t, s, τ, x(τ, s))h(τ, s)] dτ

=

∫

T

∫ 1

0

[l1(t, s, τ, x(τ, s) + λh(τ, s))− l1(t, s, τ, x(τ, s))]h(τ, s) dλ dτ

=

{∫ 1

0

[L1(x + λh)− L1(x)]h dλ

}
(t, s).

Since the operator L1 : BR(X) → L(X) satisfies a Lipschitz condition, by assumption,
we conclude that

||L(x + h)− L(x)− L1(x)h|| ≤
∫ 1

0

||L1(x + λh)− L1(x)|| ||h|| dλ = o(||h||),



which means that L′(x) = L1(x). The equality M ′(x) = M1(x) is proved similarly. ¥

Applying Lemma 18.1 allows us to “find” the constants a and b for the equation
(18.2), where F is given by (18.12). In fact, the function h := F ′(0)−1F (0) satisfies the
linear partial integral equation

(18.26)

h(t, s)−
∫

T

l1(t, s, τ, 0)h(τ, s) dτ −
∫

S

m1(t, s, σ, 0)h(t, σ) dσ

−
∫

T

∫

S

n1(t, s, τ, σ, 0)h(τ, σ) dσ dτ = g(t, s),

where

(18.27) g(t, s) := −
∫

T

l(t, s, τ, 0) dτ −
∫

S

m(t, s, σ, 0) dσ −
∫

T

∫

S

n(t, s, τ, σ, 0) dσ dτ.

Suppose that the (unique!) solution of equation (18.26) may be written in the form

(18.28)

h(t, s) = g(t, s) +

∫

T

rl(t, s, τ)g(τ, s) dτ +

∫

S

rm(t, s, σ)g(t, σ) dσ

+

∫

T

∫

S

rn(t, s, τ, σ)g(τ, σ) dσ dτ

with some resolvent kernels rl, rm, and rn which are defined through the kernels l1,
m1, and n1. Then the constant a in (18.5) is of course nothing else than the norm
||h||X of the function (18.28) in the space X. Since the explicit form of these resolvent
kernels is in general hard to find, one usually looks for a representation of the form
F ′(0) = T − E, where T is boundedly invertible and the norm of E in L(X) is small.
The elementary equality T−E = T (I−T−1E) implies then that, under the hypotheses
of Lemma 18.1, the estimates

b = ||F ′(0)−1|| ≤ ||T−1|| ||(I − T−1E)−1|| ≤ ||T−1||
∞∑

k=0

||T−1E||k ≤ ||T−1||
1− ||E|| ||T−1||

and
a = ||F ′(0)−1F (0)|| ≤ ||T−1F (0)||

1− ||E|| ||T−1||
are true. In this way, we have proved the following

Lemma 18.2. Suppose that the hypotheses of Lemma 18.1 are satisfied, and F ′(0) =
T − E, where T is invertible in L(X) and ||E|| ≤ ε. Then the estimates

a ≤ ||T−1F (0)||
1− ε ||T−1|| , b ≤ ||T−1||

1− ε ||T−1||
hold.

Under the conditions of Lemma 18.2 it is natural to write the linear operators T and
E also as sums of (partial) integral operators like (18.9) - (18.11). Various conditions



for the “smallness” of the norm of E may then be found in §12 - 13. On the other hand,
the invertibility of T is often not easy to verify, except for particular cases. Assume,
for instance, that T has the special form

Th(t, s) = h(t, s)−
∫

T

φ(t, τ)h(τ, s) dτ

−
∫

S

ψ(s, σ)h(t, σ) dσ − c

∫

T

∫

S

φ(t, τ)ψ(s, σ)h(τ, σ) dσ dτ,

where φ : T × T → R, ψ : S × S → R, and c ∈ R are given. Then T is invertible if
and only if

(18.29) 1 6∈ σ(Φ) + σ(Ψ) + cσ(Φ)σ(Ψ),

where Φ and Ψ are the integral operators generated by the kernels φ and ψ, respectively.
Moreover, in some cases the operator T−1 may be expressed explicitly through the
operators Φ and Ψ. For example, in case c = 0 the formula

T−1 = − 1

4π2

∫

ΓΨ

∫

Γφ

(Φ− ξI)⊗(Ψ− ηI)

1− ξ − η
dξ dη

holds, where ΓΦ and ΓΨ are simple closed contours around σ(Φ) and σ(Ψ), respectively.
If the kernels φ and ψ are symmetric or degenerate, the relation (18.29) may be verified
by standard schemes.

18.3. Lipschitz conditions for partial Uryson operators
The crucial assumption in Lemma 18.1 is of course the Lipschitz condition for the

operators (18.13) - (18.15). In this subsection we take a closer look to this condition
from a general point of view. More information in some specific function spaces which
arise frequently in applications will be given in the next subsections.

Suppose that the three kernels in (18.1) also have second partial derivatives in the
last argument

l2(t, s, τ, u) :=
∂2l

∂u2
(t, s, τ, u), m2(t, s, σ, u) :=

∂2m

∂u2
(t, s, σ, u),

and
n2(t, s, τ, σ, u) :=

∂2n

∂u2
(t, s, τ, σ, u),

and that

(18.30) |l1(t, s, τ, u1)− l1(t, s, τ, u2)| ≤ l̃2(t, s, τ, w) |u1 − u2|,

(18.31) |m1(t, s, σ, u1)−m1(t, s, σ, u2)| ≤ m̃2(t, s, σ, w) |u1 − u2|,

and

(18.32) |n1(t, s, τ, σ, u1)− n1(t, s, τ, σ, u2)| ≤ ñ2(t, s, τ, σ, w) |u1 − u2|



for |u1|, |u2| ≤ w. Here

l̃2(t, s, τ, w) = sup
|u|≤w

|l2(t, s, τ, u)|, m̃2(t, s, σ, w) = sup
|u|≤w

|l2(t, s, σ, u)|,

and
ñ2(t, s, τ, σ, w) = sup

|u|≤w

|l2(t, s, τ, σ, u)|,

respectively. It is then natural to state the Lipschitz condition (18.4) in terms of the
generalized Nemytskij operators

(18.33) L∗∗(x)(t, s, τ) := l2(t, s, τ, x(τ, s)),

(18.34) M∗∗(x)(t, s, σ) := m2(t, s, σ, x(t, σ)),

and

(18.35) N∗∗(x)(t, s, τ, σ) := n2(t, s, τ, σ, x(τ, σ)),

which are second order analogues to (18.13) - (18.15). As a matter of fact, we want to
replace the generalized Nemytskij operators (18.33) - (18.35) by the usual Nemytskij
operators

(18.36) L̃∗∗(x)(t, s, τ) := l2(t, s, τ, x(t, s, τ)),

(18.37) M̃∗∗(x)(t, s, σ) := m2(t, s, σ, x(t, s, σ)),

and

(18.38) Ñ∗∗(x)(t, s, τ, σ) := n2(t, s, τ, σ, x(t, s, τ, σ))

defined on functions over T × S × T , T × S × S, and T × S × T × S, respectively.
To make this precise, we need some special definitions. First, given a Banach space
X of real functions over T × S, we denote by Xl, Xm, and Xn the space of functions
p : T × S × T → R, q : T × S × S → R, and r : T × S × T × S → R defined by the
norms

||p||Xl
= inf {||p̂||X : |p(t, s, τ)| ≤ p̂(τ, s) (p̂ ∈ X)},

||q||Xm = inf {||q̂||X : |q(t, s, σ)| ≤ q̂(t, σ) (q̂ ∈ X)},
and

||r||Xn = inf {||r̂||X : |r(t, s, τ, σ)| ≤ r̂(τ, σ) (r̂ ∈ X)},
respectively. (The inequalities in these definitions are considered almost everywhere on
T×S×T , T×S×S, and T×S×T×S, respectively.) Further, we define spaces R̃l(X),
R̃m(X), and R̃n(X) of measurable functions p : T ×S×T → R, q : T ×S×S → R,
and r : T × S × T × S → R by the norms

(18.39) ||p||R̃l(X) := sup
||x||X ,||h||X≤1

||
∫

T

|p(·, ·, τ)x(τ, ·)h(τ, ·)| dτ ||X ,



(18.40) ||q||R̃m(X) := sup
||x||X ,||h||X≤1

||
∫

S

|q(·, ·, σ)x(·, σ)h(·, σ)| dσ||X ,

and

(18.41) ||r||R̃n(X) := sup
||x||X ,||h||X≤1

||
∫

T

∫

S

|r(·, ·, τ, σ)x(τ, σ)h(τ, σ)| dσ dτ ||X ,

respectively.
The construction described above is not as trivial as it seems to be. For example, if

X is a Lebesgue space Lp with p ≥ 2, one can easily see that the spaces R̃l(X), R̃m(X),
and R̃n(X) consist of kernels of linear integral operators (18.19) - (18.21) acting from
Lp/2 into Lp; in the case 1 ≤ p < 2 these spaces strongly degenerate (i.e. contain
only the zero function). More generally, if X is an Orlicz space LM , the spaces R̃l(X),
R̃m(X), and R̃n(X) contain kernels of linear integral operators (18.19) - (18.21) acting
from LN into LM , where the Orlicz space LN is generated by any Young function N
satisfying for some c > 0 the asymptotic condition

lim
u→∞

N(cu2)

M(u)
< ∞.

Below we use the usual abbreviation (u ∨ v)(t, s) := sup {u(t, s), v(t, s)} and put

γ(r) := sup {||u ∨ v|| : ||u||, ||v|| ≤ r} (r > 0).

Moreover, given a bounded nonlinear operator F between two normed spaces, by

µ(F ; ρ) := sup {||Fx|| : ||x|| ≤ ρ} (ρ > 0)

we denote the growth function of F . This growth function may be used to state Lipschitz
conditions and differentiability conditions, both necessary and sufficient, for Nemytskij
operators in terms of the generating nonlinearity (Appell [1981], Appell-Massabò-
Vignoli-Zabrejko [1988], see also Appell-Zabrejko [1990]).

Lemma 18.3. Let X be a Banach space of real functions over T × S. Then the
following holds:

(a) if the Nemytskij operator (18.36) is bounded from Xl into R̃l(X), then the
generalized Nemytskij operator (18.13) satisfies, for ||x1||X , ||x2||X ≤ r, the Lipschitz
condition

(18.42) ||L∗(x1)− L∗(x2)||Rl(X) ≤ µ(L̃∗∗; γ(r))||x1 − x2||X ;

(b) if the Nemytskij operator (18.37) is bounded from Xm into R̃m(X), then the
generalized Nemytskij operator (18.14) satisfies, for ||x1||X , ||x2||X ≤ r, the Lipschitz
condition

(18.43) ||M∗(x1)−M∗(x2)||Rm(X) ≤ µ(M̃∗∗; γ(r))||x1 − x2||X ;



(c) if the Nemytskij operator (18.38) is bounded from Xn into R̃n(X), then the
generalized Nemytskij operator (18.15) satisfies, for ||x1||X , ||x2||X ≤ r, the Lipschitz
condition

(18.44) ||N∗(x1)−N∗(x2)||Rn(X) ≤ µ(Ñ∗∗; γ(r))||x1 − x2||X .

2 Let us prove (18.42), the estimates (18.43) and (18.44) are proved in the same
way. For any x1, x2 ∈ X with ||x1||X , ||x2||X ≤ r we have, by (18.30),

||L∗(x1)− L∗(x2)||Rl(X)

= sup
||h||X≤1

||(t, s) 7→
∫

T

|l1(t, s, τ, x1(τ, s))− l1(t, s, τ, x2(τ, s))| |h(τ, s)| dτ ||X

≤ sup
||h||X≤1

||(t, s) 7→
∫

T

|l̃2(t, s, τ, |x1(τ, s)| ∨ |x2(τ, s)|))| |x1(τ, s)− x2(τ, s)| |h(τ, s)| dτ ||X .

By the Krasnosel’skij-Ladyzhenskij lemma (see e.g.Krasnosel’skij-Zabrejko-Pustyl’nik-
Sobolevskij [1976]) there exists a function w : T×S×T → R such that |w(t, s, τ)| ≤
|x1(τ, s)| ∨ |x2(τ, s)| and

|l2(t, s, τ, w(t, s, τ))| = l̃2(t, s, τ, |x1(τ, s)| ∨ |x2(τ, s)|).

Thus,
||L∗(x1)− L∗(x2)||Rl(X) ≤

sup
||h||X≤1

||
∫

T

|l2(t, s, τ, w(t, s, τ)| |x1(τ, s)− x2(τ, s)| |h(τ, s)| dτ ||X .

This implies (18.42), by the definition of γ(r) and µ(L̃∗∗; γ(r)). ¥

18.4. The case X = C(T× S)

Lemma 18.3 is in many cases sufficient to find the constants a and b and the function
k = k(r) in the space C explicitly. Consider the scalar functions

(18.45) kl(r) := sup
(t,s)∈T×S

∫

T

sup
|u1|,|u2|≤r

|l1(t, s, τ, u1)− l1(t, s, τ, u2)|
|u1 − u2| dτ,

(18.46) km(r) := sup
(t,s)∈T×S

∫

S

sup
|u1|,|u2|≤r

|m1(t, s, σ, u1)−m1(t, s, σ, u2)|
|u1 − u2| dσ,

and

(18.47) kn(r) := sup
(t,s)∈T×S

∫

T

∫

S

sup
|u1|,|u2|≤r

|n1(t, s, τ, σ, u1)− n1(t, s, τ, σ, u2)|
|u1 − u2| dσ dτ.



These functions are finite for r ≤ R if and only if the operators (18.13) - (18.15) satisfy
a local Lipschitz condition in C. Moreover, the numbers given in (18.45) - (18.47) are
then the minimal Lipschitz constants for the corresponding operators on Br(C). This
may be stated in a more precise and convenient way:

Theorem 18.1. The operators (18.22) - (18.24) satisfy a Lipschitz condition on
BR(C) if and only if the three kernels in (18.1) have second partial derivatives in the
last argument l2(t, s, τ, u) = ∂2l(t, s, τ, u)/∂u2, m2(t, s, σ, u) = ∂2m(t, s, σ, u)/∂u2 and
n2(t, s, τ, σ, u) = ∂2n(t, s, τ, σ, u)/∂u2 for all (t, s) ∈ T×S and almost all (τ, u) ∈ T×R,
(σ, u) ∈ S ×R, and (τ, σ, u) ∈ T × S ×R, respectively, and the three functions

(18.48) k̃l(r) := sup
(t,s)∈T×S

∫

T

sup
|u|≤r

|l2(t, s, τ, u)| dτ,

(18.49) k̃m(r) := sup
(t,s)∈T×S

∫

S

sup
|u|≤r

|m2(t, s, σ, u)| dσ,

and

(18.50) k̃n(r) := sup
(t,s)∈T×S

∫

T

∫

S

sup
|u|≤r

|n2(t, s, τ, σ, u)| dσ dτ

are finite for r ≤ R. Moreover, the numbers k̃l(r), k̃m(r), and k̃n(r) are then the
minimal Lipschitz constants for the operators (18.22), (18.23), and (18.24), respectively,
on Br(C). Finally, the minimal Lipschitz constant k(r) for the operator (18.25) on
Br(C) satisfies the two-sided estimate

(18.51) max {k̃l(r), k̃m(r), k̃n(r)} ≤ k(r) ≤ k̃l(r) + k̃m(r) + k̃n(r).

2 The proof for the integral operator (18.24) is contained in Appell-De Pascale-
Zabrejko [1991]. Let us prove the assertion for the partial integral operator (18.22),
the proof for (18.23) is similar. By what has been observed before, for this it is necessary
and sufficient to show that the function (18.45) is finite for r ≤ R.

Suppose first that (18.45) is finite for all r ≤ R. This means that
∫

T

sup
|u1|,|u2|≤r

|l1(t, s, τ, u1)− l1(t, s, τ, u2)|
|u1 − u2| dτ ≤ kl(r) < ∞

for all (t, s) ∈ T × S, and hence the function λt,s given by

λt,s(τ) := sup
|u1|,|u2|≤r

|l1(t, s, τ, u1)− l1(t, s, τ, u2)|
|u1 − u2|

is finite a. e. on T . Since |l1(t, s, τ, u1)− l1(t, s, τ, u2)| ≤ λt,s(τ)|u1−u2| for |u1|, |u2| ≤ r,
the map u 7→ l1(t, s, τ, u) is absolutely continuous. Consequently, the partial derivative
l2 = ∂l1/∂u exists for almost all u and satisfies

sup
|u|≤r

|l2(t, s, τ, u)| ≤ λt,s(τ).



But this implies that

k̃l(r) ≤ sup
(t,s)∈T×S

∫

T

λt,s(τ) dτ < ∞.

Conversely, suppose that (18.48) is finite for r ≤ R. This implies that the function
λ̃t,s given by

λ̃t,s(τ) := sup
|u|≤r

|l2(t, s, τ, u)|

is finite a. e. on T , for all (t, s) ∈ T × S. Consequently, for |u1|, |u2| ≤ r we have

|l1(t, s, τ, u1)− l1(t, s, τ, u2)| =
∣∣∣∣
∫ u1

u2

l2(t, s, τ, u) du

∣∣∣∣ ≤ λ̃t,s(τ)|u1 − u2|.

We conclude that
kl(r) ≤ sup

(t,s)∈T×S

∫

T

λ̃t,s(τ) dτ < ∞.

Of course, the proof shows also that k̃l(r) = kl(r) for all r ≤ R. ¥

Theorem 18.1 implies, in particular, that the estimate k(r) ≤ k̃l(r) + k̃m(r) + k̃n(r)
holds for the Lipschitz constant in (18.4) in case X = C. The problem of calculating
the numbers a in (18.5) and b in (18.6) is quite easy. In fact, suppose that the partial
integral equation (18.26) has a unique solution (18.28) in the space X = C. From the
definition of the norm in the space C we obtain then the equality

(18.52)

a = sup
(t,s)∈T×S

∣∣∣∣g(t, s) +

∫

T

rl(t, s, τ)g(τ, s) dτ

+

∫

S

rm(t, s, σ)g(t, σ) dσ +

∫

T

∫

S

rn(t, s, τ, σ)g(τ, σ) dσ dτ

∣∣∣∣ ,

and from explicit formulas for the norm of a linear partial integral operator in the space
C (see § 13) the equality

(18.53)

b = 1 + sup
(t,s)∈T×S

[∫

T

|rl(t, s, τ)| dτ

+

∫

S

|rm(t, s, σ)| dσ +

∫

T

∫

S

|rn(t, s, τ, σ)| dσ dτ

]
.

Here g is defined by (18.27), and rl, rm, and rn are the resolvent kernels corresponding
to l1, m1, and n1, respectively.

The resolvent kernels rl, rm, and rn are in general difficult to compute explicitly.
An exceptional case is that of degenerate kernels; we illustrate this by means of a very
elementary example.

Example 18.1. Let S = T = [0, 1], l(t, s, τ, u) = λ(u), m(t, s, σ, u) = µ(u), and
n(t, s, τ, σ, u)



≡ 0. Here λ and µ are real C2-functions with λ′(0) 6= 1, µ′(0) 6= 1, and λ′(0)+µ′(0) 6= 1.
For any g ∈ C([0, 1]× [0, 1]) the equation (18.26) has then the unique solution

h(t, s) = g(t, s) +
λ′(0)

1− λ′(0)

∫ 1

0

g(τ, s) dτ +
µ′(0)

1− µ′(0)

∫ 1

0

g(t, σ) dσ

+
λ′(0)µ′(0)(2− λ′(0)− µ′(0))

(1− λ′(0))(1− µ′(0))(1− λ′(0)− µ′(0))

∫ 1

0

∫ 1

0

g(τ, σ) dσ dτ.

In particular, since g(t, s) ≡ −[λ(0) + µ(0)] in this case, we get here the constant
solution h(t, s) ≡ g(t, s)/(1−λ′(0)−µ′(0)). Putting this into (18.52) and (18.53) yields

a =

∣∣∣∣
λ(0) + µ(0)

1− λ′(0)− µ′(0)

∣∣∣∣

and

b = 1 +

∣∣∣∣
λ′(0)

1− λ′(0)

∣∣∣∣ +

∣∣∣∣
µ′(0)

1− µ′(0)

∣∣∣∣ +

∣∣∣∣
λ′(0)µ′(0)(2− λ′(0)− µ′(0))

(1− λ′(0))(1− µ′(0))(1− λ′(0)− µ′(0))

∣∣∣∣ .

The function k = k(r) from (18.4) may in turn be estimated by

k(r) ≤ sup
|u|≤r

|λ′′(u)|+ sup
|u|≤r

|µ′′(u)|.

This gives a sufficiently effective “recipe” for finding the scalar function (18.7), and
hence for applying the Newton-Kantorovich method to equation (18.1) in this special
case. To be more specific, suppose that the functions λ and µ are quadratic polynomials

(18.54) λ(u) = λ2u
2 + λ1u + λ0, µ(u) = µ2u

2 + µ1u + µ0

which is the simplest nonlinear case. A trivial calculation shows that then

a =

∣∣∣∣
λ0 + µ0

1− λ1 − µ1

∣∣∣∣ , b = 1 +

∣∣∣∣
λ1

1− λ1

∣∣∣∣ +

∣∣∣∣
µ1

1− µ1

∣∣∣∣ +

∣∣∣∣
λ1µ1(2− λ1 − µ1)

(1− λ1)(1− µ1)(1− λ1 − µ1)

∣∣∣∣ ,

and k(r) = 2(|λ2|+ |µ2|), hence ϕ(r) = a + cr2, where c = b(|λ2|+ |µ2|). Consequently,
the number of real solutions of the fixed point equation (18.8) depends on the sign of
the discriminant D = 1− 4ac.

We remark that this effective calculation also applies to the more general case

l(t, s, τ, u) = a(t)b(s)c(τ)λ(u), m(t, s, σ, u) = d(t)e(s)f(σ)µ(u),

and also to the case of degenerate kernels.

18.5. The case X = L∞(T× S)

In rather the same way as in X = C(T×S), the Lipschitz conditions for the operators
(18.25) and (18.22) - (18.24) are also equivalent in the space X = L∞(T × S). This
may again be analyzed by imposing appropriate conditions on the kernels k1, m1, and
n1, and the corresponding operators (18.13) - (18.15).



For r > 0 and δ > 0, let

(18.55) kl(r, δ) := ess sup
(t,s)∈T×S

∫

T

sup
|u1|,|u2|≤r
|u1−u2|≤δ

|l1(t, s, τ, u1)− l1(t, s, τ, u2)| dτ,

(18.56) km(r, δ) := ess sup
(t,s)∈T×S

∫

S

sup
|u1|,|u2|≤r
|u1−u2|≤δ

|m1(t, s, σ, u1)−m1(t, s, σ, u2)| dσ,

and

(18.57) kn(r, δ) := ess sup
(t,s)∈T×S

∫

T

∫

S

sup
|u1|,|u2|≤r
|u1−u2|≤δ

|n1(t, s, τ, σ, u1)− n1(t, s, τ, σ, u2)| dσ dτ.

Lemma 18.4. The following three conditions are equivalent:
(a) the limits

(18.58) kl(r) := lim
δ→0

kl(r, δ)

δ
, km(r) := lim

δ→0

km(r, δ)

δ
, kn(r) := lim

δ→0

kn(r, δ)

δ

are finite for r ≤ R;
(b) the operators (18.22) - (18.24) satisfy a Lipschitz condition from BR(L∞) into

L(L∞);
(c) the operator (18.25) satisfies a Lipschitz condition from BR(L∞) into L(L∞).

2 We prove this again for the function (18.55) and the operator (18.22). Suppose
that (a) holds. For ε > 0 choose δ̂ > 0 such that kl(r, δ) ≤ (kl(r) + ε)δ for 0 < δ ≤ δ̂.
By the definition (18.55) of kl(r, δ) we get

||L1(x1)h− L1(x2)h||L∞ ≤ kl(r, δ)||x1 − x2||L∞
for ||h|| ≤ 1, ||x1||, ||x2|| ≤ r, and ||x1 − x2|| ≤ δ. In fact, for ||x1 − x2|| < δ′ ≤ δ and
fixed (t, s) ∈ T × S we have

∣∣∣∣
∫

T

[l1(t, s, τ, x1(τ, s))− l1(t, s, τ, x2(τ, s))]h(τ, s) dτ

∣∣∣∣

≤ δ′
∫

T (x1,x2)

|l1(t, s, τ, x1(τ, s))− l1(t, s, τ, x2(τ, s))|
|x1(τ, s)− x2(τ, s)| dτ

≤ δ′
∫

T

sup
|u1|,|u2|≤r
|u1−u2|≤δ

|l1(t, s, τ, u1)− l1(t, s, τ, u2)|
|u1 − u2| dτ,

where we have put T (x1, x2) := {τ : x1(τ, s) 6= x2(τ, s)}. Since δ′ > ||x1 − x2|| is
arbitrary, this implies that

||L1(x1)− L1(x2)||L(L∞) ≤ kl(r, δ)||x1 − x2||L∞



for ||x1−x2|| ≤ δ. Now, for arbitrary x1, x2 ∈ L∞, fix m ∈ N such that ||x1−x2|| ≤ mδ.
Then

||L1(x1)− L1(x2)||L(L∞) ≤
m∑

j=1

||L1[(1− j

m
)x1 +

j

m
x2]− L1[(1− j − 1

m
)x1 +

j − 1

m
x2]||L(L∞)

≤ m(kl(r) + ε)
||x1 − x2||

m
= (kl(r) + ε)||x1 − x2||,

and hence (b) is true. Conversely, suppose that (b) holds. As was shown in Zabrejko-
Zlepko [1983] (see also Appell-De Pascale-Zabrejko [1991]), the equality

sup
||x1||,||x2||≤r
||x1−x2||≤δ

|L1(x1)h(t, s)− L1(x2)h(t, s)| =
∫

T

sup
|u1|,|u2|≤r
|u1−u2|≤δ

|l1(t, s, τ, u1)− l1(t, s, τ, u2)| dτ

holds in the space L∞, and (a) follows by taking L∞-norms. The equivalence of (b)
and (c) is clear. ¥

The following is parallel to Theorem 18.1.

Theorem 18.2. The operators (18.22) - (18.24) satisfy a Lipschitz condition on
BR(L∞) if and only if the three kernels in (18.1) have second partial derivatives in the
last argument l2(t, s, τ, u) = ∂2l(t, s, τ, u)/∂u2, m2(t, s, σ, u) = ∂2m(t, s, σ, u)/∂u2 and
n2(t, s, τ, σ, u) = ∂2n(t, s, τ, σ, u)/∂u2 for all (t, s) ∈ T×S and almost all (τ, u) ∈ T×R,
(σ, u) ∈ S ×R, and (τ, σ, u) ∈ T × S ×R, respectively, and the three functions

(18.59) k̃l(r) := ess sup
(t,s)∈T×S

∫

T

sup
|u|≤r

|l2(t, s, τ, u)| dτ,

(18.60) k̃m(r) := ess sup
(t,s)∈T×S

∫

S

sup
|u|≤r

|m2(t, s, σ, u)| dσ,

and

(18.61) k̃n(r) := ess sup
(t,s)∈T×S

∫

T

∫

S

sup
|u|≤r

|n2(t, s, τ, σ, u)| dσ dτ

are finite for r ≤ R. Moreover, the numbers k̃l(r), k̃m(r), and k̃n(r) are then the
minimal Lipschitz constants for the operators (18.22), (18.23), and (18.24), respectively,
on Br(L∞). Finally, the minimal Lipschitz constant k(r) for the operator (18.25) on
Br(L∞) satisfies the two-sided estimate (18.51).

The example of the operator

Fx(t, s) := x(t, s)−
∫ 1

0

tsx2(τ, s) dτ −
∫ 1

0

(1− t)(1− s)x2(t, σ) dσ

shows that, in general, the equality

k(r) = k̃l(r) + k̃m(r) + k̃n(r)



is not true.
Theorem 18.2 gives an effective algorithm for estimating the function (18.4) in the

space X = L∞. Analogously to what we have done in the preceding subsection for
X = C, we may calculate the numbers (18.5) and (18.6) in the space X = L∞. The
following theorem follows from the definition of the norm in L∞ and formula (12.31):

Theorem 18.3. Suppose that the equation (18.26) has a unique solution (18.28) in
the space X = L∞. Then the numbers (18.5) and (18.6) may be calculated in L∞ by
means of the formulas

(18.62)

a = ess sup
(t,s)∈T×S

|g(t, s) +

∫

T

rl(t, s, τ)g(τ, s) dτ

+

∫

S

rm(t, s, σ)g(t, σ) dσ +

∫

T

∫

S

rn(t, s, τ, σ)g(τ, σ) dσ dτ |,

and

(18.63)

b = 1 + ess sup
(t,s)∈T×S

[∫

T

|rl(t, s, τ)| dτ

+

∫

S

|rm(t, s, σ)| dσ +

∫

T

∫

S

|rn(t, s, τ, σ)| dσ dτ

]
.

Here g is defined by (18.27), and rl, rm, and rn are the resolvent kernels corresponding
to l1, m1, and n1, respectively.

We illustrate the results of this subsection again by means of Example 18.1. The
constants a and b may be calculated precisely as in the space X = C. The functions
(18.59) - (18.61) have the form k̃l(r) = sup {|λ′′(u)| : |u| ≤ r}, k̃m(r) = sup {|µ′′(u)| :
|u| ≤ r}, and k̃n(r) ≡ 0. For the polynomials (54) this gives, in particular, k̃l(r) ≡ 2λ2

and k̃m(r) ≡ 2µ2.

18.6. The case X = Lp(T× S) (1 ≤ p < ∞)

The analysis of the preceding two subsections becomes more difficult when passing
to the case of the Lebesgue space Lp with 1 ≤ p < ∞. One reason for this is that the
unit ball in Lp contains lots of unbounded functions, and therefore one “cannot get rid
of the function h” under the integrals in the right-hand sides of (18.16) - (18.18). But
this is not just a technical problem: in fact, imposing a Lipschitz condition like (18.4)
in Lp may lead to a strong degeneracy of the kernel functions involved! For the integral
operator (18.11), for example, it was shown in Appell-De Pascale-Zabrejko [1991]
that the derivative N ′ satisfies a Lipschitz condition in L2 only if the corresponding
kernel n1 satisfies a Lipschitz condition in u, and in Lp for 1 ≤ p < 2 only if n1 does
not depend on u, i.e. the kernel n is linear in u.

We shall show now that the situation is even worse for the partial integral operators
(18.9) and (18.10): a Lipschitz condition for the derivatives L′ and M ′ necessarily leads
to linear kernels for all values of p!



Theorem 18.4. The derivatives of the operators (18.9) and (18.10) satisfy a Lipschitz
condition in X = Lp(T × S) (1 ≤ p < ∞) if and only if the corresponding kernels l
and m are linear in the last argument.

2 We prove the assertion for the operator L′ or, what is equivalent by Lemma 18.1,
for the operator L1 given by (18.22). Of course, if the kernel l is linear in u, the kernel
l1 is independent of u, and there is nothing to prove. Suppose that the operator (18.22)
satisfies a Lipschitz condition in Lp, i.e.

(18.64)

∫

S

∫

T

∣∣∣∣
∫

T

[l1(t, s, τ, x1(τ, s))− l1(t, s, τ, x2(τ, s))]h(τ, s) dτ

∣∣∣∣
p

dt ds

≤ kp
l (r)||x1 − x2||p||h||p (||x1||, ||x2|| ≤ r),

where all norms are taken in Lp(T×S). Choosing, in particular, xi(t, s) := uiχD(t)χE(s)
and h(t, s) := χD(t)χE(s), where D ⊂ T and E ⊂ S satisfy ui mesD mesE ≤ rp

(i = 1, 2), and putting this into (18.64) yields

(18.65)

1

mesE

∫

E

∫

T

∣∣∣∣
∫

D

[l1(t, s, τ, u1)− l1(t, s, τ, u2)] dτ

∣∣∣∣
p

dt ds

≤ kp
l (r)|u1 − u2|p(mesD)2(mesE).

Letting mesE in (18.65) tend to zero, we get

(18.66)

∫

T

∣∣∣∣
∫

D

[l1(t, s, τ, u1)− l1(t, s, τ, u2)] dτ

∣∣∣∣
p

dt = 0

for almost all s ∈ E. From (18.67) it follows in turn that
∫

D

[l1(t, s, τ, u1)− l1(t, s, τ, u2)] dτ = 0

for almost all (t, s) ∈ T ×E. Since D is an arbitrary measurable set, we conclude that
l1(t, s, τ, u1) − l1(t, s, τ, u2) = 0 for almost all (t, s, τ) ∈ T × E ×D, and the assertion
follows. ¥

Theorem 18.4 is, of course, rather disappointing: the Newton-Kantorovich method
applies to equation (18.1) in Lp (1 ≤ p < ∞) only if the kernels l and m are linear in
u. Only for the kernel n we have a larger choice in Lp, provided that p ≥ 2. Taking
into account this degeneracy, we close with another example in X = L2.

Example 18.2. Let S = T = [0, 1] and p = 2. By what has been observed before,
this choice of p forces us to choose l and m linear in u. For example, let l(t, s, τ, u) =
λ1(t)λ2(s)u + λ0(t, s, τ), m(t, s, σ, u) = µ1(t)µ2(s)u + µ0(t, s, σ), and n(t, s, τ, σ, u) ≡ 0.
The function (18.27) is here

g(t, s) = −
∫ 1

0

λ0(t, s, τ) dτ −
∫ 1

0

µ0(t, s, σ) dσ,

and the equation (18.26) for h takes the form

(18.67) h(t, s) = λ1(t)λ2(s)φ(s) + µ1(t)µ2(s)ψ(t) + g(t, s),



where we have put

(18.68) φ(s) :=

∫ 1

0

h(τ, s) dτ, ψ(t) :=

∫ 1

0

h(t, σ) dσ.

Inserting (18.67) into (18.68) we arrive at the system




φ(s) =

∫ 1

0

λ1(τ)λ2(s)φ(s) dτ +

∫ 1

0

µ1(τ)µ2(s)ψ(τ) dτ +

∫ 1

0

g(τ, s) dτ,

ψ(t) =

∫ 1

0

λ1(t)λ2(σ)φ(σ) dσ +

∫ 1

0

µ1(t)µ2(σ)ψ(t) dσ +

∫ 1

0

g(t, σ) dσ

for the unknown functions φ and ψ. If we suppose that

α(s) := 1− λ2(s)

∫ 1

0

λ1(τ) dτ 6= 0, β(t) := 1− µ1(t)

∫ 1

0

µ2(σ) dσ 6= 0,

and put

γ(s) :=

∫ 1

0

g(τ, s) dτ, δ(t) :=

∫ 1

0

g(t, σ) dσ,

we end up at a system of two scalar equations




−
(∫ 1

0

λ1(τ)µ1(τ)

β(τ)
dτ

)
ξ + η =

∫ 1

0

λ1(τ)δ(τ)

β(τ)
dτ

ξ −
(∫ 1

0

λ2(σ)µ2(σ)

α(σ)
dσ

)
η =

∫ 1

0

λ2(σ)γ(σ)

α(σ)
dσ

for the unknown real numbers

ξ :=

∫ 1

0

λ2(σ)φ(σ) dσ, η :=

∫ 1

0

µ1(τ)ψ(τ) dτ.

The last system has a unique solution (ξ, η) ∈ R2 if and only if
(∫ 1

0

λ1(τ)µ1(τ)

β(τ)
dτ

)(∫ 1

0

λ2(σ)µ2(σ)

α(σ)
dσ

)
6= 1,

and this solution may be used to find (φ(s), ψ(t)) and, consequently, the solution h(t, s)
of (18.26).

In this way, we may find the numbers (18.5) and (18.6) by means of well-known upper
estimates for the L2-norm of a linear integral operator. The function (18.4) is very easy
to compute in this case, since l1(t, s, τ, u) = λ1(t)λ2(s) and m1(t, s, σ, u) = µ1(t)µ2(s)
do not depend on u.



§ 19. Applications of Barbashin equations

In this section we describe various problems whose mathematical modelling leads
to integro-differential equations of Barbashin type. Such problems arise, for example,
in probability theory, in the theory of elementary particles, in transport problems,
in kinetic gas theory, in radiation propagation problems, and in some problems of
mathematical biology.

19.1. Applications to probability theory
The mathematical description of some problems in physics and engineering leads

to systems in which certain changes of states occur in “jumps”, i.e. discontinuously.
Some of these discontinuities are related to random processes. In what follows, we will
study such processes without “after-effect”, assuming that the set of possible states of
the system is R. In this case a random process is simply a set of random variables ξ(t)
(−∞ < t < ∞). In this setting, the variable t is usually considered as time, and the
variable ξ(t) is interpretated as state of the system at the moment t.

To describe a process without after-effect, one usually introduces a function F =
F (t, x; τ, y) which represents the probability that the random variable ξ(τ) assumes
the value y at time τ if ξ(t) assumes the value x at time t < τ . The absence of an
after-effect means that the knowledge of the state of the system at times t′ < t has no
influence on the function F (t, x; τ, y) or, lossely speaking, that we are dealing with a
system “without memory”.

In this subsection we follow the paper Gnedenko [1988]. We assume throughout
that the function y 7→ F (t, x; τ, y) is left-continuous, and that

(19.1) lim
y→−∞

F (t, x; τ, y) = 0, lim
y→+∞

F (t, x; τ, y) = 1.

If, in addition, the function y 7→ F (t, x; τ, y) is even continuous then the generalized
Markov equation

(19.2) F (t, x; τ, y) =

∫ +∞

−∞
F (s, z; τ, y) dzF (t, x; s, z)

holds true. Observe that the function F is defined so far only for τ > t; for τ = t we
set

lim
τ→t+0

F (t, x; τ, y) = lim
t→τ−0

F (t, x; τ, y) =: E(x, y) =

{
0 if y ≤ x,

1 if y > x.

If the function (t, x; τ) 7→ F (t, x; τ, y) is even differentiable the generalized Markov
equation (19.2) takes the form

f(t, x; τ, y) =

∫ +∞

−∞
f(s, z; τ, y)f(t, x; s, z) dz,

where the density f satisfies the relations
∫ y

−∞
f(t, x; τ, z) dz = F (t, x; τ, y),

∫ +∞

−∞
f(t, x; τ, y) dy = 1.



Suppose that the random process is “purely discontinuous”, i.e. on every time interval
(t, t + ∆t) one has ξ(t) = x with probability 1− P (t, x)∆t + o(∆t), and ξ(t) 6= x with
probability P (t, x)∆t − o(∆t). In addition, we suppose that the probability for more
than one change of ξ(t) on (t, t + ∆t) is also o(∆t).

By P = P (t, x, y) we denote the conditional distribution function for ξ(t) under the
hypothesis that a jump occurs at time t, and lim

τ→t−0
ξ(τ) = x (i.e. the value of ξ(t)

“immediately before t” was x). In this case we have

(19.3) F (t, x; τ, y) = [1− P (t, x)(τ − t)]E(x, y) + (τ − t)P (t, x)P (t, x, y) + o(τ − t).

By definition, the functions (t, x) 7→ P (t, x) and (t, x, y) 7→ P (t, x, y) are nonnegative,
and the latter function satisfies

(19.4) lim
y→−∞

P (t, x, y) = 0, lim
y→+∞

P (t, x, y) = 1.

Let us suppose now that the functions (t, x) 7→ P (t, x) and (t, x, y) 7→ P (t, x, y) are
bounded, the functions t 7→ P (t, x) and t 7→ P (t, x, y) are continuous, and the functions
x 7→ P (t, x) and (x, y) 7→ P (t, x, y) are Borel measurable.

Theorem 19.1. The distribution function F of a purely discontinuous process without
after-effect satisfies the integro-differential equations

(19.5)
∂F (t, x; τ, y)

∂t
= P (t, x)F (t, x; τ, y)−

∫ +∞

−∞
P (t, x)F (t, z; τ, y) dzP (t, x, z)

and

(19.6)

∂F (t, x; τ, y)

∂τ
= −

∫ y

−∞
P (t, z) dzF (t, x; τ, z)

+

∫ +∞

−∞
P (τ, x)P (τ, z, y) dzF (t, x; τ, z).

2 By the generalized Markov equations we have

F (t, x; τ, y) =

∫ +∞

−∞
F (t + ∆t, z; τ, y) dzF (t, x; t + ∆t, z).

Replacing in this formula the function F (t, x; t+∆t, z) by the right-hand side of (19.3)
we get

F (t, x; τ, y) =

∫ +∞

−∞
F (t + ∆t, z; τ, y) dz[1− P (t, x)∆t]E(x, z)

+

∫ +∞

−∞
F (t + ∆t, z; τ, y) dzP (t, x)P (t, x, z)∆t +

∫ +∞

−∞
F (t + ∆t, z; τ, y) dzo(∆t).

Since ∫ +∞

−∞
F (t + ∆t, z; τ, y) dzE(x, z) = F (t + ∆t, x; τ, y),



we further get

F (t, x; τ, y) = [1− P (t, x)∆t]F (t + ∆t, x; τ, y)

+P (t, x)∆t

∫ +∞

−∞
F (t + ∆t, z; τ, y) dzP (t, x, z) + o(∆t).

Consequently,

F (t + ∆t, x; τ, y)− F (t, x; τ, y)

∆t

= P (t, x)F (t + ∆t; τ, y)− P (t, x)

∫ +∞

−∞
F (t + ∆t, z; τ, y) dzP (t, x, z) +

o(∆t)

∆t

which proves (19.5) by passing to the limit ∆t → 0.
Using the generalized Markov equation (19.2), the relation (19.3), and the definition

of E(x, y) we obtain

F (t, x; τ + ∆τ, y) =

∫ +∞

−∞
F (τ, z; τ + ∆τ, y) dzF (t, x; τ, z)

=

∫ +∞

−∞
[(1− P (τ, z)∆τ)E(z, y) + ∆τP (τ, z)P (τ, z, y) + o(∆)]dzF (t, x; τ, z)

=

∫ y

−∞
dzF (t, x; τ, z)−∆τ

∫ y

−∞
P (τ, z) dzF (t, x; τ, z)

+∆τ

∫ +∞

−∞
P (τ, z)P (τ, z, y)dzF (t, x; τ, z) + o(∆τ)

= F (t, x; τ, y)−∆τ

∫ y

−∞
P (τ, z) dzF (t, x; τ, z)

+∆τ

∫ +∞

−∞
P (τ, z)P (τ, z, y) dzF (t, x; τ, z) + o(∆τ).

This shows that (19.6) holds true. ¥

The equations (19.5) and (19.6) are called Kolmogorov-Feller equations. They are
Barbashin equations containing a Lebesgue-Stieltjes integral. If the function z 7→
P (t, x, z) is absolutely continuous, we may write (19.2) as a pure Barbashin equation.

There is another way to relate the above problem to a Barbashin equation (Kolmogorov
[1986]). Suppose that the parameter y preserves the preceding value in the “infinitesimal”
interval (t, t + dt) with probability 1 − a(t, y)dt, and that y passes to y′ ∈ (z, z + dz)
with probability u(t, y, z)dtdz, where

∫ +∞

−∞
u(t, y, z) dz = a(t, y).

Consider the “infinitesimal” distribution function g defined by

g(t, y) =

∫ +∞

−∞
g(t0, x)f(t0, x, t, y) dx (t > t0),



where g(t0, y) is known at the time moment t = t0, and

f(t0, x, t, y) =
∂

∂y
F (t0, x, t, y).

Then this function satisfies the Barbashin equation

(19.7)
∂g(t, y)

∂t
= −a(t, y)g(t, y) +

∫ +∞

−∞
g(t, z)u(t, y, z) dz.

We still introduce some other equations which arise in the mathematical description
of processes without after-effect (Prokofiev-Rozanov [1987]). Suppose that ξ(t) is a
random process without after-effect in some measure space (X, Σ) with Borel measure
λ. If ξ(t) = x at time t, we suppose that the state does not change in the interval
(t, t + ∆t) with probability 1 − λ(t, x)∆t + o(∆t), but passes to some other state
y ∈ B ⊆ X, where x 6∈ B, with probability λ(t, x, B)∆t + o(∆t). We assume that
B 7→ λ(t, x, B) is a finite measure for fixed t and x, while t 7→ λ(t, x, B) is uniformly
continuous for fixed x and B. Under these assumptions, the distribution function of
the process satisfies

P (t, x; t + ∆t, B) = λ(t, x, B)∆t + o(∆t).

If this equality holds uniformly in t, x, and B, for every bounded function ϕ0 on X we
may define another function ϕ : R×X → X by

(19.8) ϕ(s, x) =

∫

X

ϕ0(z)P (s, x; t, dz) (s ≤ t).

This function satisfies then the Barbashin equation

(19.9)
∂ϕ(s, x)

∂s
= −

∫

X

ϕ(s, y)λ(s, x, dy) (s < t)

with initial condition

(19.10) ϕ(t, x) = ϕ0(x).

In particular, if ϕ0 is the characteristic function of B, we have ϕ(s, x) = P (s, x; t, B),
by (19.8). Consequently, we may define the distribution function P (s, x; t, B) through
(19.9) and (19.10).

Now let µ0 be some finite measure and

(19.11) µ(t, B) =

∫

X

µ0(dx)P (s, x; t, B) (t ≥ s).

Then µ satisfies the integro-differential equation

(19.12)
∂µ(t, B)

∂t
=

∫

X

λ(t, x, B)µ(t, dx) (t > s)

with initial condition

(19.13) µ(s,B) = µ0(B).



In particular, if µ0(B) = P (s, x; s,B), we may define the distribution function P (s, x; t, B)
through (19.12) and (19.13).

We point out that the problems (19.9)/(19.10) and (19.12)/(19.13) may be solved by
means of the method of successive approximations. In fact, for the problem (19.9)/(19.10)
we have

ϕ0(s, x) = ϕ0(x), . . . , ϕn+1(s, x) = ϕ0(x) +

∫ t

s

∫

X

ϕn(u, y)λ(u, x, dy) du,

where
ess sup

x∈X
sup

t0≤s≤t
|ϕn(s, x)− ϕ(s, x)| → 0 (n →∞).

Likewise, for the problem (19.12)/(19.13) we have

µ0(t, B) = µ0(B), . . . , µn+1(t, B) = µ0(B) +

∫ t

s

∫

X

µn(u, dx)λ(u, x, B) du,

where
V ar [µn(t, B)− µ(t, B)] → 0 (n →∞),

uniformly in t on every interval [s, t].

19.2. Applications to evolution equations
Various classes of nonlinear evolution equations with applications in physics may

be studied by means of the linear theory, see Takhtadzhjan-Fadeev [1986] or
Ablowitz-Segur [1981]. We sketch some results in this direction.

Given two operators L and M , consider the problem

(19.14)

{
Lv = v,

vt = Mv.

The compatibility of the system (19.14) and its relation to specific evolution equations
depend of course on the choice of the operators L and M . For instance, in the Korteweg-
de Vries equation one takes L = ∂2/∂x2 + u(x, t) (see e.g. Ablowitz-Segur [1981]).
Another example is given by the system

(19.15)





∂v(x, t)

∂x
= iξDv + Nv,

∂v(x, t)

∂t
= Qv,

where v = (v1, . . . , vn), ξt = 0, and D, N , and Q are n × n-matrices such that
the diagonal entries of N and the off-diagonal entries of D are zero. The system
(19.15) describes various evolution processes with a natural physical interpretation (see
Ablowitz-Segur [1981]). In particular, the Boussinesque equation and the nonlinear
vector Schrödinger equation may be obtained in this way.



If one passes in (19.15) formally to infinitely many variables, i.e. to the limit n →∞,
one is led to the Barbashin equations

(19.16)
∂v(x, y, t)

∂x
= iξd(y)v(x, y, t) +

∫ +∞

−∞
N(x, y, z, t)v(x, z, t) dz

and

(19.17)
∂v(x, y, t)

∂t
=

∫ +∞

−∞
Q(x, y, z, t)v(x, z, t) dz.

Here the kernel N(x, y, z, t) must satisfy the nonlinear integro-differential equation of
Barbashin type

(19.18)

∂N(x, y, z, t)

∂t
= a(x, y)

∂N(x, y, z, t)

∂x

+

∫ +∞

−∞
[a(y, z′)− a(z′, z)]N(x, y, z′, t)N(x, z′, z, t) dz′

with a(y, z) = a(z, y).
We describe now a general approach to integro-differential equations of Barbashin

type. Consider the system of ordinary differential equations

(19.19)





dx1

dt
= f1(t, x1, . . . , xn)

dx2

dt
= f2(t, x1, . . . , xn)

.

.

.
dxn

dt
= fn(t, x1, . . . , xn).

Following Volterra [1959], we replace the discrete index i ∈ {1, . . . , n} by the
continuous variable s ∈ [a, b] and get an equation of the form

(19.20)
∂x(t, s)

∂t
= F [t, s, φ(t)]

containing the unknown function x = x(t, s); here φ(t) = Φx(t, ·) with some functional
Φ which acts on x(t, ·) for fixed t. If F (t, s, ·) is linear, we may write (19.20) in the form

(19.21)
∂x(t, s)

∂t
=

∫ b

a

f(t, s, σ)x(t, σ) dσ;

this is a special Barbashin equation which was studied in Schlesinger [1914, 1915].
Integrating equation (19.20) over [t0, t] yields

(19.22) x(t, s) = x0(s) +

∫ t

t0

F [τ, s, x(τ, s)] dτ



with x0(s) := x(t0, s). If we suppose that F is continuous in all variables and satisfies
a Lipschitz-type condition

sup
|u−v|≤ε

|F (t, s, u)− F (t, s, v)| ≤ Aε

with some constant A > 0, the solution of (19.22) may be obtained by the usual method
of successive approximations with initial approximation x0(t, s) ≡ x0(s).

Similarly, consider the following canonical Hamiltonian system:

(19.23)





dq1

dt
=

∂H(t, q1, . . . , qn, p1, . . . , pn)

∂p1

dq2

dt
=

∂H(t, q1, . . . , qn, p1, . . . , pn)

∂p2

.

.

.
dqn

dt
=

∂H(t, q1, . . . , qn, p1, . . . , pn)

∂pn

dp1

dt
= −∂H(t, q1, . . . , qn, p1, . . . , pn)

∂q1

dp2

dt
= −∂H(t, q1, . . . , qn, p1, . . . , pn)

∂q2

.

.

.
dpn

dt
= −∂H(t, q1, . . . , qn, p1, . . . , pn)

∂qn

.

Replacing again the discrete index i ∈ {1, . . . , n} by the continuous variable s ∈ [a, b],
we may transform this system in the same way into the integro-differential equation
(see Volterra [1959])

(19.24)





∂q(t, s)

dt
=

∂F (t, s, φ(t), ψ(t))

∂p

∂p(t, s)

dt
= −∂F (t, s, φ(t), ψ(t))

∂q
,

where φ and ψ are defined similarly as φ in (19.20). We point out that other nonlinear
integro-differential equations of Barbashin type arise in the theory of permutable functions
which have important applications to integral equations (Volterra [1959]).

Consider now the matrix differential equation

(19.25)
dV (τ)

dτ
= CV + LV + V M + F,

where C, V, L, M , and F are n× n-matrices with C = diag(c1, . . . , cn). Such equations
arise, in particular, as evolution equations for the transition matrix in inverse problems



for nonlinear Schrödinger equations (Takhtadzhjan-Fadeev [1986]). Passing (formally)
in the matrix equation (19.25) to the limit n →∞ gives the equation

(19.26)

∂v(τ, s, t)

∂τ
= c(s, t)v(τ, s, t) +

∫ +∞

−∞
l(τ, σ, t)v(τ, s, σ) dσ

+

∫ +∞

−∞
m(τ, s, σ)v(τ, σ, t) dσ + f(τ, s, t).

This is a generalized Barbashin equation of the form we have studied in Subsection
16.1.

19.3. Systems with substantially distributed parameters
As we have shown in the previous subsection, integro-differential equations of Barbashin

type, both linear and nonlinear, naturally arise from systems of n differential equations
after passing to the limit n →∞ or, what is essentially the same, after replacing discrete
indices by continuous variables. While this way of obtaining Barbashin equations may
seem rather “academic”, it has in fact a reasonable physical background which we will
discuss in this subsection (see Brack [1985]).

Consider, for instance, the system

(19.27)





dq

dt
= Aq(t) + Bu(t)

x(t) = Cq(t) + Du(t),

where the values of A, B, C, and D are m×m-matrices, and the values of q, x, and u are
m×n-matrices. The system (19.27) represents the nonstationary balance equations for
certain quantities (called substances) over given balance spaces, and the state vector q
represents a distribution density function for these substances. Physically, n denotes the
number of independent balance spaces, while m is the number of independent substances.
Here passing to the limit n →∞ or m →∞ has a natural physical meaning.

In fact, n → ∞ means that no more discrete balance spaces can be distinguished
which occurs in systems with spatially distributed parameters. The mathematical model
leads here to a system of m partial differential equations.

On the other hand, m → ∞ means that one has to deal with an arbitrarily
large number of substances; the corresponding systems are then called systems with
essentially distributed parameters (Brack [1985]). In this case one is led to the system

(19.28)
∂q(s, t)

∂t
= a(s)q(s, t) +

∫ b

a

A(s, σ)q(σ, t) dσ +

∫ b

a

B(s, σ)u(σ, t) dσ

which consists of n integro-differential equations of Barbashin type. If B is a diagonal
matrix, the system (19.28) may be written in the form

(19.29)
∂q(s, t)

∂t
= a(s)q(s, t) +

∫ b

a

A(s, σ)q(σ, t) dσ + b(s)u(s, t).

The variable s ∈ [a, b] in (19.28) or (19.29) may have different meanings, according
to the physical setting. For example, s may be the number of C-atoms in chemical



compouds, the chain length in polymers, or the boiling temperature of a multicomponent
mixture (see e.g. Roth [1972], Rätzsch-Kehlen [1984], Gilles-Knöpp [1967]). For
fixed t, the function q(·, t) may be regarded as density function of the distribution of
the material.

If the matrices A and B in (19.27) depend on t as well, and B is a diagonal matrix,
the system (19.29) has to be replaced by the system

(19.30)
∂q(s, t)

∂t
= a(s, t)q(s, t) +

∫ b

a

A(s, σ, t)q(σ, t) dσ + b(s, t)u(s, t).

This is a Barbashin equation of the type we have studied in Chapters I and II.
We remark that some applications of Barbashin equations to problems in control

theory have been given in Bisjarina [1964], Khoteev [1976, 1984], Beesack [1987],
and Kurzweil [1957].

19.4. The Kimura continuum-of-alleles model
In 1965, M. Kimura proposed a model for describing mutations as a source for genetic

variability in quantitative characters (Kimura [1965], see also Bürger [1986]). The
crucial assumption in this model is that new alleles are produced continuously through
genetic mutation, and that the expression of a metric trait is determined by a continuum
of possible alleles. Assuming that the selection mechanism in the system is constant,
this model leads to certain integro-differential equations as we shall show now.

In Kimura’s model, one assumes that a quantitative character is under control of a
single gene locus at which every mutation may produce a new allele different from the
previous ones. The effect of a new allele on a character is assumed to be only slightly
different from that of the parent allele.

Let us denote by s the effect of the action of an allele on the quantitative character.
It is assumed that an allele having the effect s mutates to an allele with effect σ with
probability density u(s− σ). By p(t, s) we denote the relative frequency of the allele s
at time t in the population under consideration, i.e. p(t, ·) is a probability distribution.
Let m(s) denote the Malthusian fitness of the population, and m(t) its average at time
t, i.e.

m(t) =

∫ +∞

−∞
m(s)p(t, s) ds.

In a population of competeting generations, the evolution of allelic effects is described
by the nonlinear integro-differential equation of Barbashin type

(19.31)
∂p(t, s)

∂t
= [m(s)−m(t)]p(t, s) + µ

∫ +∞

−∞
u(s− σ)p(t, σ) dσ − µp(t, s),

where µ is the mutation rate. Based on biological considerations, Kimura [1965]
proposes the choice

m(s) = −as2, u(s) =
e−s2/2γ2

√
2πγ2



which leads to the Barbashin equation
(19.32)

∂p(t, s)

∂t
= −as2p(t, s)+µ

∫ +∞

−∞

e−(s−σ)2/2γ2

√
2πγ2

p(t, σ) dσ+ap(t, s)

∫ +∞

−∞
σ2p(t, σ) dσ−µp(t, s).

Here the equilibria of equation (19.32) are particularly important, i.e. solutions of the
form p(t, s) ≡ p(s). From (19.32) it follows that every equilibrium must staisfy the
relation

s2p(s)− µ

a

∫ +∞

−∞
u(s− σ)p(σ) dσ =

(
λ− µ

a

)
p(s).

Integrating this relation leads to

λ =

∫ +∞

−∞
s2p(s) ds.

In Bürger [1986] it is shown that equation (19.32) has a unique equilibrium solution
p = p(s); this solution is strictly positive, symmetric, and globally asymptotically
stable.

We shall prove now that the equation (19.32) with initial condition

(19.33) p(t0, s) = p0(s)

has, under appropriate conditions on p0, always a local solution:

Lemma 19.1. Let

(19.34) g(t, s) := p0(s)e
−as2(t−t0),

and suppose that the function g(·, s) is integrable for any s. Let f(·, s) be continuous
for all s. Then the initial value problem

(19.35)





∂p(t, s)

∂t
= −as2p(t, s) + f(t, s) (t > t0,−∞ < s < ∞)

p(t0, s) = p0(s) (−∞ < s < ∞).

has the unique solution

(19.36) p(t, s) = g(t, s) +

∫ t

t0

e−as2(t−τ)f(τ, s) dτ.

2 For fixed s, the problem (19.35) is a linear initial value problem which can be
solved by the classical “variation of constants” formula. ¥

Consider the operator

(19.37)

Kx(t, s) = µ

∫ t

t0

∫ +∞

−∞

e−(s−σ)2/2γ2

√
2πγ2

x(τ, σ) dσ dτ

+a

∫ t

t0

x(τ, s)

∫ +∞

−∞
σ2x(τ, σ) dσ dτ − µ

∫ t

t0

x(τ, s) dτ.



Let w : R → (0,∞) be bounded, continuous, and integrable, and denote by CT,w the
space of continuous functions x : [t0 − T, t0 + T ]×R → R, equipped with the norm

(19.38) ||x||T,w := sup

{
(1 + s2)|x(t, s)|

w(s)
: t0 − T ≤ t ≤ t0 + T, −∞ < s < ∞

}
.

We assume that w is chosen such that the initial function p0 belongs to CT,w for some
(and thus all) T > 0. The next lemma gives a local Lipschitz condition for the operator
(19.37) between CT,w and C:

Lemma 19.2. For each ε > 0 and each R > 0 there is some T > 0 such that

(19.39) ||Kx−Ky||C ≤ ε ||x− y||T,w

for ||x||T,w, ||y||T,w ≤ R.
2 By the definition of the norm (19.38) we have

|x(t, s)− y(t, s)| ≤ ||x− y||T,ww(s)

1 + s2
, |x(t, s)| ≤ Rw(s), s2|y(t, s)| ≤ Rw(s).

Consequently, we get

|Kx(t, s)−Ky(t, s)| ≤ µ

∣∣∣∣∣
∫ t

t0

∫ +∞

−∞

e−(s−σ)2/2γ2

√
2πγ2

|x(τ, σ)− y(τ, σ)| dσ dτ

∣∣∣∣∣

+a

∣∣∣∣
∫ t

t0

∫ +∞

−∞
σ2|x(τ, s)[x(τ, σ − y(τ, σ)] + [x(τ, s)− y(τ, s)]y(τ, σ| dσ dτ

∣∣∣∣

+µ

∫ t

t0

|x(τ, s)− y(τ, s)| dτ

≤ µ

∣∣∣∣∣
∫ t

t0

∫ +∞

−∞

e−(s−σ)2/2γ2

√
2πγ2

||x− y||T,ww(σ)(1 + σ2)−1 dσ

∣∣∣∣∣

+a

∣∣∣∣
∫ t

t0

∫ +∞

−∞
σ2Rw(s)||x− y||T,ww(σ)(1 + σ2)−1 dσ dτ

∣∣∣∣

+a

∣∣∣∣
∫ t

t0

∫ +∞

−∞
||x− y||T,ww(s)(1 + s2)−1Rw(σ) dσ dτ

∣∣∣∣

+µ

∫ t

t0

||x− y||T,ww(s)(1 + s2)−1 dτ

≤ C |t− t0| ||x− y||T,w[µ + aRw(s) + µw(s)]

with some constant C > 0 depending only on w. Now the statement is obvious. ¥

Theorem 19.2. Let w : R → (0,∞) be bounded, continuous, and integrable.
Assume that p0 : R → R is continuous with

(19.40) sup
−∞<s<∞

(1 + s2)p0(s)

w(s)
< ∞.



Then for each sufficiently large R > 0 there is some T > 0 such that the initial value
problem (19.32)/(19.33) has a unique solution x ∈ CT,w with ||x||T,w ≤ R.

2 We show first that the initial value problem (19.32)/(19.33) is equivalent to the
fixed point equation

(19.41) x = GKx + g,

where g is given by (19.34) and G : C → CT,w is defined by

(19.42) Gy(t, s) =

∫ t

t0

e−as2(t−τ)y(τ, s) dτ.

Indeed, if x solves (19.41), then Lemma 19.1, applied to f = Kx, implies that x solves
the initial value problem (19.32)/(19.33). Conversely, if x ∈ CT,w is a solution of the
initial value problem (19.32)/(19.33), then again Lemma 19.1 implies that x satisfies
(19.41).

Without loss of generality, let R > ||g||T,w. Fix ε ≤ (R−||g||T,w)/R||G||, and choose
T as in Lemma 19.2. To prove existence and uniqueness of a solution of (19.41), we
apply the Banach-Caccioppoli fixed point principle to the operator Ax = GKx + g on
the closed ball B := {x : x ∈ CT,w, ||x||T,w ≤ R}. In fact, A maps B into itself since

||Ax|| ≤ ||GKx||+ ||g|| ≤ ||G|| ε ||x||+ ||g|| ≤ R (||x|| ≤ R).

From Lemma 19.2 we conclude that ||Ax − Ay|| ≤ ||G|| ε ||x − y|| with ||G|| ε < 1.
Thus, A has a unique fixed point in B. ¥

In Thieme [1980, 1986] one may find other problems from population dynamics
which lead to nonlinear integro-differential equations of Barbashin type. We also mention
the nonlinear Barbashin equation studied in Hadeler [1986], which is some kind of
continuous analogue to the ordinary differential equations occurring in Fisher’s model
of n alleles at a locus (Hofbauer-Sigmund [1984]) or in evolutionary game dynamics
(Hofbauer-Sigmund [1984], Seeman [1980]). The paper Arino-Kimmel [1987]
provides an analysis of the asymptotic behaviour of a cell cycle kinetic model, based
on the assumption of unequal RNA division during cytokinesis.

19.5. An application to a radiation propagation problem
We are now going to apply the existence and uniqueness theorems for boundary

value problems obtained in Subsection 9.5 to other physical and mechanical “real life”
problems. Consider the integro-differential equation

(19.43) s
∂x(t, s)

∂t
+ x(t, s) =

∫ 1

−1

k(s, σ)x(t, σ) dσ + f(t, s)

with boundary conditions

(19.44) x(0, s) = φ(s) (0 < s ≤ 1), x(T, s) = ψ(s) (−1 ≤ s < 0).

Problems of this type arise in the mathematical modelling of the propagation of radiation
through the atmosphere of planets and stars (Case-Zweifel [1967], Minin [1988],



Sobolev [1956, 1972, 1985]); here f describes the interior radiation, k the scattering
properties of the atmosphere, and x the (unknown) radiation density. In another physical
interpretation, the above problem arises in the modelling of transfer of neutrons through
thin plates and membranes in nuclear reactors (van der Mee [1983]); here f describes
the interior neutron emission, k the diffraction properties of the plates and membranes,
and x the (unknown) angular density of neutrons. The problem of isotropic scattering
of neutrons in an infinite homogeneous medium consiederd in Marchuk [1961] also
leads to equation (19.43).

We shall study the problem (19.43)/(19.44) in the space X = Lp([−1, 1]), i.e. we
take φ ∈ X+ = Lp([0, 1]) and ψ ∈ X− = Lp([−1, 0]) (1 < p < ∞). By X(s), X+(s), and
X−(s) we denote the weighted spaces with norm (9.43) for the special weight function
w(s) = s (which is of course suggested by the form of equation (19.43)). Obviously, we
have X ⊆ X(s) and X± ⊆ X±(s) (continuous imbeddings with imbedding constants
1).

Observe that the equation (19.43) exhibits a singularity, since the weight function
w(s) = s is not bounded away from zero. We have to pay a price for this, inasmuch as
we must require more regularity for the right-hand side f in the next lemma:

Lemma 19.3. Let X = Lp([−1, 1]) and Y = Lr([−1, 1]) with p < r < ∞, and let
Q = [0, T ]× [−1, 1]. For any φ ∈ X+, ψ ∈ X−, and f ∈ Ct(Y ), the problem





s
∂x(t, s)

∂t
+ x(t, s) = f(t, s) if (t, s) ∈ Q,

x(0, s) = φ(s) if 0 < s ≤ 1,

x(T, s) = ψ(s) if −1 ≤ s < 0

has then a unique solution x ∈ Ct(X) with ∂x/∂t ∈ Ct(X(s)); this solution is given,
for almost all (t, s) ∈ Q, by

x(t, s) =





1

s

∫ t

0

e−(t−τ)/sf(τ, s) dτ + φ(s)e−t/s if 0 < s ≤ 1,

1

s

∫ t

T

e−(t−τ)/sf(τ, s) dτ + ψ(s)e−(t−T )/s if −1 ≤ s < 0.

2 We only have to prove that x ∈ Ct(X); the fact that ∂x/∂t ∈ Ct(X(s)) follows
then from f ∈ Ct(Y ) and the structure of equation (19.43). For fixed t0 ∈ [0, T ] we



have
(19.45)

||x(t, ·)− x(t0, ·)||X

≤
{∫ 1

0

∣∣∣∣
1

s

∫ t

0

e−(t−τ)/sf(τ, s) dτ −
∫ t0

0

e−(t0−τ)/sf(τ, s) dτ

∣∣∣∣
p

ds

}1/p

+

{∫ 1

0

|φ(s)[e−t/s − e−t0/s]|p ds

}1/p

+

{∫ 1

0

|ψ(s)[e−(t−T )/s − e−(t0−T )/s]|p ds

}1/p

+

{∫ 0

−1

∣∣∣∣
1

s

∫ t

T

e−(t−τ)/sf(τ, s) dτ −
∫ t0

T

e−(t−τ)/sf(τ, s) dτ

∣∣∣∣
p

ds

}1/p

.

For definiteness, let t > t0. We only prove that the first term in (19.45) tends to zero
as t → t0; the proof for the other terms is similar. By the Hölder inequality we have

{∫ 1

0

∣∣∣∣
1

s

∫ t

0

e−(t−τ)/sf(τ, s) dτ −
∫ t0

0

e−(t0−τ)/sf(τ, s) dτ

∣∣∣∣
p

ds

}1/p

≤
{∫ 1

0

∣∣∣∣
1

s

∫ t

t0

e−(t−τ)/sf(τ, s) dτ

∣∣∣∣
p

ds

}1/p

+

{∫ 1

0

∣∣∣∣
1

s

∫ t0

0

[e−(t−τ)/s − e−(t0−τ)/s]f(τ, s) dτ

∣∣∣∣
p

ds

}1/p

≤
∫ t

t0

{∫ 1

0

∣∣∣∣
1

s
e−(t−τ)/s

∣∣∣∣
q

ds

}1/q {∫ 1

0

|f(τ, s)|r ds

}1/r

dτ

+

∫ t0

0

{∫ 1

0

∣∣∣∣
1

s
[e−(t−τ)/s − e−(t0−τ)/s]

∣∣∣∣
q

ds

}1/q {∫ 1

0

|f(τ, s)|r ds

}1/r

dτ,

where 1
p

= 1
r

+ 1
q
. Thus, it suffices to show that

Aq(t) =

∫ t

t0

{∫ 1

0

∣∣∣∣
1

s
e−(t−τ)/s

∣∣∣∣
q

ds

}1/q

dτ → 0 (t → t0)

and

Bq(t) =

∫ t0

0

{∫ 1

0

∣∣∣∣
1

s
[e−(t−τ)/s − e−(t0−τ)/s]

∣∣∣∣
q

ds

}1/q

dτ → 0 (t → t0).

Suppose first that q = 2. Then

A2(t) =

∫ t

t0

{∫ 1

0

1

s2
e−2(t−τ)/s ds

}1/2

dτ

=

∫ t

t0

{
e2(t−τ) − 1

2(t− τ)

}1/2

dτ ≤ 1√
2

∫ t

t0

et−τ

√
t− τ

dτ ≤
√

2eT
√

t− t0,



hence A2(t) → 0 as t → t0. If 1 < q < 2, we get Aq(t) → 0, as t → t0, by the continuity
of the imbedding L2 ⊆ Lq. It remains to analyze the case 2 < q < ∞. Let first q = 3.
Integrating by parts and observing that (a + b)α ≤ aα + bα for 0 < α < 1 yields

A3(t) =

∫ t

t0

{∫ 1

0

1

s3
e−3(t−τ)/s ds

}1/3

dτ =

∫ t

t0

e−(t−τ)

[
1

3(t− τ)
− 1

9(t− τ)2

]1/3

dτ

≤ 1
3
√

3

∫ t

t0

dτ
3
√

t− τ
+

1
3
√

9

∫ t

t0

dτ
3
√

(t− τ)2
=

3
√

9

2
3
√

(t− t0)2 +
3
√

3 3
√

t− t0,

hence A3(t) → 0 as t → t0. If q ∈ N with q > 3, the proof is the same as for q = 3.
Finally, if q ∈ (2,∞) is arbitrary, the assertion follows from the continuity of the
imbedding L[q]+1 ⊆ Lq.

We have shown that Aq(t) → 0, as t → t0, for any q ∈ (1,∞). To see that Bq(t) → 0
as well is easy. In fact,

Bq(t) =

∫ t0

0

{∫ 1

0

∣∣∣∣
1

s
e−(t0−τ)/s

[
1− e−(t−t0)/s

]∣∣∣∣
q

ds

}1/q

dτ

≤
∫ t0

0

{∫ 1

0

∣∣∣∣
1

s
e−(t0−τ)/s

∣∣∣∣
2q

ds

}1/2q {∫ 1

0

∣∣1− e−(t−t0)/s
∣∣2q

ds

}1/2q

dτ.

Since the first integral remains bounded, and e−(t−t0)/s → 1 as t → t0, by Lebesgue’s
dominated convergence theorem we conclude that Bq(t) → 0 for any q ∈ (1,∞). ¥

Lemma 19.3 is the basic tool to obtain existence and uniqueness results for the
problem (19.43)/(19.44) building on the preceding abstract theorems. For the sake of
completeness, we summarize these results with the following two theorems.

Theorem 19.3. Suppose that the integral operator defined by the kernel function k is
regular from X = Lp([−1, 1]) into Y = Lr([−1, 1]), where p < r < ∞, and f ∈ Ct(Y ).
Then every solution of the problem (19.43)/(19.44) solves the equation (9.47), where

(19.46) Lx(t, s) =





1

s

∫ t

0

e−(t−τ)/s

∫ 1

−1

k(s, σ)x(τ, σ) dσ dτ if 0 < s ≤ 1,

1

s

∫ t

T

e−(t−τ)/s

∫ 1

−1

k(s, σ)x(τ, σ) dσ dτ if −1 ≤ s < 0,

and

(19.47) g(t, s) =





1

s

∫ t

0

e−(t−τ)/sf(τ, s) dτ + φ(s)e−t/s if 0 < s ≤ 1,

1

s

∫ t

T

e−(t−τ)/sf(τ, s) dτ + ψ(s)e−(t−T )/s if −1 ≤ s < 0.

Conversely, every solution x ∈ Ct(X) of (9.47), with L given by (19.46) and g given
by (19.47), is a solution of (19.43)/(19.44), and the partial derivative ∂x/∂t belongs to
Ct(X(s)).



Theorem 19.4. Suppose that the integral operator defined by the kernel function k
is regular from X = Lp([−1, 1]) into Y = Lr([−1, 1]), where p < r < ∞. Assume that
the estimates (9.36) hold, where the functions a, b, c, and d are defined by





a(t, τ, s, σ) = 1
s
e−(t−τ)/sk(s, σ),

b(t, τ, s, σ) = 1
s
e−(t−τ)/sk(s,−σ),

c(t, τ, s, σ) = −1
s
e(t−τ)/sk(−s, σ),

d(t, τ, s, σ) = −1
s
e(t−τ)/sk(−s,−σ).

Suppose, moreover, that one of the four conditions (a), (b), (c) or (d) of Theorem 9.7
is satisfied. Then the problem (19.43)/(19.44) has a unique solution x ∈ Ct(X), with
∂x/∂t ∈ Ct(X(s)), for any φ ∈ X+, ψ ∈ X−, and f ∈ Ct(Y ).

19.6. Applications to astrophysics
The following approach to the Kolmogorov-Feller equations of a purely discontinuous

Markov process is taken from Agekjan [1974]. A Markov process is called purely
discontinuous if the the corresponding random function which takes the value x at the
moment t, remains unchanged in the time interval ∆t with probability 1−P (t, x)∆t+
o(∆t), and changes with probability P (t, x)∆t + O(∆t). Let ξ(t, x, y) dy denote the
probability with which this function takes values from the interval [y, y + dy], and
ϕ(t, x; τ, y) dy the probability which this function takes values from this interval at
time τ . Then

(19.48)
ϕ(t, x; t + ∆t, y) dy = [1− P (t, x)∆t + o(∆t)]δ(y − x) dy

+[P (t, x)∆t + o(∆t)]ξ(t, x; y) dy,

where δ denotes the delta distribution. Putting (19.48) into the Kolmogorov-Chapman
equation

ϕ(t, x; τ, z) =

∫ +∞

−∞
ϕ(t, x; t + ∆t, y)ϕ(t + ∆t, y; τ, z) dy

we get

(19.49)

ϕ(t, x; τ, z) =

∫ ∞

−∞

[(
1− P (t, x)∆t + o(∆t)

)
δ(y − x)

+
(
P (t, x)∆t + o(∆t)

)
ξ(t, x; y)

]
ϕ(t + ∆t, y; τ, z) dy.

Since ∫ +∞

−∞
ϕ(t + ∆t, y; τ, z)δ(y − x) dy = ϕ(t + ∆t, x; τ, z),

from (19.49) we further get

(19.50)

ϕ(t + ∆t, x; τ, z)− ϕ(t, x; τ, z)

∆t
=

[
P (t, x) +

o(∆t)

∆t

]
ϕ(t + ∆t, x; τ, z)

−
[
P (t, x) + o(∆t)

∆t

] ∫ ∞

−∞
ξ(t, x; y)ϕ(t + ∆t, y; τ, z) dy.



Taking the limit ∆t → 0 in (19.50), we obtain the first Kolmogorov-Feller equation

∂ϕ(t, x; τ, z)

∂t
= P (t, x)

(
ϕ(t, x; τ, z)−

∫ ∞

−∞
ξ(t, x; y)ϕ(t, y; τ, z) dy

)
.

Furthermore, using the identity

ϕ(τ, y; τ + ∆τ, z) dz =
(
1− P (τ, y)∆τ + o(∆τ)

)
δ(z − y)

+
(
P (τ, y)∆τ + o(∆τ)

)
ξ(τ, y; z) dz

and well-known properties of the delta distribution, we get

(19.51)

ϕ(t, x; τ + ∆τ, z) = ϕ(t, x; τ, z)− ϕ(t, x; τ, z)
(
P (τ, x)∆τ + o(∆τ)

)

+

∫ +∞

−∞
ϕ(t, x; τ, y)

(
P (τ, y)∆τ + o(∆τ)

)
ξ(τ, y, z) dy.

Putting now ϕ(t, x; τ, z) in the left hand side of (21.12), dividing by ∆τ , and taking
the limit ∆τ → 0, we end up with the second Kolmogorov-Feller equation

∂ϕ(t, x; τ, z)

∂τ
= −P (τ, z)ϕ(t, x; τ, z) +

∫ ∞

−∞
P (τ, y)ξ(τ, y; z)ϕ(t, x; τ, y) dy.

Let L(t, x; z) dt dz be the probability with which the corresponding random function
which takes the value x at the moment t, makes a jump after time dt and assumes
values in the interval [z, z + dz]. Then

L(t, x; z) dt dz = P (t, x)ξ(t, x; z) dt dz.

Since ∫ +∞

−∞
ξ(t, x; z) dz = 1,

we have ∫ +∞

−∞
L(t, x; z) dz = P (t, x).

Consequently, the Kolmogorov-Feller equations for a purely discontinuous random
process have the form

(19.52)
∂ϕ(t, x; τ, z)

∂t
= ϕ(t, x; τ, z)

∫ +∞

−∞
L(t, x; y) dy −

∫ +∞

−∞
L(t, x, y)ϕ(t, y; τ, z) dy

and

(19.53)

∂ϕ(t, x; τ, z)

∂τ
= −ϕ(t, x; τ, z) +

∫ +∞

−∞
L(τ, z; y) dy

+

∫ +∞

−∞
L(τ, y; z)ϕ(t, x; τ, y) dy.

From (19.52) and (19.53) one sees that the knowledge of the function L(t, x, y) is
indispensable for solving the Kolmogorov-Feller equations.



19.7. Plane-parallel transport problems
In Subsection 19.5 we have studied the boundary value problem (19.43)/(19.44) for

a Barbashin equation related to the theory of plane-parallel transport problems. This
relation is not accidental. In fact, consider the integro-differential equation of Barbashin
type

∂x(t, s)

∂t
+ x(t, s) =

∫ 1

−1

k(t, s, σ)x(t, σ) dσ + f(t, s)

with boundary conditions

x(
b

s
, s) = ϕ(s) (s > 0), x(

b

s
, s) = ψ(s) (s < 0)

on the domain

D := ([0, b]× (0, 1]) ∪ ([−b, 0]× [−1, 0)) ∪ {(t, s) : 0 < s ≤ b
t
, t ≥ b}

∪{(t, s) : − b
t
≤ s < 0, t ≤ −b}.

After the change of variables t = τ/u and s = u, this equation has the form

(19.54) u
∂y(τ, u)

∂τ
+ y(τ, u) =

∫ 1

−1

m(τ, u, σ)y(τ, σ) dσ + g(τ, u),

with boundary conditions

(19.55) y(0, u) = ϕ(u), u > 0, y(b, u) = ψ(u), u < 0.

Here (τ, u) belongs to the triangular domain

∆ := {(τ, u) : 0 ≤ τ ≤ b, −1 ≤ u ≤ 1}.
The boundary value problem (19.54)/(19.55) is one of the classical problems describing
plane-parallel transport.

We point out that several integro-differential equations may be transformed into
Barbashin equations by means of Fourier transforms. For instance, applying to the non-
stationary one-velocity transport equation with isotropic scattering (Case-Zweifel
[1967])

∂x

∂t
+ s

∂x

∂r
+ x =

c

2

∫ 1

−1

x(t, s, r) ds

the Fourier transform in r one is led to the integro-differential equation of Barbashin
type

∂xk(t, s)

∂t
+ (1 + iks)xk(t, s) =

c

2

∫ 1

−1

xk(t, s) ds,

where
xk(t, s) =

∫ ∞

−∞
x(t, s, r)e−ikr dr.

Integro-differential equations of the type (19.54) have numerous applications in astrophysics.
For example, they describe the radiation transport in the atmospheres of stars, or the
absorption lines in star spectra (Chandrasekhar [1950], Sobolev [1956, 1972]).



They also occur in the mathematical modelling of wave propagation in media which are
bounded by a pair of parallel planes (Sobolev [1956, 1972]), in biological experiments
(Ishimaru [1978]), in transport problems for elementary particles in flat media (Agoshkov
[1988],Maslennikov [1968],Case-Zweifel [1967],Cercignani [1969],Chandrasekhar
[1950]), and in other applications (England [1974]).



§ 20. Applications of partial integral equations

In this section we discuss some classes of partial integral operators and equations
which occur in various problems of mathematical physics, such as continuummechanics,
mixed problems of evolutionary type, axially symmetric contact problems for composite
media, fracture mechanics, elasticity and viscoelasticity, creep theory of non-uniformly
aging media, and other fields of solid mechanics. Most of the material covered in this
section is due to Aleksandrov-Kovalenko [1977, 1978, 1980, 1981, 1984, 1986],
Kovalenko [1979, 1981, 1984, 1984a, 1985, 1988, 1989, 1989a, 1990], andManzhirov
[1983, 1985]. Applying our previous results from § 14 and from the recent paper
Kalitvin [1998] we arrive at several solvability results for such problems.

Obtaining such solvabiblity results usually amounts to studying the essential spectrum
of the resulting partial integral operator in a suitable Banach space. In fact, this
makes it possible to derive existence, uniqueness, and well-posedness results which are
important for the approximate solution and numerical analysis of the corresponding
equations. Our philosophy is very simple-minded: First we associate with the given
partial integral operator another (simpler) operator whose spectrum may be calculated
explicitly and coincides with the essential spectrum of the given operator. From a
physical reasoning we may then often conclude that the spectrum of the simpler
operator is contained in the positive real half-axis which implies the desired existence
and uniqueness results.

A large part of this section is taken from Appell-Kalitvin-Nashed [1998]. For
the physical interpretation of the obtained solutions we refer to the papers cited below.

20.1. Applications to elasticity and viscoelasticity theory
The following problem from elasticity is studied in Vekua [1948]. Suppose that a

thin elastic plate is clamped in the (x, y)-plane, the z axis is orthogonal to this plate,
and F = F (X, Y, Z) denotes the force acting on a unit area of the plate. Assume further
that another force is acting on the boundary of the plate in the (x, y)-plane. These forces
cause a deformation of the plate which may be described by some displacement vector
(u, v, w) and which is the sum of the vertical bending and the horizontal deformation
of the plate. The mathematical modelling of the horizontal deformation is a classical
problem of two-dimensional elasticity theory (see e.g. Vekua [1948]). The problem of
finding the normal displacement leads in turn to the equation

(20.1) D∆2w = Z + Xx
∂2w

∂x2
+ Yy

∂2w

∂y2
+ 2Xy

∂2w

∂y2
−Xy

∂w

∂x
− Y

∂w

∂y
;

here ∆ is the Laplace operator, Xx, Xy, and Yy are the known components of the
stress tensor, and D = Eh3/12(1− µ2) is the cylindrical rigidity, where h denotes the
thickness of the plate, E the Young module, and µ the Poisson coefficient.

If the orthogonal force F to the plate and the horizontal deformation are negligible,
then X = Y = 0 and Xx ≈ Xy ≈ Yy ≈ 0. In this case (20.1) becomes the classical
equation of a bending plate

(20.2) D∆2w = Z.



If the plate lies on an elastic medium, one has to replace the equations (20.1) and (20.2)
by the equations

(20.3) D∆2w + kw = Aw

and

(20.4) D∆2w + kw = Z,

where A is the operator defined by the right hand side of (20.1), and k is some positive
constant.

In complex coordinates, equation (20.3) may be written in the form

(20.5)

∂4w

∂z2∂ζ2
+ a(z, ζ)

∂2w

∂z2
+ 2b(z, ζ)

∂2w

∂z∂ζ
+ a1(z, ζ)

∂2w

∂ζ2

+c(z, ζ)
∂w

∂z
+ c1(z, ζ)

∂w

∂ζ
+ λw = f(z, ζ),

where z = x + iy, ζ = x− iy, and

(20.6)

a(z, ζ) = 1
16D

(−Xx + Yy − 2iXy), a1(z, ζ) = 1
16D

(−Xx + Yy + 2iXy),

b(z, ζ) = − 1
16D

(Xx + Yy), c(z, ζ) = 1
16D

(X + iY ),

c1(z, ζ) = 1
16D

(X − iY ), λ = k
16D

.

Equation (20.5) in turn may be rewritten as a partial integral equation of Volterra type

(20.7)

w(z, ζ) +

∫ z

0

l(z, ζ, t)w(t, ζ) dt +

∫ ζ

0

m(z, ζ, τ)w(z, τ) dτ

+

∫ z

0

∫ ζ

0

n(z, ζ, t, τ)w(t, τ) dτ dt = g(z, ζ),

where we have put
(20.8)

l(z, ζ, t) = (z − t)a1(t, ζ), m(z, ζ, τ) = (ζ − τ)a(z, τ),

n(z, ζ, t, τ) = 2b(t, τ) + (ζ − τ)c(t, τ) + (z − t)c1(t, τ) + (z − t)(ζ − τ)d(t, τ),

c = −2
∂a

∂z
− 2

∂b

∂ζ
+ c, c1 = −2

∂b

∂z
− 2

∂a1

∂ζ
+ c1,

d =
∂2a

∂z2
+ 2

∂2b

∂z∂ζ
+

∂2a1

∂ζ2
− ∂c

∂z
− ∂c1

∂ζ
+ λ,

and

g(z, ζ) =

∫ z

0

dτ

∫ ζ

0

(z − t)(ζ − τ)f(t, τ) dτ + zϕ0(ζ) + ζψ0(z) + ϕ1(ζ) + ψ1(z).



Here ϕ0, ϕ1, ψ0, and ψ1 are arbitrary holomorphic functions. The equation (20.7) with
holomorphic functions (20.6) and f is a special case of the equation

(20.9) w(z, ζ) + Kw(z, ζ) = g(z, ζ),

where K is the partial integral operator of Volterra type

(20.10)

Kw(z, ζ) =

∫ z

0

l(z, ζ, t)w(t, ζ) dt +

∫ ζ

0

m(z, ζ, τ)w(z, τ) dτ

+

∫ z

0

∫ ζ

0

n(z, ζ, t, τ)w(t, τ) dτ dt.

In Vekua [1948] it was shown that equation (20.9) has a holomorphic solution if all
data l, m, n, and f are holomorphic. However, this equation may have a unique solution
also for more general data. The reason for this is that, under reasonable conditions on
the kernels l, m, and n, the spectral radius of the operator (20.10) is zero in many
natural function spaces.

In fact, let Γ1 = {z : z = γ1(u) : 0 ≤ u ≤ a} and Γ2 = {ζ : ζ = γ2(v) : 0 ≤ v ≤ b}
be two smooth simple curves in the complex z-plane and ζ-plane, respectively, and let
Γ = Γ1×Γ2. The integrals in (20.10) are understood as contour integrals over Γ1 joining
0 and z, and over Γ2 joining 0 and ζ, respectively. If the data are not holomorphic,
these integrals, and hence also the operator K, depend of course on the contours Γ1

and Γ2. Nevertheless, for fixed Γ1 and Γ2 the spectral radius of K is still zero. Put

l1(u, v, ũ) = l(γ1(u), γ2(v), γ1(ũ))γ′1(ũ),

m1(u, v, ṽ) = l(γ1(u), γ2(v), γ2(ṽ))γ′2(ṽ),

n1(u, v, ũ, ṽ) = n(γ1(u), γ2(v), γ1(ũ), γ2(ṽ))γ′1(u)γ′2(v),

w1(u, v) = w(γ1(u), γ2(v)),

and
g1(u, v) = g(γ1(u), γ2(v)).

Then the operator (20.10) takes the form

(20.11)

K1w1(u, v) =

∫ u

0

l1(u, v, ũ)w1(ũ, v) dũ +

∫ v

0

m1(u, v, ṽ)w1(u, ṽ) dṽ

+

∫ u

0

∫ v

0

n1(u, v, ũ, ṽ)w1(ũ, ṽ) dṽ dũ,

and the equation (20.9) becomes

(20.12) w1(u, v) + K1w1(u, v) = g1(u, v).

Now we may apply the results of Kalitvin [1998] to this equation. For instance,
the spectral radius of the operator (20.11) is zero in the spaces C(D) and Lp(D)
(D = [0, a]× [0, b], 1 ≤ p ≤ ∞), provided that the kernels l, m, and n are bounded and
integrable. Consequently, equation (20.12) has a unique solution in C(D) or Lp(D),



and thus equation (20.9) is uniquely solvable for any function g from C(D) or Lp(D),
repsectively.

Analogous results hold for systems of differential equations occuring in the modelling
of thin elastic hulls (Vekua [1948]). Here the kernels depend only on the form of the
hull, and the solution determines the stress function. A solution (in a generalized sense)
also exists for non-holomorphic entries of the stress tensor and for non-smooth surfaces.

Several conditions for the solvability, or even unique solvability, of equation (20.12),
as well as formulas for the resolvent kernel, may be found inKalitvin [1998]. Unfortunately,
only in quite exceptional cases it is possible to construct the resolvent kernel exlicitly. It
is therefore useful to have methods for the approximate computation of the resolvent.
We point out that also the equations (20.9) and (20.12) themselves are approximations.

To obtain an approximate solution for equation (20.12), one has to replace this
equation by the equation

(20.13)

ω(u, v) =

∫ u

0

l̃(u, v, τ)ω(τ, v) dτ +

∫ v

0

m̃(u, v, σ)ω(u, σ) dσ

+

∫ u

0

∫ v

0

ñ(u, v, τ, σ)ω(τ, σ) dσ dτ + f̃(u, v).

In what follows, we denote the partial integral operator defined by the right hand side
of (20.13) by K̃. A crucial problem is here to get estimates for the norm of the difference
between the solutions and resolvents of the equations (20.12) and (20.13).

Suppose that l, m, n, f , l̃, m̃, ñ, and f̃ are continuous functions. Then the equations
(20.12) and (20.13) both are uniquely solvable in the space C(D), where D = [0, a]×
[0, b]). Denote by (I − K1)

−1 and (I − K̃)−1 the corresponding resolvent operators,
and by ω and ω̃, respectively, the corresponding solutions. We get then the obvious
estimates

(20.14)
‖(I − K̃)−1 − (I −K1)

−1‖

≤ ‖(I − K̃)−1‖ ‖(I −K1)
−1‖ ‖K1 − K̃‖ ≤ c ‖K1 − K̃‖,

where c is some constant which will be specified below. The estimate (20.14) in turn
implies that
(20.15)

‖(I − K̃)−1 − (I −K1)
−1‖ ≤ c sup

(u,v)∈D

[∫ u

0

|l1(u, v, τ)− l̃(u, v, τ)| dτ

+

∫ v

0

|m1(u, v, σ)− m̃(u, v, σ)| dσ +

∫ u

0

∫ v

0

|n1(u, v, τ, σ)− ñ(u, v, τ, σ)| dσ dτ

]
.

Now, the smallness condition

(20.16) max {|l1 − l̃|, |m1 − m̃|, |n1 − ñ|} <
ε

c(a + b + ab)

trivially implies that ‖(I − K̃)−1 − (I −K1)
−1‖ < ε, by (20.14). This means that the

resolvent operators of the equations (20.12) and (20.13) do not differ very much if the
kernels in (20.13) are sufficiently “close” to those in (20.11).



From (20.14) and the obvious inequality

‖ω − ω̃‖ ≤ ‖(I −K1)
−1‖

[
‖(I − K̃)−1‖ ‖K1 − K̃‖ ‖f̃‖+ ‖f − f̃‖

]

it follows that

(20.17) ‖ω − ω̃‖ ≤ c ‖K1 − K̃‖ ‖f̃‖+ ‖(I −K1)
−1‖ ‖f − f̃‖;

this shows that also the difference ‖ω− ω̃‖ of the solutions is small if (20.16) holds and
f̃ is chosen sufficiently “close” to f .

The problem of calculating the constant c in (20.14) is related to estimates for the
norms of the operators (I−K̃)−1 and (I−K1)

−1. Since the kernels occurring in (20.12)
and (20.13) are continuous, by assumption, they are bounded by a common constant
c0, say. Therefore we have

max {‖(I − K̃)−1‖, ‖(I −K1)
−1‖} ≤ q0 :=

∣∣∣∣∣

∣∣∣∣∣
∞∑

n=0

Qn
0

∣∣∣∣∣

∣∣∣∣∣ ,

where the operator Q0 is defined by

Q0x(t, s) = c0

∫ t

0

x(τ, s) dτ + c0

∫ s

0

x(t, σ) dσ + c0

∫ t

0

∫ s

0

x(τ, σ) dσ dτ

for (t, s) ∈ D. To calculate the number q0 one may use the methods discussed inMüntz
[1934]. However, this leads to very cumbersome calculations. Therefore we propose here
another method for estimating the constant q0.

Let c1 = max {1, c0}, and define an operator Q1 by

Q1x(t, s) = c1

∫ t

0

x(τ, s) dτ + c1

∫ s

0

x(t, σ) dσ + c2
1

∫ t

0

∫ s

0

x(τ, σ) dσ dτ.

Since Q0x ≤ Q1x for all positive functions x, we have q0 ≤ ‖(I − Q1)
−1‖ =: q1. It

suffices therefore to estimate the constant q1. Put

L1x(t) = c1

∫ t

0

x(τ) dτ (0 ≤ t ≤ a), M1x(s) = c1

∫ s

0

x(σ) dσ (0 ≤ s ≤ b).

Then I − Q1 = I⊗I − L1⊗I − I⊗M1 − L1⊗M1. Using the classical tensor product
formula (Ichinose [1978, 1978a])

(I −Q1)
−1 = − 1

4π2

∫

|η|=r

∫

|ξ|=r

(ξI − L1)
−1⊗(ηI −M1)

−1

1− ξ − η − ξη
dξ dη,

we get

q1 ≤ r2

4π2

∫ 2π

0

∫ 2π

0

‖(reiτI − L1)
−1‖ ‖(reiσI −M1)‖

|1− r(eiτ + eiσ + rei(τ+σ))| dσ dτ.

For estimating the last integral it suffices of course to estimate all factors in the
numerator and denominator. The evident inequality

(I − ρL1)
−1x(t) = x(t) + ρ

∫ t

0

eρ(t−τ)x(τ) dτ



implies, for the special choice ρ =
1

r
e−iτ , that

‖(reiτI − L1)
−1‖ =

1

r
‖(I − ρL1)

−1‖

=
1

r

(
1 + sup

0≤t≤a

∣∣∣∣ρ
∫ t

0

eρ(t−τ) dτ

∣∣∣∣
)

=: ϕ(r) ≤ 2ea/r + r + 1

r2
.

Analogously,

‖(reiσI −M1)
−1‖ =: ψ(r) ≤ 2eb/r + r + 1

r2
.

Now, for r = 1
6
, say, we have |1 − r(eiτ + eiσ + rei(τ+σ))| ≥ 1

2
, and thus q0 ≤ q1 ≤

1
18

ϕ(1
6
)ψ(1

6
). Other effective upper estimates for the norm of (I−Q1)

−1 may be obtained
through other choices of r.

Here is yet another method for estimating the norm ‖(I −K1)
−1 − (I − K̃)−1‖. For

any two operators A and B we have

‖(A + B)−1 − A−1‖ ≤ ‖(A + B)−1 − A−1 + A−1BA−1‖+ ‖A−1BA−1‖

≤ 2‖A−1‖3‖B‖2 + ‖A−1‖2‖B‖ = ‖A−1‖2 (2‖A−1‖‖B‖+ 1) ‖B‖.

Choosing, in particular, A = I − K̃ and B = K̃ −K1 yields

(20.18)

‖(I −K1)
−1 − (I − K̃)−1‖

≤ ‖(I − K̃)−1‖2
(
2‖(I −K1)

−1‖‖K1 − K̃‖+ 1
)
‖K1 − K̃‖.

Combining this with the obvious estimate

(20.19)

‖K1 − K̃‖ = sup
(u,v)∈D

[∫ u

0

|l1(u, v, τ)− l̃(u, v, τ)| dτ

+

∫ v

0

|m1(u, v, σ)− m̃(u, v, σ)| dσ

+

∫ u

0

∫ v

0

|n1(u, v, τ, σ)− ñ(u, v, τ, σ)| dσ dτ

]
,

we see that it suffices to know the norm of the operator (I − K̃)−1 in order to estimate
‖(I −K1)

−1 − (I − K̃)−1‖. Finally, using (20.18) and (20.19) yields estimates for the
error ‖ω − ω̃‖ between the two solutions ω and ω̃.

In the preceding discussion we supposed throughout that the operators K1 and K̃
act in the space C(D) and the functions f and f̃ are continuous on D. For numerical
studies equation (20.12) is often replaced by (20.13), where f̃(ti, sj) and ω̃(ti, sj) (i =
1, . . . , n; j = 1, . . . , m) are n×m matrices; in this case K̃ has to be considered in the
matrix space Rn×m. To apply the estimates for the difference ‖ω − ω̃‖ we may then
identify this matrix space with an appropriate subspace of C(D).

20.2. Applications to mechanics of continuous media



The mathematical modelling of some mixed problems of elasticity theory, viscoelasticity,
and hydrodynamics (Aleksandrov-Kovalenko [1978, 1980], Kovalenko [1981,
1985]) leads to the equation of Volterra-Fredholm type

(20.20) λx(t, s) + Kx(t, s) = g(t, s) ((t, s) ∈ D = [0, a]× [−1, 1], λ > 0)

involving a partial integral operator

(20.21) Kx(t, s) =

∫ t

0

l(t, τ)x(τ, s) dτ +

∫ 1

−1

m(s− σ)x(t, σ) dσ,

with a kernel m of the form

(20.22) m(ξ) =
1

2

∫ ∞

−∞
m̃(x)eiθxξ dx (θ > 0).

Here m̃ = m̃(x) is a positive continuous even function on R satisfying

m̃(x) = A + O(x2) (x → 0), |x|m̃(x) = B + O(x−1) (x →∞),

the kernel l is continuous or weakly singular, and the function g has the form

g(t, s) = g1(t) + sg2(t) + f(s),

with g1, g2 ∈ C([0, a]) and f ∈ L2([−1, 1]).
The equation (20.20) is usually studied in mechanics (Aleksandrov-Kovalenko

[1980], Kovalenko [1981, 1985]), where either the functions g1 and g2 are given, or
the functions

p(t) :=

∫ 1

−1

x(t, σ) dσ, q(t) :=

∫ 1

−1

σx(t, σ) dσ.

A solution of (20.20) is then a function x such that x(t, ·) ∈ L2([−1, 1]) and x(·, s) ∈
C([0, a]). Thus, an appriopriate space for studying this equation is the tensor product
of L2([−1, 1]) and C([0, a]) with uniform crossnorm and, in particular, the space Ct(L2)
we introduced in Subsection 1.1. It is clear that the solvability results for (20.20) are
closely related to the properties of the operator (20.21) in these spaces. In Kalitvin-
Zabrejko [1991] it was shown that the spectrum of the operator (20.21) in Lp(D)
(1 ≤ p < ∞) coincides with the spectrum of the compact operator −M̃ , where

(20.23) M̃x(s) =

∫ 1

−1

m(s− σ)x(σ) dσ

maps Lp([−1, 1]) (1 ≤ p < ∞) into C([−1, 1]) and is selfadjoint and positive definite
in L2([−1, 1]). This implies that for any positive number λ 6∈ σ(K) and each function
g ∈ Lp(D), equation (20.20) has a unique solution x ∈ Lp(D).

We remark that, for t = 0, (20.20) gives a classical equation of the theory of mixed
problems (Aleksandrov-Kovalenko [1980], Kovalenko [1981]).

Let us now consider the operator (20.21) in C(D) and in Ct(Lp) (1 ≤ p < ∞). By
L̃ we denote the operator

(20.24) L̃x(t) =

∫ t

0

l(t, τ)x(τ) dτ,



which in the case of a continuous or weakly singular kernel l is compact in the space
C([0, a]) and has zero spectral radius. Under our assumptions on M̃ and L̃, the operator
(20.21) is bounded both in Ct(Lp) (1 ≤ p < ∞) and in C(D), we have σ(L̃) = {0},
and σ(M̃) consists of zero and a countable (possibly finite) set of positive eigenvalues
λ1, λ2, λ3, . . . with corresponding continuous eigenfunctions. Since the spaces Ct(Lp)
and C(D) are isometric to the weak tensor product C⊗Lp and C([0, a])⊗C([−1, 1]),
respectively (Grothendieck [1955]), and the weak cross-norm is uniform (Schatten
[1950]), one may apply the results of Ichinose [1978, 1978a]. In particular, the equality

(20.25)
σ(K) = σes(K) = σew(K) = σeb(K)

= σ+(K) = σ−(K) = σl(K) = σd(K) = σ(M̃)

is true, where we use the notation of Subsection 14.1. Consequently, the operator K
in (20.20) is invertible (Fredholm, Fredholm of index zero, n-normal, or d-normal) if
and only if −λ 6∈ σ(M̃). In particular, equation (20.20) has a unique solution for any
positive λ. We summarize with the following

Theorem 20.1. Suppose that the integral operator

(20.26) M̃x(s) =

∫ 1

−1

m(s− σ)x(σ) dσ

is bounded in Lp([−1, 1]) (1 ≤ p < ∞) or in C([−1, 1]), and the operator (20.24) is
bounded and weakly compact in C([0, a]). Then the operator

(20.27) Kx(t, s) =

∫ t

0

l(t, τ)x(τ, s) dτ +

∫ 1

−1

m(s− σ)x(t, σ) dσ

is bounded in C(Lp) (1 ≤ p < ∞) or in C(D), respectively, and satisfies the equalities

σl(K) = σl(M̃), σd(K) = σd(M̃)

and
σ(K) = σes(K) = σew(K) = σeb(K) = σ+(K) = σ−(K) = σ(M̃).

Consequently, the following four statements are equivalent:
(a) The operator λI + K is Fredholm;
(b) the operator λI + K is Fredholm of index zero;
(c) the operator λI + K is invertible;
(d) −λ 6∈ σ(M̃).
In particular, equation (20.20) has a unique solution for any λ > 0.
2 For the proof it suffices to remark that σ(L̃) = σes(L̃) = σew(L̃) = σeb(L̃) =

σ+(L̃) = σ−(L̃) = σl(L̃) = {0}, and to apply Theorem 14.1 and Theorem 14.2. ¥

Consider the equation of continuous media

(20.28) x + Kx = f,



where K is the operator (20.27). Under the hypotheses of Theorem 20.1, the invertibility,
the Fredholmness, and the Fredholmness with index zero of I+K in Ct(Lp) (1 ≤ p < ∞)
or in C(D) are all equivalent to the condition −1 6∈ σ(M̃). But this condition is clearly
satisfied, since the kernel m = m(s, σ) arising in the equations of continuous media
generates a selfadjoint positive definite compact operator M̃ in L2([−1, 1]). Moreover,
the unique solution of equation (20.28) has the integral representation

(20.29) x = − 1

4π2

(∫

Γ1

∫

Γ2

(ξI − L̃)−1⊗(ηI − M̃)−1

1− ξ − η
dξ dη

)
f,

where L̃ is the operator (20.24), M̃ is the operator (20.23), and Γ1 and Γ2 are simple
closed contours surrounding σ(L̃) and σ(M̃), respectively. In this way, (20.29) gives an
explicit representation for the contact stress x.

20.3. Mixed problems of evolutionary type
Some contact problems of elasticity which involve abrasion effects between the rough

surfaces of two bodies lead to partial integral equations of Volterra-Fredholm type.
Further examples arise in some mixed problems describing visco-elastic multilayer
ground, when the relative thickness and rigidity are small, or in the study of so-called
refined equations of elastic plates (see e.g. Aleksandrov-Kovalenko [1977, 1980,
1986], Aleksandrov-Kovalenko-Mkhitarjan [1982], Aleksandrov-Smetanin
[1985], and Kovalenko [1981, 1989, 1990]).

The equation in question has the form

(20.30) x(t, s) + Kx(t, s) + Nx(t, s) = g(t, s) ((t, s) ∈ D = [0, a]× [−1, 1]),

where K is the operator (20.21), and N is the Volterra-Fredholm operator

(20.31) Nx(t, s) =

∫ t

0

∫ 1

−1

n(t, τ)m(s− σ)x(τ, σ) dσ dτ.

The given functions l, m, and g satisfy here the same conditions as in Subsection
20.2, and the kernel n = n(t, τ) is supposed to be continuous or weakly singular. An
important particular case of (20.30), namely

m(s− σ) = − log |s− σ|+ d, n(t, τ) = l(t, τ) = e−α(t−τ),

and
g(t, s) = g1(t) + f(s),

has been studied in Aleksandrov-Kovalenko [1986].
Conditions for the operator I + K + N to be invertible or Fredholm in the space

Ct(Lp) (1 ≤ p ≤ ∞) may be found in Kalitvin [1994, 1997, 1997a, 1997b]. Let

(20.32) Ñx(t) =

∫ t

0

n(t, τ)x(τ) dτ.



Theorem 20.2. Suppose that the integral operator (20.26) is compact in Lp([−1, 1])
(1 ≤ p < ∞) or in C([−1, 1]), and the operators (20.24) and (20.32) are compact
in C([0, a]). Then the operator K + N acts in Ct(Lp) or C(D), respectively, and the
equalities

(20.33)
σ(K + N) = σes(K + N) = σew(K + N) = σ+(K + N)

= σ−(K + N) = σl(K + N) = σd(K + N) = σ(M̃)

are true.
2 The fact that the operator K + N acts in Ct(D) or C(D) is obvious. The

compactness of N is a consequence of the compactness of the operators (20.24) and
(20.32). The equalities

σ(K + N) = σes(K + N) = σew(K + N) = σ+(K + N)

= σ−(K + N) = σl(K + N) = σd(K + N)

follow from Theorem 20.1 and the stability of Fredholmness and the index with respect
to compact perturbations.

It remains to prove that σ(K + N) = σ(M̃). The inclusion σ(M̃) ⊆ σ(K + N) is
obvious. Let λ 6∈ σ(M̃). Then the equation λx− (K + N)x = f has the form

(I − 1

λ
L̃)⊗(λI − M̃)x = (

1

λ
L̃− Ñ)⊗M̃x + f.

Since the operator (I − 1
λ
L̃)⊗(λI − M̃) is invertible, this equation is equivalent to the

equation x = Ax + g, where

A = (I − 1

λ
L̃)−1(

1

λ
L̃− Ñ)⊗(λI − M̃)−1M

and g = (I − 1
λ
L̃)−1⊗(λI − M̃)−1f. Moreover, since (I − 1

λ
L̃)−1( 1

λ
L̃− Ñ) is a compact

integral operator of Volterra type in C([0, a]), its spectral radius is zero. Consequently,
A has also spectral radius zero, and thus the equation x = Ax + g admits a unique
solution. But then the equation λx−(K +N)x = f has a unique solution as well which
means that λ 6∈ σ(K + N). ¥

Theorem 20.2 implies, in particular, that the operator λI + K + N is Fredholm of
index zero if and only if −λ 6∈ σ(M̃). Since −1 6∈ σ(M̃), the operator I + K + N
in equation (20.30) is certainly Fredholm of index zero. Consequently, the Fredholm
alternative applies to equation (20.30).

We remark that equation (20.30) occurs also in the mathematical modelling of some
axially symmetric contact problems for non-uniformly aging visco-elastic foundations
(Manzhirov [1983, 1985]). The corresponding Volterra-Fredholm equations have the
same properties as the operator K + N in Theorem 20.2. However, there are other
axially symmetric contact problems which lead to completely different partial integral
operators of Volterra-Fredholm type. We will consider such problems in Subsections
20.4 and 20.6.

Again, under the hypotheses of Theorem 20.2 the invertibility, the Fredholmness,
and the Fredholmness with index zero of I + K + N in Ct(L2) are all equivalent to the



condition −1 6∈ σ(M̃). In the important particular case n(t, τ) = l(t, τ), this condition
also implies the integral representation

x = − 1

4π2

(∫

Γ1

∫

Γ2

(ξI − L̃)−1⊗(ηI − M̃)−1

1− ξ − η − ξη
dξ dη

)
f

for the solution x. The condition −1 /∈ σ(M̃) is again satisfied automatically, since
the kernel m = m(s, σ) in (20.30) defines a selfadjoint positive definite operator in
L2([−1, 1]).

Approximate solutions xn of equation (20.30) may be constructed in rather the same
way as we have done in Subsection 20.1 for the equation (20.12). Let x(ti, s) denote
the value of the solution x of the system (20.30) for t = ti (i = 0, 1, . . . , n− 1), and let

(20.34) xn(t, s) =





x(ti−1, s) if (t, s) ∈ [ti−1, ti)× [−1, 1],

x(tn−1, s) if (t, s) ∈ [tn−1, tn]× [−1, 1].

Equation (20.30) may then be approximated by the system of integral equations

xi(s) = −a

n

i−1∑

k=0

l(ti, tk)xk(s)− a

n

i−1∑

k=0

n(ti, tk−1)

∫ 1

−1

m(s, σ)xk(σ) dσ

−
∫ 1

−1

m(s, σ)xi(σ) dσ + f(ti, s) (i = 0, 1, . . . , n).

Since −1 6∈ σ(M̃), for each n we get a unique solution (x0(s), . . . , xn(s)) of this system.
Putting this solution into (20.34) we get the approximate solution (i = 0, 1, . . . , n− 1)

xn(t, s) ≈ yn(t, s) =





xi−1(s) if (t, s) ∈ [ti−1, ti)× [−1, 1],

xn−1(s) if (t, s) ∈ [tn−1, tn]× [−1, 1]

for equation (20.30). If the kernels l and n in the equations of continuous media and
mixed problems of evolutionary type are continuous, the sequences (xn)n and (yn)n

obtained in this way converge in the space with mixed norm [L∞ ← L2] (see Subsection
12.2) to the exact solution.

We point out that our method for the approximate solution of the equations (20.28)
and (20.21) is different from that proposed in Aleksandrov-Kovalenko [1980] or
Kovalenko [1981].

For numerical purposes the following approach is suitable. Let {t0, . . . , tn} be an
equidistant partition of [0, a], and {s0, . . . , sm} an equidistant partition of [−1, 1].
Replace the original equation by the approximating system

xij = −a

n

i−1∑

k=0

l(ti, tk)xkj +
2

m
n(ti, tk)

m−1∑

l=0

m(sj, sl)xkl

− 2

m

m−1∑

l=0

m(sj, sl)xil = fij (i = 0, 1, . . . , n; j = 0, 1, . . . , m).



This system may be solved successively for i = 0, 1, . . . , n, and then the solution is
extended by linear interpolation. In this way, one obtains continuous approximate
solutions to the original equation which are arbitrarily close to the exact solution.

20.4. Axially symmetric contact problems and surface mechanics
The axially symmetric contact problem describing the impression of an annular

stamp in an elastic rough surface with abrasion effect leads to the partial integral
equation of Volterra-Fredholm type

(20.35) λx(t, s) + K1x(t, s) = g(t, s) ((t, s) ∈ D = [0, a]× [−1, 1], λ > 0),

seeAleksandrov-Kovalenko [1978, 1981, 1984],Aleksandrov-Smetanin [1985],
Avilkin-Aleksandrov-Kovalenko [1985],Galin-Gorjacheva [1977], andKovalenko
[1985, 1988]). Here

(20.36) K1x(t, s) =

∫ t

0

sx(τ, s) dτ +
2

π

∫ 1

c

m1(
2
√

sσ

s + σ
)

σ

s + σ
x(t, σ) dσ,

m1(k) is an elliptic integral of the first kind, and g(t, s) = f(t) + f(s), where f ∈
L2([c, 1]) and f ∈ C([0, a]). In the problem described above, f has the form f(t) =
α + βt + γ(t) and characterizes the displacement of the stamp in time, α and β are
constants, and γ(t) → 0 as t → ∞. The unknown function x = x(t, s) describes the
contact pressure, while the function

p(t) = 2π

∫ 1

c

σx(t, σ) dσ

is the force which the stamp imposes on the surface.
In this connection, two problems are of particular interest (Aleksandrov-Kovalenko

[1978],Galin-Gorjacheva [1977],Kovalenko [1985]): First, how to find the contact
pressure x and the contact force p for given f ; second, how to find the contact pressure
x and the displacement γ for given p. These problems have been studied inKovalenko
[1985], however, without referring to the spectrum of the operator K1. Since the
operator K1 is not of the form (14.1), the results established in § 14 do not apply.
Nevertheless, it is possible to give a fairly complete description of the spectrum. Define
two operators L1 and M1 by

L1x(t) =

∫ t

0

x(τ) dτ M1x(s) =

∫ 1

c

σm̃(s, σ)x(σ) dσ,

where we have put

m̃(s, σ) =
2

π

m1(
√

sσ/(s + σ))

s + σ
.

Theorem 20.3. Under the above hypotheses, the equalities

(20.37)
σ(K1) = σes(K1) = σew(K1) = σeb(K1)

= σ+(K1) = σ−(K1) = σl(K1) = σd(K1) = σ(M1)



are true. Consequently, the following four statements are equivalent:
(a) The operator λI + K1 is Fredholm;
(b) The operator λI + K2 is Fredholm of index zero;
(c) The operator λI + K2 is invertible;
(d) −λ 6∈ σ(M1).
In particular, equation (20.35) has a unique solution for any λ > 0.
2 Let λ ∈ σ(M1) and λ 6= 0. Then λ is an eigenvalue of the operator M1 with

corresponding normalized eigenfunction v = v(s). Since L1 is a compact operator in
C([0, a]), we find a sequence of normalized functions un = un(t) without convergent
subsequence such that L1un → 0 as n →∞. We have then

(K1 − λI)un(t)v(s) = sv(s)L1un(t) + un(t)(M1 − λI)v(s) = sv(s)L1un(t) → 0

as n → ∞. Now let λ = 0. Then we find a sequence of normalized functions vn =
vn(s) without convergent subsequence such that M1vn → 0 as n → ∞. Here we
have K1un(t)vn(s) → 0 as n → ∞. In both cases, λ ∈ σa(K1) ⊆ σ(K) for a ∈
{es, ew, eb, +,−, l, d}; in fact, the sequence (un ⊗ vn)n does not contain a convergent
subsequence if λ 6= 0, and the operator K1 − λI has either an infinite-dimensional
nullspace or a non-closed range.

To prove (20.37), it remains to show that σ(K1) ⊆ σ(M1). Let λ 6∈ σ(M1). Then the
equation (λI −K1)x = g, where g is an arbitrary function in Ct(L2) or C(D), has the
form

I⊗(λI −M1)x(t, s) = s(L1⊗I)x(t, s) + g(t, s).

Since the operator I⊗(λI − M1)
−1 is inverse to the operator I⊗(λI − M1), the last

equation is equivalent to

(20.38) x(t, s) = L1⊗(λI −M1)
−1sx(t, s) + I⊗(λI −M1)

−1g(t, s).

Let A = L1⊗(λI − M1)
−1Π with Πx(s) = sx(s). Since σ(L1) = {0}, we get σ(A) =

σ(L1)σ([λI−M1]
−1Π) = {0} as well (Ichinose [1978]). Consequently, equation (20.38)

has a unique solution, and hence also the equation (λI −K1)x = g. This shows that
the operator λI −K1 is invertible, hence λ 6∈ σ(K1). In this way we have proved that
σ(K1) ⊆ σ(M1).

We show now that no number λ < 0 may belong to the spectrum σ(M1). In fact,
since the integral operator with kernel m̃ is compact, self-adjoint, and positive definite
in L2([−1, 1]), the same is true for the integral operator M̂ with kernel m̂(s, σ) =
sσm̃(s, σ). Therefore M1 is a compact, self-adjoint, and positive definite operator in the
space L2([−1, 1]; w) with weight function w(s) = s, and thus its spectrum in this space
contains only nonnegative real numbers. Since the spaces L2([−1, 1]; w) and L2([−1, 1])
are isomorphic, the spectrum of M1 in L2([−1, 1]) also contains only nonnegative real
numbers. From this and (20.37) it follows that the operator λI + K1 is invertible for
positive λ. Consequently, for λ > 0 equation (20.35) has a unique solution in Ct(L2) or
C(D) if g belongs to Ct(L2) or C(D), respectively. ¥

Define operators L̃1, M̃1 and K̃1 by

(20.39) L̃1x(t) =

∫ t

0

l1(t, τ)x(τ) dτ, M̃1x(s) =

∫ 1

−1

m1(s, σ)x(σ) dσ,



and

(20.40) K̃1x(t, s) = a(s)

∫ t

0

l1(t, τ)x(τ, s) dτ +

∫ 1

−1

m1(s, σ)x(t, σ) dσ,

respectively. In the same way as we have proved (20.37) one may prove the following
slightly more general result (Kalitvin [1997b]):

Theorem 20.4. Suppose that the integral operator L̃1 in (20.39) acts in C([0, a]) and
is weakly compact, and the integral operator M̃1 is compact in Lp([−1, 1] (1 ≤ p < ∞)
or in C([−1, 1]). Assume further that the function a = a(s) in the definition of K̃1 is
continuous on [−1, 1]. Then the operator (20.40) acts in Ct(Lp) and in C(D), and the
equalities

σ(K̃1) = σes(K̃1) = σew(K̃1) = σeb(K̃1)

= σ+(K̃1) = σ−(K̃1) = σl(K̃1) = σd(K̃1) = σ(M̃1)

are true.

Consider the integral equation (20.35) of the axially symmetric contact problem. In
Theorem 20.4 we have proved the unique solvability of this equation for each λ > 0.
For solving equation (20.35) explicitly it is useful to apply the Laplace transform with
respect to the variable t. Thus, let X = X(p, s) and F = F (p, s) denote the Laplace
transforms of x = x(t, s) and f = f(t, s), respectively. Equation (20.35) becomes then

(20.41) λX(p, s) +
p

p + s

∫ 1

−1

m̃(s, σ)X(p, σ) dσ =
p

p + s
F (p, s),

where m̃ is defined through m1 as above. In this way, we have reduced the problem to
the solution of a Fredholm integral equation which depends on a parameter. For p ≥ 0
it is useful to study this equation in the space L2([−1, 1]; w) with weight w(p, s) =
s(p+s). In fact, the integral operator with kernel m(s, σ)p/(p+s) is obviously compact,
selfadjoint and positive definite in this weighted space. Denote by λ1(p), λ2(p), . . . its
eigenvalues, and by e1(p, s), e2(p, s), . . . the corresponding normalized eigenfunctions.
We have then

λX(p, s) =
∞∑

k=1

xk(p)ek(p, s)

and
p

p + s
F (p, s) =

∞∑

k=1

fk(p)ek(p, s).

Putting this into equation (20.41) we get

(20.42)
∞∑

k=1

ek(p, s)[xk(p)(λ + λk(p))− fk(p)] = 0.

Since all eigenvalues λk(p) are nonegative, from (20.42) we get

xk(p) =
fk(p)

λ + λk(p)
(k = 1, 2, . . . ).



Therefore the unique solution of (20.41) may be written in the form

X(p, s) =
∞∑

k=1

ek(p, s)fk(p)

λ + λk(p)
.

Taking now the inverse Laplace transform of this function yields a solution of equation
(20.35).

Analogously, we may solve the equation

(20.43) x(t, s) + a(s)

∫ t

0

l(t− τ)x(τ, s) dτ +

∫ 1

−1

m(s, σ)x(t, σ) dσ = f(t, s),

where m and f are as above, and the functions a = a(s) and l = l(t) are continuous
and positive.

Another type of integral equations arising in axially symmetric contact problems
for the creeping of non-uniformly aging bodies is (20.44) below. Under the hypotheses
of Subsection 20.5, this equation has a unique solution in Ct(L2). However, to find
this solution explicitly is hardly possible in the general case. Of course, one may again
apply approximate and numerical methods; for the equations (20.44), (20.35), and
(20.43) this may be done in rather the same way as before. For more general equations
we will study this problem in Subsection 20.6 below.

20.5. Creeping of non-uniformly aging bodies and fracture mechanics
The statement of the following problems may be found inAleksandrov-Arutjunjan-

Manzhirov [1986] and Manzhirov [1985], see also Aleksandrov-Kovalenko-
Manzhirov [1984], Kovalenko [1984a] or Manzhirov [1983]. Consider the axially
symmetric plane contact problem of a smooth rigid stamp penetrating into a non-
uniformly aging viscous-elastic multilayer surface which consists of an inhomogeneous
thin layer, a rod-like intermediate layer, and a homogeneously aging layer of arbitrary
thickness. Suppose that an alloy of such layers is in contact with a rigid surface,
the boundary of the thin layer is free of tangential stress, and the stress along other
directions of the alloy is realized by adhesion or smooth contact.

Problems of this type lead to partial integral equations of Volterra-Fredholm type
of the form

(20.44) x(t, s)−K2x(t, s)−N2x(t, s) = g(t, s) ((t, s) ∈ D = [1, t]× [a, b]),

where

K2x(t, s) =

∫ t

1

l2(t, τ)x(τ, s) dτ − c(t)

∫ b

a

m2(s, σ)x(t, σ) dσ,

and

(20.45) N2x(t, s) = c(t)

∫ t

1

∫ b

a

n(t, τ)m2(s, σ)x(τ, σ) dσ dτ.

Here c = c(t) is a positive continuous function on [1, T ], and the kernels l2 = l2(t, τ)
and n = n(t, τ) are bounded and of Volterra type, i.e. equal to zero for τ > t and



continuous everywhere on [1, T ] × [1, T ], possibly except on the diagonal t = τ . We
further assume that the operator

M2x(s) =

∫ b

a

m2(s, σ)x(σ) dσ

with square summable kernel m2 = m2(s, σ) is self-adjoint and positive definite on
L2([a, b]). In this connection, two problems are of particular interest: First, how to find
the unknown solution x ∈ Ct(L2) and the functions

p(t) =

∫ b

a

x(t, σ) dσ, q(t) =

∫ b

a

σx(t, σ) dσ

for given g ∈ Ct(L2); second, how to find the functions x and g if the functions p and
q are known.

Given g ∈ Ct(L2), let

L2x(t) =

∫ t

1

l2(t, τ)x(τ) dτ.

The equation (20.44) may then be written in the form

[I⊗I + c(t)I⊗M2][I − L2)⊗I]x(t, s) = [−c(t)L2⊗M2 + N2]x(t, s) + g(t, s).

Since σ(c(t)I⊗M2) = E(c)σ(M2) (see Ichinose [1978]), where

E(c) = {c(t) : 1 ≤ t ≤ T}
is the range of the function c, and the spectrum σ(M2) consists of 0 and a countable
(possibly finite) number of positive eigenvalues, the operator I⊗I+c(t)I⊗M2 is invertible.
Since rσ(L2) = 0, the operator (I − L2)⊗I is also invertible. Consequently, we may
rewrite the last equation in the form x = V x + f , where

f(t, s) = [I + c(t)I⊗M2]
−1g(t, s),

and V is the compact integral operator of Volterra type

(20.46) V = [(I − L2)
−1⊗I][I⊗I + c(t)I⊗M2]

−1[−c(t)L2⊗M2 + N2].

Evidently, this operator is compact in L2(D). Consequently, rσ(V ) = 0, and the
equation (20.44) has a unique solution in Ct(L2) for any g ∈ Ct(L2). Moreover, this
solution may be obtained by means of the successive approximations xn+1 = V xn + f
(n = 0, 1, 2, ...) for any initial approximation x0 ∈ Ct(L2). Finally, under our hypotheses
the equalities

(20.47)
σ(K2) = σes(K2) = σew(K2) = σeb(K2) = σ+(K2)

= σ−(K2) = σl(K2) = σd(K2) = −E(c)σ(M2)

and

(20.48)
σ(K2 + N2) = σes(K2 + N2) = σew(K2 + N2) = σeb(K2 + N2)

= σ+(K2 + N2) = σ−(K2 + N2) = −E(c)σ(M2)



are true. In fact, from −λ 6∈ E(c)σ(M2) it follows, as in (20.44), that the equations
λx − K2x = g and λx − (K2 + N2)x = g have unique solutions in Ct(L2) for any
g ∈ Ct(L2). Consequently, −λ 6∈ σ(K2) ∪ σ(K2 + N2), hence σ(K2) ⊆ −E(c)σ(M2)
and σ(K2 + N2) ⊆ −E(c)σ(M2). Now let −λ ∈ E(c)σ(M2). Then −λ = c(t0)γ, where
t0 is some point from [1, T ], and γ is a nonzero eigenvalue of M2 or zero. By the
compactness of the operators L2 and N2, we find a sequence of normalized functions
un ∈ C([1, T ]) without convergent subsequence, and a sequence of normalized functions
vn ∈ L2([a, b]) such that L2un → 0 and M2vn − γvn → 0 for n → ∞. But then the
sequence of normalized functions wn = un⊗vn ∈ Ct(L2) (n = 1, 2, ...) has no convergent
subsequence either and satisfies

(20.49) K2wn + λwn = L2wn − cun ⊗ (M2vn − γvn) → 0 (n →∞).

This shows that −λ ∈ σa(K2) for a ∈ {es, ew, eb, +,−, l, d}, and hence (20.47) follows,
by the inclusion σ(K2) ⊆ −E(c)σ(M2). The equality (20.48) in turn is a consequence
of (20.47), since the Fredholmness, the index, the n-normality and the d-normality are
stable under compact perturbations. Thus, we have proved the following

Theorem 20.5. Suppose that the kernels l2 = l2(t, τ), m2 = m2(s, σ), and n =
n(t, τ) are square integrable, c = c(t) is a continuous function, and the operator L2

is compact in C([1, T ]). Then the operators K2 and K2 + N2 act in Ct(L2), and the
equalities (20.47) and (20.48) are true.

Theorem 20.5 may be generalized in the following way:

Theorem 20.6. Let U = Lp([1, T ]), V = Lp′([a, b]) (1 < p < ∞, 1
p

+ 1
p′ = 1),

m2 ∈ [U ← V ], and let c ∈ C([1, T ]). Suppose that the operator L2 acts in C([1, T ])
and is regular and compact in Lp([1, T ]). Then the operators K2 and K2 + N2 act in
Ct(Lp) and the equalities (20.47) and (20.48) are true.

2 For the proof it suffices to observe that, for fixed t ∈ [1, T ], the resolvent operator
for I + c(t)M2 has the form I + c(t)M̃2(t), where M̃2(t) is a u0-bounded integral
operator (see Krasnosel’skij-Lifshits-Sobolev [1985]). This shows that (20.46)
is a compact integral operator of Volterra type in the regular ideal space [U ← V ].
Consequently, the spectral radius rσ(V ) of the operator (20.46) is zero (Zabrejko
[1967, 1967a]), and the assertion follows in the same way as in Theorem 20.5. ¥

Observe that, if the kernels l2, m2 and n are continuous, then the operators K2 and
K2 + N2 certainly act in C(D) and the equalities (20.47) and (20.48) hold true.

20.6. A unified approach to some equations of continuum mechanics
The operators considered in Subsections 20.2 - 20.5 may be written in the general

form

(20.50)

Kx(t, s) = a(s)

∫ t

0

l(t, τ)x(τ, s) dτ + c(t)

∫ b

0

m(s, σ)x(t, σ) dσ

+d(t, s)

∫ t

0

∫ b

0

n(t, τ)m(s, σ)x(τ, σ) dσ dτ ((t, s) ∈ D = [0, T ]× [0, b]),



with continuous functions a = a(s), c = c(t) and d = d(t, s), and measurable kernels
l = l(t, τ), m = m(s, σ) and n(t, τ). The spectral properties of the operator (20.50)
may be studied by the methods discussed in the preceding two subsections.

Consider the Volterra integral operators

L̃x(t) =

∫ t

0

l(t, τ)x(τ) dτ, Ñx(t) =

∫ t

0

n(t, τ)x(τ) dτ

and the Fredholm integral operator

M̃x(s) =

∫ b

0

m(s, σ)x(σ) dσ.

Put

(20.51) K̃x(t, s) = a(s)

∫ t

0

l(t, τ)x(τ, s) dτ + c(t)

∫ b

0

m(s, σ)x(t, σ) dσ,

and E(c) = {c(t) : 0 ≤ t ≤ T} as before. In the following theorem we use the
terminology of Sections 4 and 12.

Theorem 20.7. Let U = U([0, T ]) and V = V ([0, b]) be two regular ideal spaces,
and let V ′ be the Köthe dual of V . Suppose that the operators L̃ and Ñ act in C([0, T ])
and are compact and regular in U . Then the operators (20.50) and (20.51) act in Ct(V )
and satisfy the relations

(20.52)
σ(K̃) = σes(K̃) = σew(K̃) = σeb(K̃)

= σ+(K̃) = σ−(K̃) = σl(K̃) = σd(K̃) = E(c)σ(M̃)

and

(20.53) σ(K) = σes(K) = σew(K) = σ+(K) = σ−(K) = E(c)σ(M̃).

Moreover, if the functions l, m, n, a, c, and d in (20.50) are continuous, then the
operators K̃ and K act in C(D) and the relations (20.52) and (20.53) hold.

All partial integral equations arising in the theory of continuous media, in mixed
problems of evolutionary type, and in axially symmetric contact problems may be
written in the general form

(20.54) x(t, s)−Kx(t, s) = f(t, s) ((t, s) ∈ D),

where K is given by (20.50). Under the above hypotheses, the Fredholm alternative
applies to equation (20.54) in the space Ct(V ) if and only if 1 6∈ E(c)σ(M̃). In several
special cases the solution of this equation may then either be given explicitly, or may
be obtained by solving a Fredholm integral equation depending on a parameter. In
the general case, however, solving equation (20.54) is a highly nontrivial problem. It
is therefore interesting to find algorithms for the approximate or numerical solution of
this equation. We describe now one of the simplest of such algorithms.



In the terminology of Theorem 20.7, let V = L2([0, b]), suppose that 1 6∈ E(c)σ(M̃).
Then equation (20.54) has a unique solution x in Ct(L2); in particular, the map t 7→
x(t, ·) is uniformly continuous on [0, T ]. Let {t0, . . . , tn} be an equidistant partition of
[0, T ]. As approximate solutions we choose the functions (i = 1, 2, . . . , n− 1)

(20.55) xn(t, s) =





x(ti−1, s) if (t, s) ∈ [ti−1, ti)× [0, b],

x(tn−1, s) if (t, s) ∈ [tn−1, tn]× [0, b].

Here (x(t1, s), . . . , x(tn, s)) is the solution of the system

(20.56)

x(ti, s) = a(s)

∫ ti

0

l(ti, τ)x(τ, s) dτ + c(ti)

∫ b

0

m(s, σ)x(ti, σ) dσ

+

∫ ti

0

∫ b

0

d(ti, s)n(ti, τ)m(s, σ)x(τ, σ) dσ dτ + f(ti, s) (i = 0, 1, . . . , n)

which in turn may be approximated by the system of integral equations of the second
kind

(20.57)

xi(s) =
T

n

i−1∑

k=0

a(s)l(ti, tk)xk(s) +
T

n

i−1∑

k=0

d(ti, s)n(ti, tk)

∫ b

0

m(s, σ)xk(σ) dσ

+c(ti)

∫ b

0

m(s, σ)xi(σ) dσ + f(ti, s) (i = 0, 1, . . . , n).

Now, each of these equations is uniquely solvable, since 1 6∈ c(ti)σ(M̃) for i = 0, 1, . . . , n.
Using the solutions xi = xi(s) of (20.57) we put then (i = 1, 2, . . . , n− 1)

xn(t, s) ≈ yn(t, s) =





xi−1(s) if (t, s) ∈ [ti−1, ti)× [0, b],

xn−1(s) if (t, s) ∈ [tn−1, tn]× [0, b].

The numerical solution is carried out as in Subsection 20.2. Let {t0, . . . , tn} be an
equidistant partition of [0, T ], and {s0, . . . , sm} an equidistant partition of [0, b]. Replace
the original equation by the approximating system

(20.58)

xij =
T

n

i−1∑

k=0

a(sj)l(ti, tk)xkj +
T

n

i−1∑

k=0

b

m
d(ti, sj)n(ti, tk)

m−1∑

l=0

m(sj, sl)xkl

+
b

m
c(ti)

m−1∑

l=0

m(sj, sl)xil + f(ti, sj) (i = 0, 1, . . . , n; j = 0, 1, . . . ,m).

This system may be solved successively for i = 0, 1, . . . , n, and then the solution is
extended by linear interpolation. In this way, one obtains continuous approximate
solutions to the original equation which are arbitrarily close to the exact solution.

20.7. Other applications



In this final subsection we briefly sketch some other applications. We start with
a problem from aerodynamics. For the approximate calculation of the aerodynamic
characteristics of a thin rectangular wing with finite amplitude and stationary streamline
one uses two-dimensional integro-differential equations. In appropriate function classes,
these equations may be transformed into operator equations of the form (Belotserkovskij-
Lifanov [1985])

(20.59) x(t, s)−Kx(t, s) = f(t, s) ((t, s) ∈ D = [−a, a]× [−b, b]),

where

(20.60) Kx(t, s) = l(t)

∫ a

−a

x(τ, s) dτ +

∫ b

−b

m(s, σ)x(t, σ) dσ.

Here m = m(s, σ) and f = f(t, s) are given functions, and l(t) = − 1
πb

√
a−t
a+t

. For
numerical calculations, equation (20.59) is usually replaced by an approximating linear
algebraic equation. In Belotserkovskij-Lifanov [1985] one may find some error
estimates for this approximation under the assumption that the operator equation
(20.59) admits a unique solution. Of, course, this assumption may be verified by
studying the spectral properties of the operator (20.60).

Define two operators L̃ and M̃ by

L̃x(t) =

∫ a

−a

l(t)x(τ) dτ, M̃x(s) =

∫ b

−b

m(s, σ)x(σ) dσ.

Observe that now neither the operator L̃ nor the operator M̃ is Volterra, and thus one
cannot expect that the spectrum of K may expressed through the spectrum of only one
of these operators. Nevertheless, since the operator L̃ is one-dimensional, its spectrum
contains just one non-zero eigenvalue.

Let U be a Banach space of functions over [−a, a], V a Banach space of functions over
[−b, b], and X = U⊗V their tensor product with respect to a quasi-uniform crossnorm
(see Subsection 15.4).

The operator L̃ acts in U if and only if l ∈ U and U ⊆ L1([−a, a]); in this case, L̃
is compact in U and σ(L̃) = {0, a/b}. On the other hand, if M̃ is a bounded operator
in V , then from the results of Ichinose [1978, 1978a] we get the equalities (Kalitvin
[1994a])

σ(K) = σ(M̃) ∪ [σ(M̃) + {0, a/b}],
σeb(K) = σ(M̃) ∪ [σeb(M̃) + {a/b}],
σew(K) = σ(M̃) ∪ [σew(M̃) + {a/b}],

and
σes(K) = σ(M̃) ∪ [σes(M̃) + {a/b}].

We summarize with the following

Theorem 20.8. Under the above hypotheses, the operator I −K with K given by
(20.60) is:



(a) invertible in X if and only if 1 6∈ σ(M̃) ∪ [σ(M̃) + {a/b}];
(b) Fredholm in X if and only if 1 6∈ σ(M̃) ∪ [σew(M̃) + {a/b}];
(c) Fredholm of index zero in X if and only if 1 6∈ σ(M̃) ∪ [σes(M̃) + {a/b}].
Interestingly, in the monograph Belotserkovskij-Lifanov [1985] the solvability

of equation (20.59) is proved building on a heuristic physical reasoning. In this connection,
one may represent the solution of equation (20.40) in the form (20.29), where L̃ and
M̃ are defined as above.

For the numerical solution of (20.59), one has first to regularize the equation; this
may be done as described in Subsection 15.1 (see also Kalitvin-Zabrejko [1991]).
After such a regularization one ends up with a two-dimensional Fredholm integral
equation of the second kind which may be solved numerically by standard methods.
For example, using standard quadrature formulas one is led to a system of linear
algebraic equations for xij (i = 1, . . . , n; j = 1, . . . , m), which is uniquely solvable for
n and m sufficiently large. There are also other methods based on Theorem 8.3.1 of
the monograph Belotserkovskij-Lifanov [1985].

We close with a problem which leads to a partial integral equation of the first kind.
When calculating a dam by means of the cantilever method, the console load x = x(t, s)
satisfies the partial integral equation

(20.61)

∫ a

0

l(t, s, τ)x(τ, s) dτ +

∫ b

−b

m(t, s, σ)x(t, σ) dσ = f(t, s).

The arched load in turn satisfies an analogous equation (Morozov [1965]) which may
be written in the form

(20.62) Kx(t, s) = f(t, s) ((t, s) ∈ D = [0, a]× [−b, b]),

where f ∈ L2(D) and

(20.63)

Kx(t, s) =

∫ a

0

l(t, s, τ)x(τ, s) dτ +

∫ b

−b

m(t, s, σ)x(t, σ) dσ

+

∫ a

0

∫ b

−b

n(t, s, τ, σ)x(τ, σ) dσ dτ.

The solutions of (20.62) are usually looked for in W
(1)
2 or in W

(2)
2 , under the assumption

that the homogeneous equation Kx = 0 has only the trivial solution. This means that
one has to care for conditions under which the operator (20.63) acts from W

(1)
2 or W

(2)
2

into L2(D) and is bounded. Conditions which are both necessary and sufficient are
not known. However, one may find sufficient conditions building on the continuity of
the imbeddings W

(1)
2 ,W

(2)
2 ⊆ L2(D). In particular, the operator K is bounded from

W
(1)
2 and W

(2)
2 into L2(D) if the kernels l, m, and n are measurable and such that

the functions ‖l(t, s, ·)‖L1 , ‖m(t, s, ·)‖L1 , and ‖n(t, s, ·, ·)‖L1 belong to L2(D). This is
trivially true, for example, if the kernels l, m, and n are continuous.

To prove that the equation Kx = 0 has only the trivial solution x = 0 one has
to show of course that 0 6∈ σp(K). In the case of general kernels this is a very hard



problem. Nevertheless, in the special case l(t, s, τ) = l(t, τ) and m(t, s, σ) = m(s, σ)
the situation is much simpler. If the operators

L̃x(t) =

∫ a

0

l(t, τ)x(τ) dτ, M̃x(s) =

∫ b

−b

m(s, σ)x(σ) dσ

are bounded in L2([0, a]) and L2([−b, b]), respectively, and 0 ∈ σp(L̃) + σp(M̃), then
0 ∈ σp(K). Moreover, if L̃ or M̃ has a pure point spectrum, then 0 ∈ σp(K) if and only
if α ∈ σp(L̃) and −α ∈ σp(M̃) for some α.

A problem which leads to the solution of a special case of equation (20.63) may
be found in Solodnikov [1969] and Didenko-Kozlov [1975]. In that problem the
authors give estimates for a choice function r(t) with “white noise”. Let r(t) = m(t) +
n(t), where m = m(t) is the choice function of a random process with zero mean,
finite dispersion and correlation function f(t, s), and n = n(t) is an obstacle with zero
mean and correlation function g(t, s). Estimates for r(t) may be obtained through the
optimal linear filter with a time parameter. To this end, the impulse transition function
x = x(t, s) is chosen in such a way that

min E[(m(t)−
∫ a

0

u(t, σ)r(σ) dσ)2] = E[(m(t)−
∫ a

0

x(t, σ) dσ)2]

for 0 ≤ t ≤ a. The minimality criterion means that u satisfies the Euler equation
∫ a

0

x(t, σ)[f(s, σ) + g(s, σ)] dσ = f(t, s) (0 ≤ t ≤ a, 0 < s < a);

if there is no white noise in the system, the last equation is a special case of (20.62).
The Euler equation is used in Didenko-Kozlov [1975] for constructing a regularizing
solution, under the assumption that this equation is uniquely solvable. Of course, the
latter condition is satisfied if and only if 0 6∈ σp(M̃) and (20.62) admits a solution,
where M̃ is given as before with m(s, σ) = f(s, σ) + g(s, σ).

A particularly important special case of (20.61) is the equation

(20.64)

∫ t

0

l(τ)x(τ, s) dτ +

∫ 1

−1

m(s− σ)x(t, σ) dσ = f(t, s)

which occurs in the modelling of a contact interaction of overlapping bodies with
abrasion (see Aleksandrov-Kovalenko [1984]). Here l = l(t) is a piecewise smooth
nonnegative function, and

m(s) =

∫ ∞

0

m̃(u) cos
u(s)

λ
du

with λ > 0 and m̃ = m̃(u) being a positive continuous even function satisfying certain
growth conditions for u → 0 and u →∞. The operator K1 defined by the left hand side
of (20.64) is obviously bounded in both Ct(L2) and L2(D). Moreover, the operators

L̃1x(t) =

∫ t

0

l(τ)x(τ) dτ, M̃1x(s) =

∫ 1

−1

m(s− σ)x(σ) dσ



are compact in C([0, a]) and L2([−1, 1]), respectively. Since 0 ∈ σp(L̃1) and M̃1 is a
positive selfadjoint operator in L2([−1, 1]), we have 0 ∈ σp(K1) if and only if 0 ∈
σp(L̃1). Consequently, the unique solvability of (20.64) is equivalent to the condition
0 /∈ σp(M̃1).

Some initial-boundary value problems for equations describing gravitational gyroscopic
waves in the Boussinesque approximation (Gabov-Sveshnikov [1990]) may be transformed
into the partial integral equation of Volterra-Fredholm type with convolution kernels

(20.65)

x(t, s) =

∫ t

0

l(t− τ)x(τ, s) dτ −
∫

Γ

m(s− σ)x(t, σ) dσ

+

∫ t

0

∫

Γ

n(t− τ, s− σ)x(τ, σ) dσ dτ + f(t, s).

This equation is uniquely solvable, and the solution may be contructed by the classical
method of successive approximations (Gabov-Sveshnikov [1990]).

If we apply as above the Laplace transform with respect to t to equation (20.65) we
get the parameter-dependent Fredholm integral equation

X(p, s)[1− L(p)] =

∫

Γ

[N(p, s− σ)−m(s− σ)]X(p, σ) dσ + F (p, s),

where X, L, N , and F denote the Laplace transforms of x, l, n, and f , respectively.
Let us return to equation (20.62) and its particular cases. Since these equations

are of first kind, the existence and uniqueness problem for them is not well-posed.
Nevertheless, in Morozov [1965] one may find an effective regularization method for
equation (20.62) which reduces the problem of solving (20.62) to a uniquely solvable
variational problem. The solution of this variational problem is possible by means of
the classical Ritz method.

We remark that the solution for some classes of equations of type (20.62) may be
found rather effectively. For example, it is quite natural to apply the Laplace transform
to the equation

∫ t

0

l(t− τ)x(τ, s) dτ +

∫ s

0

m(s− σ)x(t, σ) dσ

+

∫ t

0

∫ s

0

n(t− τ, s− σ)x(τ, σ) dσ dτ = f(t, s)

and to solve then the resulting algebraic equation by standard methods of numerical
linear algebra.

Suppose that the kernels l and m in (20.62) are symmetric, the operator L̃ is
compact in L2([0, a]), and the operator M̃ is compact in L2([−b, b]). Furthermore,
let N be bounded in L2(D) with eigenfunctions ϕi ⊗ ψj (i, j = 1, 2, . . . ) corresponding
to eigenvalues γij, where ϕi and ψj are the eigenfunctions of L̃ and M̃ , respectively,
corresponding to eigenvalues αi and βj. Equation (20.43) may then be written as

∞∑
i,j=1

ϕi(t)ψj(s)[xij(αi + βj + γij)− fij] = 0,



where xij and fij are the Fourier coefficients of the functions x and f . Evidently, the
solvability of this equation is equivalent to the solvability of the system

xij(αi + βj + γij) = fij (i, j = 1, 2, . . . ).

Now, if αi + βj + γij 6= 0 for all i and j, the unique solution of (20.62) has the form

x(t, s) =
∞∑

i,j=1

fij

αi + βj + γij

ϕi(t)ψj(s).

On the other hand, if P = {(i, j) : αi + βj + γij = 0} 6= ∅, a necessary and sufficient
condition for the solvability of (20.62) is that fij = 0 for all (i, j) ∈ P . In this case the
(non-unique) solution has the form

x(t, s) =
∑

(i,j)/∈P

fij

αi + βj + γij

ϕi(t)ψj(s) +
∑

(i,j)∈P

ξijϕi(t)ψj(s),

where the scalars ξij may be chosen arbitrarily for finite P and must satisfy the
condition ∑

(i,j)∈P

ξ2
ij < ∞

for infinite P .
To conclude, we remark that various problems of mechanics and engineering lead to

Fredholm-type partial integral equations of the second kind

x(t, s) =

∫

T

l(t, s, τ)x(τ, s) dτ + f(t, s)

or of the first kind ∫

T

l(t, s, τ)x(τ, s) dτ = f(t, s),

containing a parameter s. In particular, this refers to the Lipman-Schwinger equation
(Reed-Simon [1972]), to the homogeneous stationary Schrödinger equation with two-
dimensional Laplacian, to the equation for the amplitude function of a regular or
singular string (Kats-Krejn [1958],Kats [1963]), to the state equation for a transversal
stroke on a visco-elastic flexible fibre (Rakhmatullin-Osokin [1977]), to the Euler
equation discussed above, to the Gel’fand-Levitan equation (Gel’fand-Levitan [1951]),
and to several integral equations coming from inverse problems (Levitan-Sargsjan
[1988]). Other problems of this type have been studied inAleksandrov-Bronovets-
Kovalenko [1988],Aleksandrov-Kovalenko-Marchenko [1983],Avilkin-Kovalenko
[1982], Dil’manov [1982], Halton-Light [1985], Ishimaru [1978], Kalitvin [1989],
and Kovalenko-Manzhirov [1982].

Partial integral operators also occur in applications of control theory (Srochko
[1984]), as well as in the study of boundary value problems for Navier-Stokes equations
(see e.g. the monograph Belonosov-Chernous [1985]). Interestingly, there is also a
connection with minimal projections in Lp spaces (Halton-Light [1985]) and with
some problems in integral geometry (Dil’manov [1982]).

In all these applications it is a useful device to consider these equations as partial
integral equations, because one has then to study just one equation in a properly chosen
function spaces, rather than a whole family of equations.
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[1997] On the L-characteristic of the superposition operator in Lebesgue spaces with
mixed norm, Zeitschr. Anal. Anwn. 16, 2 (1997), 377-386

Ju. L. Daletskij, M. G. Krejn

[1970] The Stability of Solutions of Differential Equations in Banach Spaces [in Russian],
Nauka, Moscow 1970; Engl. transl.: Transl. Math. Monogr. Amer. Math. Soc. 43,
Providence R.I. 1974

Ju. L. Daletskij, N. D. Tsvintarnaja

[1982] Random diffusion functions of multi-dimensional time [in Russian], Ukrain. Mat.
Zh. 34, 1 (1982), 20-24

G. Darbo

[1955] Punti uniti in trasformazioni a codominio non compatto, Rend. Sem. Mat. Univ.
Padova 24 (1955), 84-92

I. K. Daugavet

[1963] On some property of completely continuous operators in the space C, Uspekhi
Mat. Nauk 18 (1963), 157-158

O. W. Diallo

[1988] Linear integro-differential equations of Barbashin type in function spaces [in Russian],
Kach. Pribl. Metody Issled. Oper. Uravn. 13 (1988), 67-76

[1988a] On the theory of linear integro-differential equations of Barbashin type in Lebesgue
spaces [in Russian], VINITI No. 1013-V88, Minsk 1988

[1988b] On the theory of linear integro-differential equations in the space of continuous
functions [in Russian], Vestnik Belor. Gos. Univ. Ser. Fiz.-Mat. Nauk 2 (1988),
40-43

[1989] Methods of Functional Analysis in the Theory of Barbashin Integro-Differential
Equations [in Russian], Kand. Diss., Univ. Minsk 1989

O. W. Diallo, P. P. Zabrejko



[1987] On the Daugavet-Krasnosel’skij theorem [in Russian], Vestnik Akad. Nauk. BSSR
Ser. Fiz.-Mat. Nauk 3 (1987), 26-31

[1987a] The Bogoljubov averaging method in the problem of bounded solutions of integro-
differential equations of Barbashin type [in Russian], Proc. 11th Int. Conf. Nonlin.
Osc., Ed. Janos Bolyai Math. Soc., Budapest 1987

[1990] Criteria for asymptotic stability for the solutions of integro-differential equations
of Barbashin type [in Russian], Dokl. Akad. Nauk BSSR 34, 2 (1990), 101-104

V. P. Didenko, N. N. Kozlov

[1975] A regularized method for the solution of message estimation problems [in Russian],
Dokl. Akad. Nauk SSSR 222, 5 (1975), 1045-1048

T. B. Dil’manov

[1982] On a class of Volterra operator equations in the plane [in Russian], Vopr. Korr.
Obratn. Zad. (Novosibirsk) (1982), 77-84

X. Ding

[1984] On global random solutions for random integral and differential equations in
Banach spaces, Appl. Math. (Novy Sad) 14, 2 (1984), 101-109

N. Dunford, J. T. Schwartz

[1963] Linear Operators I, Int. Publ., Leyden 1963

V. K. Dzjadyk, L. A. Ostrovetskij

[1981] An approximate method for the Goursat problem solution for linear hyperbolic
equations with polynomial coefficients [in Russian], Issled. Teor. Appr. Funk.
(Kiev) (1981), 20-37

A. W. England

[1974] Thermal microwave emission from a half-space containing scatterers, Radio Sci.
9, 4 (1974), 447-454

E. A. Ermolova

[1995] Ljapunov-Bohl-Exponent und Greensche Funktion für eine Klasse von Integro-
Differentialgleichungen, Zeitschr. Anal. Anw. 14, 4 (1995), 881-898

E. A. Ermolova, M. Väth
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